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CHAPTER — 
O in a Name? 


Exercises for Section 1.2 


1.2.1 If Alice just gives Bob one point, he can’t tell which line Alice is thinking about because there are 
infinitely many lines that could go through that point. Bob can’t tell which one is Alice’s line. However, 
once Alice gives Bob a second point on the line, he knows for sure which line is hers because there is 
only one line through any two given points - the continuation of the segment that connects the two 
points. Therefore, Bob needs | two | points to determine Alice’s line. 


1.2.2 Since N is the midpoint of BM and BN = 4, we have BM = 2BN = 8. 4 M N4B 
Similarly, since M is the midpoint of AB and BM = 8, we have AB = 2BM = 


1.2.3 Our midpoints tell us that ST = RT/2, RT = QT/2, and p Q RS T 
QT = PT/2. Therefore, ST = RT/2 = (QT/2)/2 = QT/4 = (PT/2)/4 = 
PT/8. Since ST + PS = PT, we have PS = PT - ST = PT - PT/8 = 7PT/8. Therefore, PT = 8PS/7 = 


1.2.4 Since AB = AE/2, B is the midpoint of AE and AB = BE = 4 C D E 
AE/2 = 6. Since CD = AB/2, CD = 3. Since BC = CD/2, BC = 3/2. We are given that di is between B and 
E, so AC = AB + BC = 6 + 3/2 = 15/2. Finally, we are told D is between C and E, so AD = AC + CD = 


15/2+3 =(21/2| 


Exercises for Section 1.3 


1.3.1 

(a) CO is a [radius], 

(b) EP is a [tangent line] 

(© TD is a [chora] 

(d) AB is a [diameter and a chord} 
(e) ED is a [secant line] 


CHAPTER 1. WHAT'S IN A NAME? 


13.2 [Yes] Later in the text we learn exactly how to construct this line with basic geometric tools. 


1.3.3 A line segment can intersect a circle in at most two points. Since a triangle 
consists of three line segments, the maximum number of intersections between a 
triangle and a circle is 3 x 2 = 6. The diagram at right shows such a configuration 
with |6 intersections. 


1.34 Two different circles can intersect in at most 2 points (see 
if you can figure out why). Each line can meet each circle in at 
most two points, for a total of at most 3 x 2 x 2 = 12 possible 
intersections between a line and a circle. Each pair of lines can 
meet in at most ] point of intersection. This gives us 3 more 
intersection points, one for each of the 3 ways we can choose 
two of the lines to intersect. This gives us a total of at most 
2+12+3 = 17 intersections. The diagram at right shows such a 
configuration with |17 | intersection points. 


Exercises for Section 1.4 


141 
(a) We draw a line, pick a starting point X, then copy 
segment AB onto the line to find point Y such that y W Y 7 
XY = AB. Then we find point Z beyond Y on XY 
such that YZ = CD. Finally, we find point W such that WZ = EF, but notice that we locate W 
between X and Z, so that XW = AB + CD - EF. 


(b) We draw a line, pick a starting point X, then copy a Sk can | i 
segment AB onto the line to find point XY such that x 
XY = AB. Then, we find Z beyond Y on XY such that YZ = AB. Therefore, XZ = 2AB. 


(c 


Again, we start with a line and | 
copy AB onto the line to make X Vi iY Z 
Y 


such that XY = AB. Then, 
we copy CD three times onto the end of XY (after Y on XY) to make XZ such that XZ = AB +3CD. 
Finally, we go back towards X, twice copying EF onto our line starting from Z. Thus, we find V 
such that XV = AB - 2EF + 3CD as desired. 


CHAPTER OT 


Angles 


Exercises for Section 2.2 


2.2.1 


We can easily make angles of 45°, 90°, and 135° from a given ray OA. 


In order to create an angle of 220°, we first note that 220° = 360° - 140°. Our angle will be the reflex 
angle of a 140° angle. Therefore, we just make a 140° angle on the other side of the ray. 
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CHAPTER 2, mivo 


2.2.2 


(a) 2X = [22°] 2X is [acute], 
(b) cABC = [120"]and DBC = [60°] zABC is [obtuse ]and ZDBC is [acute] 
(c) ¿PQR = [70°], ¿PRQ = [73°] and ZRPQ = [37°] All three angles are [acute], 


Exercises for Section 2.3 


23.1 The given angle, together with the x° angle, forms a straight angle, so 115° + x = 180°. Therefore, 
3= Since the angle with measure y and the given angle are vertical angles, y = Finally, 
since the angles with measures x and z are vertical, z = x = 


2.3.2 Two angles are supplementary if their measures add to 180°. Therefore, to find the measures of 
the angles that are supplementary to the given angles, we subtract each of our original angles from 180°: 


(a) 180° - 120° = [60°] 
(e) 180° - 45° = [135°] 
(9 180° - 90° = [90°] 


2.3.3 Two angles are complementary if their measures add to 90°. Therefore, to find the measures of 
the angles that are complementary to the given angles, we subtract each of our original angles from 90°: 


(a) 90° - 30° = [60°] 
(b) 90° -45° 
(9. 90° - 75° = [15°] 


Exercises for Section 2.4 


24.1 We notice that the 118° angle and the angle with measure y are alternate exterior angles, so they 
are equa] and y = Then, since the angle with measure y and the angle with measure x form a 
straight angle, we have x + y = 180° and x = 

24.2 Since AB is a transversal cutting the parallel segments DA and CB, we know that ZA + ZB = 180°. 
Since DC also cuts DA and CB, we know that D + ZC = 180°. Because CB cuts the parallel segments AB 


and DC, we know that ZB + ZC = 180°. Finally, we combine these equations: ZA + ZB = 180° = ZB + ZC, 
so LA = LC, and ZB + LC = 180° = ZD + LC, so ZB = ZD. 


24.3 We fill in corresponding angles as shown in the diagram at the top left of the next page. Then, 
since the marked angles at point K add up to a straight angle, we deduce that (3x + y) + (2x — y) = 180°. 
This reduces to 5x = 180°, which gives x = [36°], 


DO 


Section 2.5 


Figure 2.1: Diagram for Problem 2.4.3 Figure 2.2: Diagram for Problem 2.4.4 


2.4.4 We draw line £ parallel to m and n through the point A. This divides ZBAC into the two angles 
¿BAX and ZXAC. Now ¿BAX = 35° since BA cuts the parallel lines m and £, and ZXAC = 40° since AC 


cuts the parallel lines £ and n. Finally, we know that x = ¿BAC = ¿BAX + ZXAC = 35° + 40° = 


2.4.5 We use our knowledge of parallel lines and equal angles to find 
the angle measures as shown to the right. We can then see from line 
n that the angles with measures x — y and x + y are supplementary, so 
(x+y)+(x—y) = 180°. Thus x = 90°. Then from line m we can conclude 
that x — y and 2x — 2y are supplementary, so (x — y) + (2x — 2y) = 180°, 
or 3x — 3y = 180°. Substituting our value for x, we obtain y = 30°. 


Therefore, our answer is x = and y= 


Exercises for Section 2.5 


2.5.1 Call the measure of the unknown angle x. We know that the sum of the angles in a triangle is 
equal to 180°, so 30° + 57° + x = 180°. Solving for x, we find that x = [93°]. 


2.5.2 We let the smallest angle in the triangle have measure x. Then the problem says that the three 
angles have measures x, 2x, and 3x. Since the three angles in a triangle add up to 180°, we have 


x + 2x + 3x = 180°, so x = 30°. Therefore, the three angles have measures and 


2.5.3 Solution 1: Since the angles of AXYZ add up to 180°, we have 180° = ZZXY + ZXYZ + ZYZX = 
58° + 52° + LYZX. Therefore, ZYZX = 70°. Since ZPZX is a straight angle, ZYZX and ZPZY are 
supplementary, so ZPZY = 180° - /YZX = 110°. Finally, since the angles of AYZP add up to 180°, we 
have 180° = ZZYP + ZYPZ + LPZY = LZYP + 29° + 110°. Solving, we get ZZYP = [41°] 


Solution 2: The angles of AXYP add up to 180°, so we have 180° = ZXYP + ZYPX + ZPXY = 
ZXYP + 29° + 58°. Thus, we have ZXYP = 93°, We can then split ZXYP into ZXYZ + ZZYP: 93° = ZXYP = 
LXYZ + LZYP = 52° + /ZYP, Solving, we find ZZYP = 


2.5.4 Call the vertex of the right angle A, and let the other two vertices be B and C. Since the angles of 
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- 
a triangle add up to 180°, we know that ZA + 2B + ¿C = 180°. We also know that ZA is a right angle, 
so ZA = 90°, Therefore, 90° + ZB + ZC = 180°, or ¿B + ZC = 90°. Therefore, angles 2B and ZC are 
complementary. 


2.5.5 Extend AB to meet line m at H, as shown in the diagram to the right. A t 
Since ZABH is a straight angle, ¿HBC = 180° - ¿CBA = 90°. Also, since 130° 
AH cuts the parallel lines £ and m, ZBHC = 180° — 130° = 50° (same-side B 


interior angles). Finally, since the angles of AHBC add up to 180°, we have 
180° = ZCHB + ZHBC + ZBCH = 50° + 90° + BCH. Hence ZBCH = 40°, so 


x= [40] H a 


Exercises for Section 2.6 


2.6.1 Since an exterior angle is equal to the sum of its remote interior angles, we know that y = 
62° + 38° = 

2.6.2 Using the fact that an exterior angle is equal to the sum of its remote interior angles, we see that 
110° = ZB + ZC = 38° + ZC. Solving, we find ¿C = 

2.6.3 Solution 1: Using the fact that an exterior angle is equal to the sum of its remote interior angles, 
we can write 123° = /XZY + ZY and 97° = ZYXZ + ZY. Since the angles of a triangle sum to 180°, 
we can write LYXZ + ZXZY + ZY = 180°. We can add our first two equations to find that 220° = 
LXZY + LY + LYXZ + LY = (LXZY + LY + LYXZ) + LY = 180° + ZY. Therefore, LY = 


Solution 2: We use the straight angles at X and Z to see that 123° + ZYXZ = 180° and 97° + ZXZY = 
180°. Therefore, 4YXZ = 57° and 2XZY = 83°. Since the angles of a triangle sum to 180°, we have 
LY = 180° - LYXZ - LXZY = 180° - 57° - 83° = 


2.6.4 Let AABC have 2B = ¿C = 30°. Then ZA = 120°, and an exterior angle at A is equal to 60° 
which is clearly less than 90°. 


, 


Exercises for Section 2.7 


2.7.1 Suppose that the lines met to the left of PG, as shown in the 
diagram to the right. Then, in APQR, we have ZQPR + ZPQR + ZPRQ = 
180°. We have <P = 40° and ZPQR = 180° — 40° = 140°, so this equation 
is 40° + 140° + ZPRQ = 180°. Therefore, we have ZPRQ = 0°, which is 
impossible, Therefore, we conclude that it is impossible for the two lines 
to meet to the Jeft of Pd. 


2.7.2 Suppose that y = z. The angles with measures z and x are vertical angles, so they are equal. Thus, 


z = x. Hence, y = z = x, and so by the previous result mentioned in the problem statement, lines k and 
m are parallel. 


I aaaaaaaħĖħÁ 


Review Problems 


2.7.3 We notice that ZABD = ZBDE. Since these are alternate interior angles, we conclude by the result 
of the previous problem that AB || DE. Then, since the given 122° angle and our desired angle are 
same-side exterior angles, we have x + 122° = 180°, so x = 
2.7.4 
(a) “If two teams are playing soccer, then they must be playing in the World Cup Finals.” This is false. 
(b) “If one angle of a triangle is 100°, then two angles of the triangle must add to 80°.” This is true. 
(c) “Ifa river is the Nile, then it must be the longest river in the world.” This is true. 
(d) “If an animal is a bird, then it must be a duck.” This is false. 


Review Problems 


2.26 
We first place the protractor as shown in the diagram below. 


VN Í P ay 
AA 


n= 


Since ZAOB and ZAOC are both less than 90°, we read the smaller number and find: 


(a) ZAOB = 
(b) ZAOC = 


To find ZBOC, we could move our protractor, or we can note that ZAOC = ZAOB + ZBOC, so that 


(c) <BOC = 


Finally, to find ZDOE, we rotate the protractor as shown on the next page. 
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Since ZDOE is less than 90°, we read the smaller number and find 


(d) ¿DOE = 
2.27 The second hand rotates through the entire circle, or 360°, in 60 seconds. Since 72° is pa = 2 ofa 
circle, it will have rotated through an angle of 72° in £ the time, or [12] seconds. 
2.28 

(a) £CGE is vertical to HGD, so ¿CGE = 

(b) ZHGC and ZHGD form a straight angle, so ZHGC = 180° — 58° = 

(c) ZFHB and ZHGD are corresponding angles, so ZFHB = 

(d) ¿BHG and ¿HGD are same-side interior angles, so 4BHG + ZHGD = 180° and ZBHG = 180° — 58° = 
2.29 Since the three angles of a triangle must add up to 180°, the third angle is 180° — 30° - 70° = 


2.30 We know that an exterior angle of a triangle is equal to the sum of its remote interior angles. Since 
the angles remote to the exterior angle at A are ZB and ZC, we have 170° = ZB + ZC = 60° + ZC. Therefore, 


zC = [110°] 


2.31 We observe that CB cuts the parallel segments AB and CD, so ZBCD = LABC = 3x. Furthermore, 
CD cuts the parallel segments CB and DE, so the angles BCD and ¿CDE are supplementary. Therefore, 


8x = <BCD + ¿CDE = 180°, so x = [22.5°| 


2.32 We begin by drawing the diagram described in the problem at left atop the next page. From 
this diagram we can see that ZRYX and ZPXY are same-side interior angles. Since ZPXY = 90°, 


LRYX = 180 ~ zPXY = [90°] 


Review Problems 


T 
q F 
P<qX>>Q A A 
R s H cV140° 
¥ o 
D 110! 
Vv E Ẹ 
Figure 2.3: Diagram for Problem 2.32 Figure 2.4: Diagram for Problem 2.33 


2.33 We draw segment HG parallel to AB and DE as shown at tight above. Then, since BG cuts parallel 
segments AB and HG, we have ABG + ¿BGH = 180°. Since GE cuts parallel segments HG and DE, we 
also have ZHGE + ZGED = 180°. Now ZBGH + ZHGE = ¿BGE = ¿FGC = 140°, and combining this with 


the previous equations gives (180° - ZABG)+(180°— ZGED) = 140°. So, ZABG = x = 220°-ZGED = 


2.34 Since AB || EF, we have ZDAB + ZAEF = 180°. Since DAB = ¿DAC + ¿CAB = 2x + 10°, we have 
2x + 10° + 4x — 10° = 180°, so x = [30°] 


2.35 The fact that ZA and ZB are complementary can be written as ZA + ZB = 90°. Similarly, we 
find that 4B + ZC = 90° and ZC + ZA = 90°. Adding these equations together and dividing by 2, 
we obtain ZA + ZB + ZC = 135°. Subtracting each of the original equations from this one, we obtain 
ZA = 2B = 4C = 45°, as required. 


Alternatively, we can write ZA + ZB = 90° = ZB + ZC, so ZA = CC. Similarly, ZB + ZC = 90° = ZA+ZC 
gives us ZA = ZB, so ZA = ZB = LC. 


2.36 Suppose that AABC is labeled such that ZA < ZB < ZC. Then, since the angles are in the ratio 
3: 4:5, there exists some number x such that ZA = 3x, ZB = 4x, and 4C = 5x. Using the fact that the 
three angles of a triangle add up to 180°, we obtain 12x = ZA + ZB + ¿C = 180°, so x = 15°. Since the 
exterior angles of the triangle are equal to the sums of their remote interior angles, the smallest exterior 
angle has measure equal to the least of 3x + 4x = 7x, 3x + 5x = 8x, and 4x + 5x = 9x. Since the smallest of 
these is 7x, the measure of the smallest exterior angle of the triangle is 7x = 


Alternatively, we can use x = 15° to note that the interior angles are ZA = 3x = 45°, ZB = 4x = 60°, 
and ZC = 5x = 75°. Therefore, the exterior angles are 135°, 120°, and 105°. 


2.37 Let the exterior angles have measures x < y < z, and let the corresponding interior angles have 
measures a, b, and c. Since the exterior angles are in the ratio 2 : 3 : 4, there is some number n such that 
x = 2n, y = 3n, z = 4n. We show two solutions from here. 


Solution 1: Since the sum of the exterior angles of a triangle is 360° (as proved in the text), we have 
2n +3n+4n = 360°, so n = 40°. Therefore, the exterior angles are 80°, 120°, and 160°. Since each interior 


angle is supplementary to an exterior angle, the interior angles are | 100°, 60°, and 20° 


Solution 2: Since an exterior angle is equal to the sum of its remote interior angles, b +c = x = 2n, 
a+c= y= 3n,anda +b = z = 4n. Adding these together and using the fact that the sum of the angles of 
a triangle is 180°, we find 360° = 2(a + b + c) = 9n, so n = 40°. Thus, we have the equations b + c = 80°, 


a +c = 120°, and a + b = 160°. Solving this system, we get and 
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2.38 It is not possible. To see this, we draw segment EF parallel to AB and CD C 77D 
as shown. Then, since DE cuts parallel segments CD and EF, and EB cuts parallel 
segments EF and AB, we have ¿DEB = /DEF + FEB = LEDC + ZEBA. If we substitute 
the given measures into DEB = ZEDC + ZEBA, we get x + y = x + 2y, or y = 0. But 
this is impossible, since ZEBA = 2y is not zero. 4 2) P 


2.39 We proved in the text that the sum of the exterior angles of a triangle is 360°. If two of these 
exterior angles are supplementary, then their sum is 180°. Since all three exterior angles add to 360°, 
this means the third exterior angle must be 180°. The intenor angle corresponding to this third exterior 
angle would then have measure 0°. This is impossible, so it is impossible for two of the exterior angles 
to be supplementary. 


2.40 Since the ratio of <COB to BOF is 7 : 2, there is some x such that ZCOB = 7x and ZBOF = 2x. Since 
<COF isa straight angle, 9x = ZCOB+ZBOF = ¿COF = 180°, so x = 20°. Since BOF and ¿COE are vertical 
angles, COE = ¿BOF = 2x = 40°. Finally, since COD = <DOE, we have ¿COD = }<COE = 


2.41 We draw lines m and n parallel to BA and FE throughCandD,and A 
label the angles as shown. Then, since BC cuts parallel lines BA and m, 
r = LABC = 45°. Since CD cuts the parallel lines m and n, we have s = t. 
Since DE cuts the parallel lines n and FE, u = (DEF = 50°. Also, we 
know from the original diagram that r + s = 85°, so s = 85° — 45° = 40°, 
and therefore t = s = 40° as well from our parallel lines. Finally, since 
w= t +u, we have w = 40° + 50° = [90°] 

2.42 Itseemsat first that we do not have enough information: we don’t 


know whether the 20° angle is the smallest angle, the largest angle, or 
in between. But rather than give up, we check each of these cases: 


1. The 20° angle is the largest angle. Then the other two angles are both smaller than 20°, so the sum 
of all of the angles is less than 3-20° = 60°. But this is impossible, since the sum of all of the angles 
of the triangle must be 180°. 


P 


The 20° angle is neither the smallest nor the largest angle. Then the smallest angle is less than 
20°, so the largest angle is less than 6 - 20° = 120°. Then the sum of all of the angles is less than 
20° + 20° + 120° = 160°, again contradicting the fact that the sum of all of the angles of the triangle 
must be 180°. 


~ 


The 20° angle is the smallest angle of the triangle. Then the largest angle must be 6 - 20° = 120°, 
and the third angle must be 180° - 120° - 20° = 40°, since the sum of all of the angles is 180°. Since 
20° < 40° < 120° and 6(20°) = 120°, this triangle satisfies the conditions of the problem. 


Since only the last case yields a triangle that satisfies the conditions of the problem, we conclude that 


this triangle is the only solution, The required angles are {20°, 40°, and 120° | 


243 Since AD cuts the parallel segments AC and EB, we have 3x = ¿CAB = ZABE. Angle ZABD is a 
straight line, so 5x = ZABE + ZEBD = 180°, giving x = 36°. Also, ¿CBD is an exterior angle of AABC, so 
4x = 4CBD = LC + CAB = 4C + 3x, Therefore, £C = x = [36°] 


10 


Challenge Problems 


2.44 Using the fact that the angles of a triangle sum to 180°, we determine that 180° = ZA + ZB + ZC = 
(x — 2y) + (3x + 5y) + (Sx - 3y) = 9x. Solving for x, we find x = [20° | 

2.45 First, we note that ZA must be greater than 0°. Therefore, x - 2y > 0°, so y < x/2. In the 
previous problem, we found x = 20°, so we know y < 10°. Since x = 20° and y < 10°, we know that 
ZC = 5x - 3y = 100° - 3y must be greater than 10°. Therefore, we must only consider the two cases 
2A = 10° and ZB = 10°. If ZA = 10°, we have x - 2y = 10° and x = 20°, so y = 5°. If 2B = 10°, we have 
3x + 5y = 10° and x = 20°, so y = -10°. We are told y is positive, so our only solution is y = 


2.46 We draw and label a diagram at right. The problem is then to show H 

that if ZFBA + ZBAD = 180°, then ED || EF. Since angles ¿HBF and ¿FBA 

together form a straight angle, we have ¿HBF + ¿FBA = 180°. Therefore, p B 9 
¿HBF = 180° - ¿FBA = ZBAD. But we have already shown in the text 

that ZHBF = BAD implies that EB Il FÈ. Therefore, we conclude that ç D 


if a transversal cuts two lines such that the same-side interior angles are 
supplementary, then the two lines are parallel. 


Challenge Problems 


2.47 We label the points as in the diagram to the right. Using the fact that the C 
sum of the angles of ABED is 180°, we find ZEDB + ¿DBE + BED = 180°. Since 
ZBED = 90° and DBE = @ = 27°, we have ZEDB = 180° — 90° - 27° = 63°. Then, 
since ZADE + EDB = LADB = 90°, we have 6 + 63° = 90°, or 8 = 


2.48 First, we find the position of the minute hand. The minute hand makes a 0° 
angle with 12 o'clock on the hour, and it travels a total of 360° in an hour, so in the 10 minutes after 11 
o'clock, it moves 3 - 360° = 60° clockwise from the 12. 


Next, we consider the hour hand. It travels all the way around the clock in 12 hours, so it travels 
at a rate of 75 - 360° = 30° per hour. Since it will be pointing at the 12 at 12 o'clock, and it will travel 
E hour)(30° per hour) = 25° in the time between 11:10 PM and 12:00 midnight, it currently rests 25° 
counterclockwise from the 12. Therefore, since the angle made by the two hands is the sum of the two 
angles made between the hands and the ray pointing from the center of the clock towards the 12, the 
angle between the hands is 60° + 25° = 


B C 249 We extend DC past D to meet AE at F as shown. Then ¿CDE is an exterior 
angle of ADEF, so ZDEF + ZEFD = ZCDE. Thus, x + ZEFD = 2x, so ZEFD = x. 

2x Since FC cuts the parallel segments BC and AE, ¿BCF = /DFE = x. Finally, 

IA since BC cuts the parallel segments AB and FC, angles ¿ABC and ZBCF are 


A F E supplementary, so 3x = ZABC + ¿BCF = 180°, giving us x = 

2.50 From the fact that LEAC = DFC, we can conclude that AE || FD. Also, since the sum of the angles 
in AEGD is 180°, we have ZBDF = 180° — 90° - 60° = 30°. Finally, since BD cuts the parallel segments 
AE and FD, we deduce that BEA = BDF = [30°], 
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2.51 Let the triangle be AABC, and suppose that ZA = 4B + ZC. Then, since the exterior angles 
of a tnangle are equal to the sum of their opposite interior angles, the three exterior angles have 
measures ZA + ZB, ZB + ZC = 2A, and ZA + ZC. Adding the first and last of these gives a measure of 
244 + ¿B+ ZC = ZA + (LA + ¿B + LC) = ZA + 180° (since the angles of a triangle add to 180°). Therefore, 
the sum of the exterior angles with measures ZA + ZB and ZA + ZC is 180° greater than the third (which 
we showed has measure ZA). 


2.52 Let the triangle be AABC, with ZA = 4B + ZC. Then, using the fact that the angles of a triangle add 
up to 180°, we have 180° = ZA + ZB + ¿C = 24A, so ZA = 90°. Since one of the angles of the triangle is 
40°, the third angle must be 180° — 90° - 40° = 50°. Thus, the two required angles have measures [50°] 


and [90°] 


253 Let the middle angle have measure x. Since the difference between the largest and middle angle 
is the same as the difference between the middle and the smallest, we can let this common difference be 
y. Therefore, we can write the angle measures as x — y, x, and x + y for some values of x and y. Then, 
using the fact that their sum is 180°, we get (x — y) + x + (x + y) = 3x = 180°, or x = 60°. Therefore, one of 
the angles of the triangle must be 60°. Since we are told that one angle is 100°, it follows that the third 
angle is 180° — 100° — 60° = 20°, and thus the two angle measures we are looking for are and | 20° 


2.54 Suppose the smallest exterior angle has measure x. Then, the other two exterior angles have 
measures 2x and 6x. We learned in the text that the sum of the exterior angles of a triangle is 360°. 
Therefore, we have x + 2x + 6x = 360°, so x = 40°. But this means that one of the exterior angles of the 
triangle has measure 6x = 240°, which is clearly impossible, since exterior angles must be less than 180°. 
Therefore, the exterior angles cannot be in the ratio 1:2: 6. 


2.55 Draw segment AC. Then, we use the fact that the sum of the angles of a triangle is 180° to 
determine that CAB + LABC + BCA = 180° and ACD + ¿CDA + ¿DAC = 180°. Adding these equations 
and rearranging, we find that (4CAB + ZDAC) + ZABC + (BCA + ZACD) + ZCDA = 360°. But ZDAB = 
4CAB + ¿DAC and ¿BCD = ZBCA + ZACD. Thus, we find that DAB + ZABC + ¿BCD + ZCDA = 


2.56 We use the result of the previous problem. Labeling the vertices A, B, C, 
and D clockwise around the figure as shown, we notice that x = 180° - ZDAB, 
w = 180° - ZABC, z = 180° - BCD, and y = 180° - CDA. Adding these four 
equations, we find that w+ x + y +z = 720° -(<DAB + ZABC + ZBCD + CDA). Since 
the sum of the interior angles of the figure is equal to 360° by the previous problem, 


we find that w + x + y+ 2 = [360°] 


2.57 Since ZPZQ = ZPQZ, we have ZZQR = ZPQR - ¿PQZ = ¿PQR - ¿PZQ. ZPZQ is an exterior 
angle of AZQR, so PZQ = ZR + ZZQR, Therefore, we have LZQR = ZPQR — (ZR + ZZQR), so 24ZQR = 
/PQR ~ £R = 42°, Thus, 4ZOR = [21°] 


CHAPTER 3 aan | 
A Triangles 


Exercises for Section 3.2 


3.2.1 
(a) We are given that EF = GH and FG = EH. Also, triangles EFG and GHE share a common side EG, 
so by SSS, they are congruent. 
(b) Angles ZEGF and ZGEH are corresponding parts in triangles EFG and GHE, so they must be equal. 
(c) Viewing EG asa transversal of lines HE and FG, we realize HE is parallel to FG since ZHEG = ZEGF. 


(d) Angles ZEGH and FEG are also corresponding parts in congruent triangles EFG and GHE, so 
ZEGH = ZFEG. Therefore, HG || EF. 


(a) We are given that AB = AC. Since M is the midpoint of BC, we have BM = CM. Also, triangles 
ABM and ACM share a common side AM, so by SSS, they are congruent. Then the corresponding 
parts of triangles ABM and ACM are congruent, so in particular, BAM = CAM. Hence, AM 
bisects BAC. 

(b) Angles ZAMB and ZAMC are also corresponding parts of congruent triangles ABM and ACM, 
so LAMB = ZAMC. Angles LAMB and ZAMC add up to ZBMC, which is a straight angle, so 
LAMB + ZAMC = 180°. Therefore, LAMB = ZAMC = 90°. In other words, AM 1 BC. 

3.2.3 Since AD = CD, AB = BC, and BD = BD, we have AABD = ACBD by SSS Congruence. Therefore, 
¿ABD = LCBD. 


Exercises for Section 3.3 


3.3.1 In ADEF, we have ZD = 180° - ZE - ZF = 69°. Therefore, by SAS we have ADEF = AGHI. No 
other two triangles shown need be congruent. 


3.3.2 
(a) We are given that AB = AC. Since AM bisects ZBAC, ¿BAM = £CAM. Also, triangles ABM and 
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ACM share a common side AM, so by SAS, they are congruent. BM and CM are corresponding 
parts of these triangles, so BM = CM, In other words, M is the midpoint of BC, 


(b) Angles LAMB and ¿AMC are also corresponding parts of congruent triangles ABM and ACM, 
so ZAMB = zAMC. But ZAMB and *ZAMC add up to 2BMC, which isa straight angle, so 
LAMB + ZAMC = 180°. Therefore, ZAMB = ZAMC = 90°. In other words, AM + BC, 


3.3.3 Since XW = XV, ¿ZXV = ZYWX, and WY = XZ, we have AXWY = AVXZ. Therefore, VZ = 
xy = [3]. 


3.3.4 We are given that AB = CD and BAC = ZDCA. Furthermore, triangles CAB and ACD share a 
common side AC, so by SAS, they are congruent. Angles ZACB and CAD are corresponding parts, so 
ZACB = ¿CAD. Therefore, AD || BC. 


Exercises for Section 3.4 


3.4.1 Ineach triangle, the third angle is 180° — 55° -50° = 75°. To tell which triangles are congruent, we 
focus on where the 50° and 55° angles are relative to the sides of length 5 in each triangle. In ADEF and 
AGHI, the side of length 5 is between angles with measures 50° and 55°. Therefore, these triangles are 
congruent. We have to be careful in matching up the corresponding vertices: ADEF = AHG] by ASA. 
In triangles AMNO and AABC, the side of length 5 is adjacent to a 55° angle and opposite a 50° angle. 
Therefore, AABC = ANMO by AAS Congruence. 


3.4.2 If M is the midpoint of AC, then AM = MC. Our parallel lines give ZC = ZA and ZD = ZB, 
Therefore, we have AMAB = AMCD by AAS Congruence. (We could also have used the vertical angles 
at M.) So, BM = MD as corresponding parts of these triangles. Therefore, if M is the midpoint of AC, 
then M must also be the midpoint of BD. 


343 Suppose that triangles AABC and ADEF satisfy the conditions of AAS Congruence such that 
4A = LD, Æ = LE, and AC = DF. (Make sure you see that this covers all possible cases of two triangles 
satisfying the conditions of AAS Congruence!) We can use our two pairs of equal angles to show that 
the other pair of angles are equal: 


ZC = 180° - ZA ~ 2B = 180° - ZD - LE = AF. 


Since ZC = ZF, 4A = 4D, and AC = DF, we have AABC = ADEF by ASA Congruence. Therefore, we 
have used ASA Congruence to prove that AAS Congruence works. 
344 


(a) We are given that PQ = PR and LPQY = ZPRX. Triangles YQP and XRP also have angle QPR in 


common, so by ASA, they are congruent. Since OY and RX are corresponding parts of triangles 
YQP and XRP, we have QY = RX. 


(b) Since 4YQP = AXRP, we have PX = PY because they are corresponding sides of the two triangles. 
We also have PQ = PR, and we can combine these two side length equalities to show XQ = YR: 


XQ = PQ - PX = PR - PY = YR. 
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Section 3.6 
ee e lal 


Our congruent triangles also give us ZQ = ZR. Also, ZXNQ = ZYNR since they are vertical 
angles. XQ = YR, ZQ = ZR, and ZXNQ = ZYNR give us AXNQ = AYNR by AAS Congruence, so 
XN = YN, 


Exercises for Section 3.6 


3.6.1 We are given ZP = 43°, and since PQ = PR, we know that ZQ = ZR. Therefore, 180° = ZP + ZQ + 
ZR = 43° + 22Q, so ZQ = (180° — 43°)/2 = 


3.6.2 We connect A to the midpoint, M, of BC as shown. Since AB = AC, BM = B 
CM, and AM = AM, we have AABM = AACM by SSS Congruence. Therefore, 4 M 
corresponding angles <B and ZC of these triangles are equal. c 


3.6.3 


(a) Let PQ = QR = PR in triangle APQR as given. Since PQ = QR, we have ZP = ZR. Similarly, since 
QR = RP, we have <P = ZQ. Therefore, all the angles are equal. Since they must sum to 180°, each 
must have measure 180°/3 = 60°. 


(b) Let our triangle be AXYZ, with 2X = ZY = ZZ. Since ZX = ZY, we have XZ = YZ. Since ZY = ZZ, 
we have XZ = XY. Therefore, XY = XZ = YZ, so all the sides of the triangle have the same length. 
3.6.4 Since the triangle is equilateral, each angle is 60°. Therefore, 3x + 27° = 60°, sox = 11°. Also, 
2y — 4° = 60°, so y = 32°. So, x + y = [43°] 
3.6.5 Since O is the center of the circle, OA and OB are both radii of the circle. Therefore, OB = OA, so 
LB = LA = 70°. Hence £O = 180° — ZA ~ 2B = [40° | 
3.6.6 Let = ZCAD = ZABE = ZBCF. Then 
¿BAE = ¿BAC - ¿CAD = 60° - 0, 
¿CBF = ¿CBA — ZABE = 60° - 0, 
LACD = LACB — ¿BCF = 60° - 6, 
so ¿BAE = CBF = ZACD = 60° - @. Since ZEDF is an exterior angle of triangle ACD, ZEDF = 


ZDAC + ZACD = 0 + (60° - @) = 60°. Similarly, ZFED = zDFE = 60°. Therefore, triangle DEF is 
equilateral. 


3.6.7 
(a) Since VW = VX, we have 4VWX = ZVXW. Since WX || YZ, we have 2VYZ = ZVWX and 


VXW = LVZY. Combining these with 4VWX = ZVXW gives ZVYZ = ZVZY. Therefore, 
VY = VZ. Since VW = VX, we have 


WY = VY - VW = VZ - VX = XZ, 
as desired. 


(b) Since WY = XZ, YZ = YZ, and LWYZ = ZXZY, we have AWYZ = AXZY by SAS Congruence. 
Corresponding sides XY and WZ therefore have the same length. (We could also have used SAS 
to show that AVXY = AVWZ.) 
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Exercises for Section 3.7 


3.7.1 Construct the perpendicular bisector of AB, and let it intersect AB at C. Then construct the 
endicular bisector of AC and let it intersect AC at D. Finally, construct the perpendicular bisector 


gel cts ws 
of BC and let it intersect BC at E. Then AD = DC = CE = EB, so points D, C, and E divide AB into four 


equal segments. 


3.7.2 Suppose, as the problem states, we draw two circles cen- 
tered at A and B, with radius r not necessarily equal to AB. Let 
the two circles intersect at C and D, so AC = BC = AD = BD =r. 
Since we also have AB = AB and CD = CD, SSS Congruence 
gives us AACB = AADB and ACAD = aCBD. 


Let M be the point where AB and CD meet. ACM = ¿BCM 
(fom ACAD = ACBD), so by SAS, triangles ACM and BCM are 
ent. It follows that AM = BM, and AMC = ZBMC. But 
AMC + ¿BMC = 180°, so ¿AMC = ZBMC = 90°; in other words, AB is perpendicular to CD. Hence, CD 
is the perpendicular bisector of AB, and the construction still works. 


3.7.3 Let AB be an arbitrary segment. Construct the perpendicular bisector of AB. Call the perpendic- 
ular bisector CD, and let it intersect AB at P. Then ZAPC = 90°. 


3.7.4 Inthe text, we constructed equilateral triangles ABC and ABC’, then 
drew CC’ to create a segment perpendicular to AB as shown. We have 
ICAC’ = CAB + ¿C'AB = 120° and AC = AC’, so ZACC’ = LAC'C = 
(180° - 120°)/2 = 30°. Therefore, in constructing CC’ we have constructed | 
30° angie ACC’. 


Review Problems 


3.24 
(a) LABC = «DCB by SSS Congruence. 
(b) Since SSA is not a valid congruence theorem, we have no pair of triangles that must be congruent. 
(c) Since JK || MN, we have LK = 4M and J = ZN. Therefore, 4JLK = ANLM by either AAS or ASA 
Congruence, 


(d) Since EF = BC, we have FE + EB = EB + BC, so FB = EC. Since we also have 
r , = EC. z ve LA = 4D 
LABF = ZDEC, we have LABF = ADEC by AAS Congruence. = 


(e) Our parallel lines give us HJ] = ZJHG. However, SSA is not a valid congruence theorem, so we 
don’t necessarily have a pair of congruent triangles. 


(f) ŁKLM = 4NLM by SSS Congruence, 
(g) Since BCA = ADCE, ABC = 4EDC, and AB = ED, we have ABCA = ADCE by AAS Congruence, 
(h) Since GH = GH, we have AFGH = AIGH by SAS Congruence, 


anorectic 
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(i) Since ZKL] = 2MLN, JL = LN, and zJKL = ZNML, we have AJKL = ANML by AAS Congruence. 
Since JL = NL, we have ZNJL = ZJNL. Together with JN = JN and ¿K = ZM, this gives us 
AJKN = ANM] by AAS Congruence. 


3.25 Let the measure of the vertex angle be x. Therefore, each base angle has measure x/2 — 6° as given 
in the problem. Together, the three angles sum to 180°, so we have x + 2(x/2 — 6°) = 180°. Therefore, 


x=[96°} 
3.26 Our parallel lines give us ¿B = 2x. Since AB = AC, we have ¿C = ZB, so ZC = 2x as well. From 
SABC we have x + 2x + 2x = 180°, sox = [36°]. 


3.27 Since ABCD is equilateral, each of its angles is 60°. Therefore, ZABD = 180° — ZCBD = 120°. Since 
AB = BD, we have 4A = ZADB. From triangle AABD, we have 180° = ZA + ZABD + ZADB = 22A + 120°. 


Therefore, ZA = 
3.28 
(a) Since AP = CP, ZAPD = BPC (vertical angles), and PD = BP, we have AAPD = ACPB by SAS 
Congruence. 


(b) Our diagram shows a case in which clearly AD and BC are not parallel. Our D 
triangle congruence gives us ZA = ZC, not the ZA = ZB needed to prove that AD 
and BC are parallel. A Pes 


3.29 


C 
(a) Since APTS and ARTS are congruent, we have ZPST = ZRST. These two angles together make a 
straight angle, so each angle must be 90°. 


(b) Since APTQ = ARTS, we have ZPQT = ZRST, so ZPQT = 90°, too. Angles ZQPT, ZTPS, and ZSRT 
are al] equal due to the triangle congruences. Therefore, 4QPR = 2<PRQ and from triangle APQR, 
we have 

180° = ZPQR + ZQPR + ZPQR 
= 90°+32PRQ. 
Therefore, LPRQ = 30°. Finally, we see that the angles of APQR are | ZPQR = 90° |, | ZPRQ = 30° 
and | ZQPR = 60° 
3.30 


(a) Since KO = KN, AKNO is isosceles with ZKON = ZN. Since IA = IN, we have ZIAN = ZN. Since 
Ol = ON, we have ZN = ZOIN. 


(b) Since ZKON = ZN and ZN = ZIAN, we have KON = ZIAN. Therefore, IA || KO. 


(a) Since O is the center of the circle, we have OA = OB = OC. Therefore, we have OC = OB, 
4BOA = 4OCD, and CD = OA, so AOCD = ABOA by SAS Congruence. 


(b) Our triangles from part (a) are congruent isosceles triangles, so ODC = ¿COD = ¿OAB = ZOBA, 
Since ZOAB = /COD, we have OC || AB. 


ae eee ee A 
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i i í i = ¿COD + ¿CDO. We also have 
Since ZOCB is an exterior angle of ACDO, we have ZOCB = Z 
= ¿COD = zCDO = ZOBA, so OCB = ¿COD + ¿CDO = ¿OBA + ZOBA = 2ZOBA. 


(d) Letx= ZOBA. Our previous part gives us ¿OCB = 2x. Since OB = OC, we have ZOBC = ZOCB = 
2xas well. Finally, our parallel lines give us ZOCB + ¿CBA = 180°, so 2x + 3x = 180° and x = | 36° 
332 Letx = ADE. Since AD = AE, LAED = x. Then ¿BDE = 180° - LADE = 180° - x and 
ZAEC = 180° — AED = 180°-x, so by SAS, triangles BDE and AEC are congruent. Therefore, AC = BE. 
3.33 
(a) Since OC = OB, we have ZOCB = ZOBC. From AOBC we have 180° = 42° + ZOCB + ZOBC = 
47 + 220CB, so ZOCB = LCBO = (180° - 42°)/2 = [69°] 
(b) Let “BCD = x, so ZOAB = 2x. Since OB = OA, we have ZOBA = ZOAB = 2x. Therefore, AOAB 
gives us ZBOA = 180° - 4x = 180° - 44BCD. 
(c) Again we let ZBCD = x, so BOA = 180° - 4x from the previous part. Since CD || OA, we have 
180° = ZCOA+z0CD 
ZAOB + BOC + ¿DCB + ¿BCO 
= 180°-4x+42°+x+ 69°. 


Therefore, x = 37°, so BOA = 180° - 4x = 


3.34 Since AB and XY are diameters, they intersect at O. Therefore, AO = XO and BO = YO since all 
four are radii of the circle. Finally, AOX = /BOY (vertical angles), so we have AAOX = ABOY by SAS 
Congruence. As corresponding sides of these triangles, we have AX = BY. 


3.35 Let x = ABC and y = ACB. Since MA = MB, /MAB = x. Similarly, since B 
MA = MC, [MAC = y. 


The angles of a triangle sum to 180°, so ZBAC + ABC + ZACB = LBAM+ZCAM+ A C 
B+ /C=x+y+x+y = 2x + 2y = 180°. Hence, BAC = x + y = 90°. 


3,36 


M 


(a) Since 4A = 90°, LAEH = 90° - ZAHE. Since ZAEH, ZFEH, and BEF together make a straight 
angle, we have 


AEH + ¿FEH + ¿BEF = 180°. 


Since EFGH is a square, we know ZFEH = 90°, So, we have ZAEH = 90° — BEF. Equating this to 
our earlier expression for AEH gives BEF = LAHE. 


From square EFGH, we have EF = FG = GH = HE. From square ABCD, we have ZA = ZB = 4C = 
D, From part (a) (and similar arguments), we have ZAHE = ¿BEF = ¿CFG = <DGH. Therefore, 
ASAHE = ABEF = &CFG = ADGH by AAS Congruence, 


3.37 
(a 


b 


We start by showing that AADE = ABET = ACFD, Since ADEF is equilateral, we have DE = EF = 
FD, Combining this with the given AE = BF = CD and AD = BE = CF, we have AADE = ABEF € 
ACFD by SSS Congruence. Therefore, we have AED = ¿BFE = ¿CDF and ZADE = ¿BEF = ¿CFD. 
Let the first set of angles have measure x and the second set have measure y. 
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3.38 


Challenge Problems 


From equilateral triangle DEF, we have 4FED = ZDFE = ZEDF = 60°, so ZAEB, LBFC, and 
¿CDA have measure 60° — x — y. Combining this with the given AE = BF = CD and AD = BE = CF, 
we have AAEB = ABFC = ACDA by SAS Congruence. Therefore, AB = BC = CA, so ABC is 
equilateral, as desired. 

In the diagram at right, we have AE = BF = CD and AD = BE = CF, but E A 

triangle ABC is not equilateral. So, if one of A, B, or C is outside DEF, then NAN 
AABC is not equilateral. The step in our proof above that breaks when we N 

allow A to be outside triangle DEF is where we create expressions for ZAEB, 

ZBFC, and ZCDA. These angles need no longer be equal if we allow A, B, or 
C to be outside DEF. What happens if all three of A, B, and C are outside 
triangle DEF? F 


We are given that DC = DE and ¿CDA = ZEDA. We also have AD = AD, so ACDA = AEDA by 


SAS. Therefore, AC = AE, and AABC = AAFE by SSS. Therefore, ABC = ZEFA. 


3.39 
(a) 


(b) 
(c) 
(d) 


3.40 
(a) 


(b) 


Since ZMNP = ZONP, NP = NP, and ZMPN = ZNPO, we have AMNP = AONP by ASA Congru- 
ence. Therefore, NO = MN since they are corresponding sides of these two triangles. 

Nothing in the problem implies NO = OP. Indeed, the given diagram shows a counterexample. 
We can easily make NO and OP have different lengths and still satisfy the problem. 


Since ZMPN and ZPNO donot need to have the same measure, we cannot conclude that MP || NO. 


Let MO meet NP at X. Since MP = PO (from our congruent triangles in the first part), ZMPX = 
ZOPX, and PX = PX, we have AMPX = AOPX. Therefore, ZMXP = ZOXP. Since these angles 
must also sum to 180°, they must both be right angles. Therefore, we have MO NP. 


Let ZDCB = x. From our given information, we have ZACD = 2x. From right triangle AADC, 
we have ZDAC = 90° — 2x. Since ¿BAC = ZDAC, we have ZBAC = 90° — 2x. Since AB = AC, 
we have ZABC = ZACB = 2x + x = 3x. We also could have noted that right triangle ADBC gives 
us ZABC = <DBC = 180° - ¿BDC — ¿DCB = 90° — x, and we could note that AABC gives us 
ZBAC = 180° — 2B — ACB = 180° — 6x. 

In the previous part, we found that ABC = 3x and ZABC = 90°—x. Equating these two expressions 
gives 4x = 90°, so x = 22.5°. Therefore, ZABC = 3x = [67.5° |. (Alternatively, we could have used 
ZABC = 3x and the angles of AABC to write 3x + 3x + (90° — 2x) = 180°, so x = 22.5°.) 


Challenge Problems 


3.41 


(a) 
(b) 


(c) 


There are 3 possible cases: 


The two angles given are equal. In this case, we have 3x + 4° = x + 17°, sox = 61°. 

There are two angles with measure 3x + 4°. The sum of the three angles of the triangle must be 180°, 
so we have 2(3x + 4°) + x + 17° = 180°. Therefore, x = 222°, 

There are two angles with measure x + 17°, The sum of the three angles of the triangle must be 180°, 
so we have 3x + 4° + 2(x + 17°) = 180°. Therefore, x = 282°. 
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Tan? wane 
Therefore, the possible values for x are 6} , 224°, 282" | 


3.42 We have CA = AH = AB = BD = BC = CF. Furthermore, ZCAH = ABD = ZBCF = 90°, so by 
SAS, triangles CAh, ABD, and BCF are congruent. Therefore, AD = BF = CH. 

Now, ZEAH = 360° = ¿EAB - ¿BAC - ¿CAH = 360° — 90° - 60° - 90° = 120°, and ZDAE = 45° (from 
isosceles triangle ADAE). Therefore, DAH = ¿DAE + ZEAH = 45° + 120° = 165°. In the same way, we 
can show that ZFBD = ¿HCF = 165°. 

Therefore, again by SAS, tnangles DAH, FBD, and HCF are congruent. Then DH = FD = HF, so 
triangle DHF is equilateral. 

3.43 Note that ZEAD = ZEAB + ZBAD = 60° + 90° = 150°. We also have ¿DCF = ¿DCB + ¿BCF = 
60° + 90° = 150°, and ZEBF = 360° — ZABE - ZABC - ¿CBF = 360° — 60° — 90° — 60° = 150°. 


Since DAB + ZABC = 180°, AD || BC. Therefore, when we draw BD, we have ZADB = ZDBC. 
Similarly, AB || DC, so ZABD = ZCDB. Therefore, ABAD = ADCB by ASA Congruence, which gives us 
AD = BC and AB = CD. (This property of rectangles will be explored in the chapter on quadrilaterals.) 
Now we have EA = EB = AB = CD, and AD = BC = BF = CF. Therefore, by SAS, triangles EAD, DCF, 
and EBF are congruent. So, ED = DF = FE, which implies that triangle DEF is equilateral. 


3.44 Since AD = AC, ZACD = ADC. Also, ZACD + ¿ADC + ¿CAD = 180°, so 2LACD = 180° - ZCAD = 
180° — ZCAB. Therefore, ZACD = 90° -(ZCAB)/2. We also have ZCAB = 180° — ZACB — ZABC = 90° — ZB, 
so ZACD = ZADC = 45° + 4. Then, ZBCD = ZBCA — ZACD = 90° - ZACD = 45° — 4Æ. From isosceles 
triangle ABCE, we have ZBCE = ZBEC = (180° — 2B)/2 = 90°- 48, so ZACE = 90° - ZBCE = 4. Therefore, 


DCE = 90° - LACE — /BCD = 90° -  - (45° - 5) = [45°] 


3.45 First, ZADE = ZEDF = <FDC, and ZADE + ZEDF + ¿FDC = ZADC = 90°. A B 
Therefore, LADE = ZEDF = FDC = 30°. By SAS, AADE = AEDF = AFDC. 

Since DA = DE, ¿DAE = DEA. But ZDAE + ¿DEA = 180° - ZADE = 150°, so 
ZDAE = LDEA = 150°/2 = 75°. Hence, ZBAE = 90° - ZDAE = 15°. 

Now, note that DA = DF and ZADF = ZADE + ZEDF = 60°. Therefore, triangle D €C 
ADF is equilateral, so AF = AD and ZFAD = 60°. Then ZEAF = ZEAD - ¿FAD = 75° - 60° = 15°. 


Therefore, LBAF = /BAE + LEAF = 15° + 15° = 30°. Since AB = AF = DA = DE, by SAS, triangles ADE 
and BAF are congruent. 


Hence, BF = AE, But AE = EF, so BF = EF. Similarly, we can show BE = EF. Therefore, triangle BEF 
is equilateral. (We could also have shown BE = EF by noticing that AAEF = AAEB by SAS.) 


3.46 Let x = ZBAC. Since EF = FA, we have /FEA = x, so ZEFA = 180° — ZFAE — ZFEA = 180° — 2x. 
Therefore, ZEFC = 180° - ZEFA = 2x, 


Since EF = EC, we have ECF = 2x, so LFEC = 180° — ZEFC ~ ZECF = 180° — 4x. Then ¿CEB = 
180° ~ ZCEF - ¿FEA = 3x. Since CB = CE, LCBE = 3x. By a similar argument, ZBCG = 3x. Then 


LBAC + LABC + ACB = x + 3x + 3x = 180°, so x = 252 3 
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Challenge Problems 


3.47 Since ED || YZ, we have 2DZE = ZEZY = ZED, so ADEZ is isosceles with DE = DZ. Similarly, 
our parallel segments give us ¿YED = ZAYE = /CYE. Therefore, ACEY is isosceles with CE = CY. 
Putting DE = DZ and CE = CY together with CD = DE - CE gives us CD = DZ — CY, as desired. 


3.48 Suppose we are given the lengths of sides XY and YZ and the measure of ZX. In the text we have 
already seen one case in which there’s only one possible triangle AXYZ that fits these conditions - when 
the circle with center Y and radius YZ is tangent to the ray originating at X that forms the given ZX with 
side XY. As you'll learn later in the text, this will occur when ZZ is a right angle. 


Z Z 
i Z 


Another case in which there is one possible triangle is when ZX is 90°. When this occurs, as in the 
second diagram in the figure above, the circle drawn with center Y and radius YZ hits the line through 
X perpendicular to XY in two points, Z and Z’. Triangles AXYZ and AXYZ’ are mirror images of each 
other and are therefore congruent. Hence, if the A of SSA is a 90° angle, then SSA is valid. You'll learn 
this in a later chapter as HL Congruence. 


Finally, SSA Congruence ‘works’ when all four sides in question are equal in length. In this case, 
each triangle is isosceles, and each has another base angle equal to the angles we already know are 
equal. We can then see that the triangles are congruent by AAS Congruence. 


3.49 Let AY and XZ meet at B, and ZD and AY meet at C. If we can prove that A Z 
ABCZ = AYCZ, then we can conclude that ZD 1 AY. Since AX = XY, we have 
LXYA = LA. We have £ZBC = ZABX = 90° — ZA (from right triangle ABXA) and 
LZYC = LZYX — LAYX = 90° - LAYX = 90° — ZA. Therefore, ZZBC = ZZYC. 
Together with zYZC = BZC (given) and ZC = ZC, we have AZBC = AZYC by x DY 
AAS Congruence. Therefore, ¿BCZ and ZYCZ are congruent and add to 180°, so they must both be right 
angles, which means ZD 1 AY. 


3.50 Since RB = AB, ¿RBC = ZRBA + ¿ABC = 60° + ABC = ¿PBC + ZABC = ZPBA, and BC = PB, 
we have ARBC = AABP by SAS Congruence. Therefore, RC = AP. Similarly, we have AB = RA, 
BAQ = <BAC + LCAQ = BAC + ZRAB = RAC, and AC = AQ, so ARAC = ABAQ by SAS, so RC = BQ. 
Therefore, AP = BQ = CR, as desired. 


3.51 In the diagram, AB = 13, BC = BD = 10, and ZBAC = 40°. Therefore, AABC B 
and AABD are the two possible triangles that have sides of length 13 and 10 and an 

angle of 40° opposite the side of length 10. Let ACB = x. Therefore, ¿BDC = x and 

ZADB = 180°—x. From triangle AADB, we have ZABD = 180°—ZBAD-ZADB = x-40°. A c 
From triangle AABC, we have ZABC = 180° — ZBAC — ZACB = 140° — x. These two D 
angles are the possible 2B we seek, and their sum is 
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Exercises for Section 4.1 


411 Since ZY = ZZ, we have XZ = XY, so XZ = 5 V2. Therefore, the perimeter of AXYZ is XY + YZ + 
XZ =/10+10-V2| 


41.2 Since D is the midpoint of AC, equilateral triangle ADE has side length AB/2 = 2. Since G is 
the midpoint of AE, equilateral triangle EFG has side length AE/2 = 1. Then the perimeter of figure 
ABCDEFG is AB + BC +CD+DE+EF+FG+GA=44+4+24+2+14+1+1=[15] 


413 


(a) Lettriangles ABC and DEF be congruent. Then AB = DE, AC = DF, and BC = EF, so AB+.AC+BC = 
DE + DF + EF. We conclude that congruent triangles must have equal perimeters. 


(9 


Two triangles with the same perimeter need not be congruent. For example, consider a triangle 
with side lengths 3, 4, and 5, and a second triangle with side lengths 4, 4, and 4. They both have a 
perimeter of 12, yet are clearly not congruent. 

(c) No. For example, consider equilateral] triangle ABC with side length equal to 2. Let M be on AC 
such that M is very close to A. Then, consider placing a point N on AB that we can slide along 
ray AB. No matter where we put N, NAM = ZBAC = 60°. When N is close to A, the perimeter 
of ANAM is very small. As we move N farther and farther away from A, the perimeter of AMAN 
increases. In fact, we can make this perimeter as large as we want. At some point as we slide 
N from very close to A (where the perimeter of AMAN is less than 6) to a point very far from 
N (where the perimeter of AMAN is more than 6), we will hit a point at which the perimeter of 
AMAN is exactly 6, Such a triangle would not be congruent to our equilateral AABC. (Note that 
this is not a perfectly rigorous proof, which would require some tools we haven't yet discovered.) 


4.1.4 We can simply add up the sides; 


AB+ BC+CD + DE+EF+FG+GH+HA=64+3+5444+34+2+44+9 = [36], 


Another approach is to notice that the total length along the ‘tops’ is the same as that of the bottom, 9, 
so the top and bottom together contribute 18, The ‘left’ and ‘right’ each contribute 6, but there’s a little 


extra to add from part of the ‘U’ portion CDEF, We must add FE and its equivalent along CD. This gives 
us an additional 2EF = 6, for a total of 2(9) + 2(6) + 2(3) = 36, as before, 


eee ——— 


Section 4.2 


4.1.5 Let the shortest side have length x. Then, the other two sides have lengths 1.5x and 2x. The 
perimeter of the triangle is 45, so 45 = x + 1.5x + 2x, or 45 = 4.5x. Solving this equation, we find x = 10, 


which means the shortest side has length [10]. 


Exercises for Section 4.2 


4.2.1 
(a) The area of right triangle AABC is (AB)(BC)/2 = (4)(7)/2 = [14], 
(b) The altitude to base DF from E has length 4.8, so the area of ADEF is (4.8)(10)/2 = 


(c) The area of rectangle GHIJ is (14)(8) = [112 |. 
4.2.2 Since all of the sides of a square are equal, each side has length 36/4 = 9. The area of the square 
is 9? = 
4.2.3 

(a) KOis the altitude to side LM, so [KLM] = (KO)(LM)/2 = (6)(7)/2 = [21]. 

(b) LN is the altitude to side KM, so [KLM] = (LN)(KM)/2. From the first part, we have [KLM] = 21, 

so LN = (2[KLM])/KM = (42)/12 = 

4.2.4 Each wall has area (24)(8) = 192 square feet, so we need enough paint to cover 2(192) = 384 square 
feet. Since each gallon covers 80 square feet, we need 384/80 = gallons. 
4.2.5 Let the side of the square poster be x, in inches. Then the area of the square poster is x*, and the 
area of the rectangular poster is (x + 2)(x — 2) = x? — 4, so their positive difference is [4 in?] 
4.2.6 Let x and y be the side length of the garden and the width of the path, respectively, in meters. 
The perimeter of the garden is 4x = 64, so x = 16. 


Solution 1: The slickest approach is to notice that since the garden is a square with side length 16, 
its area is 16” = 256. Therefore, the area of the garden and the path together is 256 + 228 = 484. Since 
the outside boundary of the path forms a square, the total area bounded by the path and the garden is 
the square of the length of one outer side of the path. Therefore, each outer side of the path has length 


V484 = 22. So, the path requires 4(22) = meters of fencing. 

Solution 2: In terms of x and y, the side length of the square containing the garden and the path is 
x + 2y = 2y + 16. The area of the path is then (2y + 16)? — 16? = 4y? + 64y + 256 — 256 = 4y? + 64y. 
We are given that this equals 228, so 4y? + 64y = 228. Rearranging this gives y? + 16y — 57 = 0, so 
(y + 19)(y - 3) = 0. Since y is positive, y = 3. 

The amount of fencing needed to surround the path is the perimeter of the big square, which is 
4(2y + 16) = [88] meters, 
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Exercises for Section 4.3 


43.1 
(a) Wehave 


Vv 
ipo) = PRED . 
om) = SOD 


2 
Vv 
om = PO - 


(b) From the given information, we have TR/PT = and from the first part, we have [QTR]/[PTQ] = 
6/= 1/2] After reading this section, you should not be surprised that these two are equal. 


4.3.2 


(a) Since AACD and ABCD share base CD, the ratio of their areas is the ratio of their altitudes to CD. 
Since AE = 2 + 3 = 5 and BE = 3, we have [BCD]/[ACD] = BE/AE =[3/5}. 

(b) ADBC is what is leftover after we cut ABCD out of AACD. In the first part, we found that [BCD] is 
3/50f |ACD]. Therefore, the ‘leftover’ [ADBC] is the remaining 2/5 of [ACD], so [ADBC]/[ADC] = 
eal 


(e) Wecan simply take the ratio of the answers to our first two parts to find: 


[BCD] _ {BCD}/|ACD} _ 3/5 _|3 
[ADBC]  [ADBC]/[ACD] 2/5 |2 


You shouldn't be too surprised to see that [BCD]/[ADBC] = BE/AB. See if you can use the Same 
Base/Same Altitude principle to prove this will be true no matter what AB and BE are. 


4.3.3 Jean's triangle has a base of 8 feet and a height of 10 feet, so it has area (8)(10)/2 = 40 te. George's 
triangle has a base of 10 feet and a height of 10 feet, so it has area (10)(10)/2 = 50 ft. Therefore, Jean is 
correct: George's triangle will use more paint than hers. We could have seen this without computing 


the areas by noting that the heights of the two triangles are the same, but George’s triangle has a longer 
base than Jean’s. 


4.34 Solution 1: Let the tnangle have base b and height h, so it has area bh/2. If the base is doubled to 


2b and the height is tripled to 3h, then the area of the new triangle is (2b)(3h)/2 = 3bh. Therefore, the 
area increases by a factor of 


Solution 2: Doubling the base multiplies the area by two and tripling the height multiplies the area 
by 3. Doing both of these will therefore multiply the area by 2-3 = [6]. 


4.3.5 First, note that [WXYZ] = (WX)(XY), while [WPX] = (WX)(PX)/2 = (WX)(XY)/4 (since the height 
from P to WX equals XY/2). Therefore, [WPX] = [WXYZ]/4. We are also given [PQX] = [WXYZ]/6. 
We therefore have [PQX]/[WPX] = (|WXYZ]/6)/((WXYZ]/4) = 2/3, Since [PQX] and [WPX] share an 


a.Cr 


Review Problems 
ee  —————— 
altitude from P, we have [PQX)/[WPX] = QX/WX. Therefore, QX/WX = 2/3. Since WX = 8, we have 
ox = [16/3] 


Review Problems 


4.13 

(a) [ABC] = (AB)(AC)/2 = [54] 

(b) [DEF] = (6)(11)/2 = [B3] 

(© [GHIJ] = (GHXHN) = [96}. 

(d) [KLMN] = (KL)(KN) = (KN)? = 

(e) TOQS) = (QSXOP)/2 = [12} 
4.14 Since the area of a triangle is (base)(height)/2, we have height = 2(Area)/(base) = 2(42)/7 = 
We cannot find the length of either of the other two sides of the triangle, nor can we find the sum of the 


lengths of these sides. Therefore, it is not possible to find the perimeter of this triangle without more 
information. 


4.15 Let the side length of the square be s. Then, the area is s*. Since the area of the square is 75, we 
have s* = 75. Solving s? = 75 gives s = V75 = 5 V3 as the side length of the square. There are four such 


sides, so the perimeter is 4(5 V3) = | 20 V3 

4.16 Since [ABC] = 24 and [ABC] = (AB)(BC)/2, we have BC = 2[ABC]/(AB) = 2(24)/6 = 8. Therefore, 
the perimeter of AABC is 6+ 8+ 10 = Similarly, since [XYZ] = (XY)(YZ)/2, we have YZ = 
2[XYZ]/(XY) = 2(30)/5 = 12, so the perimeter of AXYZ is 5 +12 + 13 = 

4.17 Let the width of the rectangle be w, so the length is 4w — 2. In terms of w, the perimeter then is 
2(w) + 2(4w — 2) = 10w — 4. Since the perimeter of the rectangle is given as 51, we have 10w — 4 = 51, so 
w = 5.5. Therefore, the length is 4w — 2 = 20, so the area is (5.5)(20) = 


4.18 Since I want to leave a 2 foot space between the edge of the carpet and the wall, the region we 
want to carpet is only 20 feet by 12 feet (since we subtract 2 from all sides of the room, we subtract 4 
from both dimensions). Therefore, the area of the rug is (20)(12) = 240 ft?. Since the carpet costs $2.50 


per square foot, the room will cost (240)($2.50) = to carpet. 
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4.19 We can find the area of the figure by viewing it as a rectangle 
with a couple right triangles cut out. The rectangle is FEGC as shown. 
We see that FE = 10 and FC = 11, so the area of FEGC is (11)(10) = 110. 
We then find [AFB] = (AF)(FB)/2 = 12.5 and [EDG] = (EG)(DG)/2 = 
(6)(11)/2 = 33. Therefore, the area of ABCDE is 110- 12.5- 33 = 


420 Let x and y be the dimensions of the rectangle, in centimeters. 
Then the perimeter of the rectangle is 2(x + y) = 28, sox + y = 14, 
and the area of the rectangle is xy = 48. Substituting y = 14 — x into 
xy = 48, we get x(14 — x) = 48, so x° — 14x + 48 = (x — 6)(x — 8) = 0. 
The solutions are x = 6 and x = 8, which lead to y = 8 and y = 6, 
respectively. Therefore, the rectangle is (Notice that 
we could also have used trial-and-error to solve the equations x + y = 14 and xy = 48.) 


421 Solution 1: Let the base and height of the original triangle be b) and h, respectively. Then the 
height of the new triangle is 4h. Let the base of the new triangle be by. Then 


1 1 
zh = zh 4h, 


sob = b; /4. Hence, the base must be | divided by 4 | to leave the area unchanged. 


Solution 2: Multiplying the height by 4 multiplies the area by 4. We must then divide the base by 4, 
which divides the area by 4, in order to leave the area unchanged. 
4.22 Let the common altitude be h. Since [ABC] = (h)(BC)/2 = (h)(AC)/2, we have BC = AC. 
4.23 


(a) Since [ABCD] = (CD)(BC) and [BCD] = (CD)(BC)/2, we have [BCD] = [ABCD]/2 = 36/2 = 
(b) “BCD and ABED have the same altitude from B. Therefore, the ratio of their areas is the ratio 
of the bases to which this altitude is drawn: [BED]/[BCD] = DE/DC. Since DE = 2EC and 


EC + DE = DC, we have DE = 2DC/3, so DE/DC = 2/3. Therefore, [BED]/[BCD] = DE/DC = 2/3, 
so [BED] = (2/3)|BCD] = 


4.24 The perimeter of the star is the total perimeter of all the outer triangles minus the perimeter of 
BDFH], since the latter is included in the sum of the triangles, but notin the star. Therefore, the perimeter 


of the star is (5)(23) ~ 51 = [64] 
4.25 Let E be the point on AB where the two triangles meet. Then the area of the shaded region is 
s adie. 1 1 1 
[ADE] + [BCE] = ght AD + 5BE: BC = pAE 8+ 5BE-8 = 4AE + 4BE = 4AB = [48 cm?| 


4.26 LWOZ and AWYZ share an altitude from Z, so WO/WY = [WOZ]/[WZY] = 12/30 = 2/5 
We also have [WXY] = [WXYZ] - [WZY] = 20, Since [WOX]/[WXY] = = ë ve 
tae be ar [WOX] /IWXY] = WO/WY = 2/5, we have 


Challenge Problems 
Challenge Problems 


4.27 We split ABCD into a rectangle and a right triangle by drawing CE as B 5 C 
shown. The area of ABCD is the sum of the areas of the pieces we thus form: 


[ABCD] = [ABCE] + [CED] = (AB)(BC) + (CE)(ED)/2 = 30 + 9 = 6 é 

4.28 The gardener requires a post every 6 feet, so he needs 96/6 = [16] posts. A D 
5 £3 

4.29 The key to this problem is realizing that for each segment, we a IX 


divide it into three smaller segments and end up with four copies of the 
smaller segment. Hence, the perimeter increases by a factor of 4/3 with each step. Therefore, the second 


figure has perimeter (4/3)(12) = [16] and the third has perimeter (4/3)(16) = 


4.30 After each step, the perimeter of the shape is 4/3 the perimeter from the previous step. Therefore, 
the perimeter grows and grows without bound - the perimeter is infinite. However, we can contain the 
whole figure on the page (play with it and see). How can this be?!? (If you aren’t convinced, look up 
Koch’s snowflake on the internet.) 


4.31 Label the vertices A, B, C, D, E, F, G, H, 1, and J, as shown. 


The sum of the vertical lengths AB, CD, EF, and GH must be equal 
to IJ = 7. When we sum the horizontal lengths BC, DE, FG, and HI, 
the total includes the length AJ plus the length FG two more times, so g 
BC+DE+FG+HI]=AJ+2-2=15. s 


Therefore, the perimeter is 7 +7 + 11 +15 = 
4.32 We find areas in steps. Since BX/CX = 1/2, we have BX/BC = 1/3. Therefore, [ABX] = [ABC]/3 = 
144/3 = 48, since [ABX] and [ABC] share an altitude from A. Since BY/AY = 1/3, we have BY/BA = 1/4. 
Since [BYX]/[ABX] = BY/AB = 1/4, we have [BYX] = 48/4 = [12]. 
4.33 Let x be the side of the smallest square. Then the side of the second smallest square is 2x, the 


second largest, 4x, and the largest, 8x. Then the perimeter of the figure, starting at the lower left corner 
and going clockwise, is x + x + x + 2x + 2x + 4x + 4x + 8x + 8x + 8x + 4x + 2x + x = 46x = 115. Therefore, 


x = 115/46 = 2.5, Then the area of the figure is x? + (2x)? + (4x)? + (8x)? = 85x? = [531.25 


4.34 Let K denote the area of triangle ABC. Let ha and li, denote the height from A to BC and from C to 
AB, respectively. Then 


1 1 
K= zBC Pa = gAB he. 


(a) We are given that 


SAB: hy = 12 and 5BC he = 27. 


Therefore, j 
3AB sha: BC he = 12-27 = 324. 


But i 1 1 1 
AB Nas 38C hy = 348 Ne: pBC ha sK, 
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so K? = 824, and K = V35%4 = [18]. 
b) By the same calculations as in part (e), K? = 120-150 = 18000, so K = 718000 = [60-V5 | 


4,35 The twotrianglesshare the same base in PW, soallwehavetodoistoshow Wp 
that the altitude from X in aXPW has the same length as the altitude from Z in 
AZPW. These two altitudes are shown: XB and ZA, respectively. These are also 
altitudes of triangles AXWY and aZYW, respectively. Since AWYZ and AWXY i 
have the same area (each is half [WXYZ] because the triangles are congruent =Y 
by SAS or ASA), we have (WY)(ZA)/2 = [ZWY] = [WXY] = (WY)(XB)/2. Therefore, ZA = XB, so 
[WPX] = [WPZ] 


4.36 The area of triangle ABC is given by 


1 
74B he =hy, 


where li, is the distance from C to line 4B. The point on the circle farthest away from line AB is the point 
(3,3). Hence, the maximum possible area of triangle ABC is 


4.37 Triangles AAXF and ABXF share an altitude from X, so [AXF]/[BXF] = AF/FB. Similarly, 
|AFC)/[BFC] = AF/FB. Therefore, we have: 


IAXC] _ [ACF] -[AXF) 


[BXC] [BCF] - [BXF] 
(AFIFB)IBCF] ~ (AF/FB)[BXF] 


[BCF] - [BXF] 
a [BCF] -[BXF]\ AF 
z (AFIFB) (Tee = sae ~ FB 


4.38 Since [PORS] = (PS)(SR), [PSB] = (SB)(PS)/2, and [PBS]/[PQRS] = 1/4, we have 


(SB)(PS)/2 _ 1 
(PS)(SR) 4 


from which we find that SB = SR/2. Therefore, B is the midpoint of RS i 
5 , point of RS, so BR = RS/2. Simi i 
that [PAQ] = (PQ)(AQ)/2, [PRS] = (PQ)(QR), and [PQA)/[PORS] = 1/5, so ee 


(PQAQ)/2 _1 


(PQMQR) 5 
Therefore, AQ = RQ, 60 AR = 2RQ, 
Combining these, we ha = = i 
bee la a ve [ABR] = (AR)(BR)/2 = H(RS)(RQ). Since [PQRS] = (RS)(RQ), we have 


Finally, since [ABP] = [PORS] - [PBS] ~ [RAB] - [PQA], we have 


[PORS] [PORS] ~ [PORS] ~ [PORS] 7 
aaaeeeaeo 


IABP) __ [PBS] _ [RAB] [PQA] B 


Challenge Problems 


4.39 Since [CBE] = (CB)(EC)/2, [ADE] = (AD)(DE)/2, and [ABE] = (AB)(AD)/2 (since the altitude from 
E to AB is the same as the distance from D to AB), our given equation becomes 


(CB)(EC) _ (AD)(DE) _ (AB)(AD) _ (CB)(EC) 
2 2 Te 2 ” 


Since AD = BC, we have 


(ADXEC) _ (AD)(DE) _ (AB)(AD) _ (AD)(EC) 
2 2 ~ 2 2° 


or EC - DE = AB - EC. This gives us 2EC - DE = AB. Since AB = CD = DE + EC, we have 
2EC — DE = DE + EC, or EC = 2DE. Therefore, DE = CD/3 = AB/3. Finally, we have 


[ABE] _ (AB)(AD)/2 _ AB _ 
[ADE]  (DE)(AD)/2 DE ~ 


4.40 Cut the cake into seven pieces as shown. 


Note that the each piece has frosting four units wide on the side, so all we need to 
show now is that each piece has the same amount of frosting on the top (which also 
shows that the size of each piece is the same). 


To see why this is the case, imagine instead that we cut the cake into 28 pieces, as 
shown in the second diagram. Each of these 28 pieces is a triangle with base 1 and height 
7/2, so each has area 


7_7 


1 

at hy 
Therefore, each of the original seven pieces has area 4-7/4 = 7, so each has an equal amount of cake and 
frosting. 


29 


CHAPTER 5. SIMILAR TRIANGLES 


CHAPTER —————L— 
Po Similar Triangles 


Exercises for Section 5.1 


5.1.1 Iftriangles ABC and YXZ are similar, then 
AB AC BC 


YX YZ XZ 
It follows that AB/BC = YX/XZ and AC - YX = AB- YZ. Hence, statements (a), (b), and (d) are true. 
Statements (c) and (e) are not necessarily true. 
5,12 If triangles ABC and ADB are similar, then AB/AD = AC/AB, so AB? = AC- AD. We are given 
that AC = 4 and AD = 9, so AB? = 4-9 = 36. Therefore, AB =[6] 


Exercises for Section 5.2 


5.21 


(a) Since AB || DE, we have ZA = ZD and ZB = ZE, so AABC ~ ADEC by AA Similarity. Therefore, 
AC/CD = BC/CE = AB/DE = 7/21 = 1/3, so AC = CD/3 = and BC = CE/3 = [4] 

(b) Since AFG] ~ AFH] by AA (because GI || HJ gives us ZFGI = ZFH] and ZFIG = ZFJH), we have 
GI/H] = FG/FH = 4/13. Therefore, HJ = GI(13/4) = [91/4]. 

(c) Since ZLOM = 90° - ZNOM = ¿MNO and ZLMO = ZOMN, we have ALMO ~ AOMN by AA 
Similarity. Therefore, ON/LO = MN/OM = OM/LM = 1.2/1.6 = 3/4, so ON = OL(3/4) = and 
MN = OM(3/4) = 

(d) Since ZPQR = ZPST and ZP equals itself, we have APQR ~ APST by AA Similarity. So, PQ/PS = 
PR/PT = 9/20. Therefore, PS = PQ(20/9) = 160/9, so RS = PS ~ PR = 160/9 - 9 = [79/9]. 


5.2.2 Let the vertex angle of an isosceles triangle have measure x and each of the base angles 
have measure y. Then x + 2y = 180°, or y = 90° - x/2, Hence, if the vertex angles of each of two isosceles 
triangles have the same measure, x, then al] four base angles of the two triangles have the same measure, 
90° - x/2. Therefore, the triangles have the same angle measures and must be similar. 
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5.2.3 
(a) Since WXYZ is a square, we have LWZY = ¿ZYX = 90°. Therefore, ZWZY + ¿ZYX = 180°, so 
WZ || XY. 
(b) Since WZ || XY, we have ZAZM = ¿MYB and ZMAZ = ZMBY. Furthermore, we are given 


ZM = MY, so SAZM = ABYM by AAS Congruence. Therefore, AZ = BY. 


(c) From the triangle congruence in the previous part, we have AM = BM, so AAMX = ABMX by SAS 
Congruence. Therefore, XA = XB. 


(d) Since WXYZ is a square, all of its angles are right angles. Specifically, ZZ = XYM = 90°. 
Furthermore, since ZZMY is a straight angle, we have ZAMZ + 90° + ZXMY = 180°, so ZAMZ = 
90° - ZXMY. From right triangle AXMY, we have ZYXM = 180° — ZXYM - £XMY = 90° — ZXMY 
also, so 4YXM = ZAMZ. Therefore, AAZM ~ AMYX by AA Similarity. Hence, AZ/ZM = MY/XY. 
Since WXYZ is a square, we have XY = ZY, so ZM = MY = XY/2. Therefore, we have 

az = ZMMY) _ (XY/2NXY/2) _ XY 
XY XY 40 
5.2.4 
(a) Since AB = AC, ZABC = ZACB. From AABC we have ZABC + ZACB = 180° — A 


ZBAC = 180°—36° = 144°, so ZABC = ZACB = 144°/2 = 72°. Since ZABD = ¿CBD 
and ZABD + ¿CBD = LABC = 72°, we have ZABD = ¿CBD = 72°/2 = 36°. 
Therefore, LA = DBC and ZACB = ZBCD, so AACB ~ ABCD by AA Similarity. 


(b) Let x = AB. Then AC = x. From AACB ~ ABCD we have BDC = ZABC. We 
also have ZABC = ZACB and ZACB = <BCD, so ¿BDC = BCD. Therefore, pe 
ABCD is isosceles, and BD = BC = 1. Also, ZABD = ZBAD, so AD = BD = 1. 

Therefore, CD = AC - AD = x- 1. The similar triangles from part (a) give us 
AB/BC = BC/CD, so we have 


x 
1 x-1' 
or x(x — 1) = 1. Rearranging gives x? — x- 1 = 0. By the quadratic formula, we have 


But 8 < 0 and x must be positive, so AB = x =| (1+ V5)/2 |. 


5.2.5 Since AB || CD, we have ZA = ¿DCE and ZABE = CDE, so AABE ~ ACDE by AA Similarity. 


Therefore, 
4 5 


x 5+AC 
Cross-multiplying gives 20 + 4AC = 5x, so AC = © —5, Similarly, FG || AB, so AFGH ~ AABH, which 
gives 

7 5 


7+y+5+AC x 
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Substituting for AC gives: ? 5 
74y45x/4 “x 


Cross-multiplying gives 7x = 35 + 5y + 25x/4, so 3x/4 = 35 + Sy, or x = | 140/3 + 20y/3 |. 


Exercises for Section 5.3 


5.3.1 Since AB/AD = AC/AE and ¿BAC = ZDAE, we have AABC ~ AADE by SAS Similarity. Therefore 
BC/DE = AB/AD = 3/5, so DE = (BC)(5/3) = 

i i idpoint of FG ve FM = i i idpoint of JM, we have FJ = FM. 
5.3.2 Since Mis the midpoint of FG, we have FM = MG. Since Fis the midp 
Therefore, JM = 2FM = PMG. Similarly, IM = 2MH. So, IM/MH = JM/MG = 2 and ¿GMH = ZJMI, so 
AIM] ~ AHMG by SAS Similarity. Therefore IJM = ZHGM, so I] || GH. 


5.3.3 Since WZ? = (WX)(WY), we have WZ/WX = WY/WZ. Also, ZZWX = ZYWZ, so we have 
aWZX ~ AWYZ. This similarity gives the desired 4WZX = £WYZ. 


534 
(a) ZQBC = ZQBP = 90° - ZQPB = 90° - zRPC = ¿PCR = £QCB. 


(b) Because ZQBC = ZQCB, we have QB = QC. Since QB = QC and QA = QR, we have QB/QC = 
QA/OR, so AQBC ~ AQAR by SAS Similarity. Therefore, 4QCB = ¿QRA and PB || RA as desired. 


Exercises for Section 5.4 


54.1 Weare given: 
Base length first triangle _ Base length second triangle 
Leg length first triangle Leg length second triangle ’ 
and 4 simple rearrangement turns this into 
Base length first triangle _ Leg length first triangle 
Base length second triangle Leg length second triangle’ 


Clearly, this equality holds with the other le 
Similarity. Therefore, the correspondin, 
angles of the two triangles are equal. 


gs of the triangles, so the two triangles are similar by SSS 
g angles of the two triangles are the same. Specifically, the vertex 


Exercises for Section 5.5 


5.5.1 Since XY || OR, we have /PXY = 4PQR and ZPYX = ZPRQ, so APXY ~ 4PQR by AA Similarity. 
wei PY/PR = XY/QR = 1/3, so PY/(PY + 8) = 1/3, Cross-multiplying gives 3PY = PY + 8, so 
PY =ļ|4| 


a AES 


Section 5.5 


5.5.2 
(a) 


(b 


= 


(c) 


5.5.3 
(a) 


(b) 


(c) 


5.5.4 
(a) 


(b) 


5.5.5 


The parallel lines in the diagram give us ZECD = ¿FDB and LEDC = <FBD, so AFBD ~ AEDC. 
Since [EDC] = 25[FBD] and the two triangles are similar, each side of AEDC is V25 = 5 times each 
corresponding side of AFBD. Therefore, CD/DB = [5]. 


Since AB || ED, we have ZA = ZCED and ZB = ZEDC, so ACAB ~ CED. Since CD/DB = 5 from 
the first part, we have CD/CB = CD/(CD + DB) = CD/(CD + CD/5) = 5/6. Therefore, the ratio of 
corresponding sides in ACED and ACAB is 5/6, and the ratio of their areas is (5/6)? = 

4EDC takes up 25/36 of AABC. [BDF] = [EDC}/25 = [ABC]/36, soit takes up another 1/36 of AABC, 
leaving 10/36 = 5/18 of the area of AABC for AEDF. The parallel lines give us ZEFD = ZAEF and 
ZAFE = ZFED, which combined with EF = EF gives AAEF = ADFE by ASA. Therefore, [AEF] = 
[AEDF]/2. Since [AEDF] is 5/18 of [ABC], we have [AEF] = (5/36)[ABC], or [AEF]/[ABC] = 


Since ZA || WX, we have ZAZC = ¿CXW and ZCWX = £CAZ, so ACAZ ~ ACWX by AA Similarity. 
Therefore, ZC/XC = AC/CW. 


Following essentially the same logic as in the previous part, we have ADXB ~ ADZW, so XD/ZD = 
DB/WD. 


Since ZC = XD, we also have ZD = ZC + CD = XD + CD = XC, so ZC/XC = XD/ZD. Combining 
this with both of the first two parts gives DB/WD = XD/ZD = ZC/XC = AC/WC. Adding 1 to 
both sides of DB/WD = AC/WC gives (DB + WD)/WD = (AC + WC)/WC, or BW/WD = AW/WC. 
Therefore, we have ACWD ~ AAWB by SAS Similarity. From this, we have ZWCD = ZWAB, so 
CD || AB. 


Since PR = PQ, we have ZR = ZPQR = LWQ2Z. Since ZX || QY, we have ZZXR = ZQYR = 90°. So, 
<ZXR = £ZWQ, and we have AQWZ ~ ARXZ by AA Similarity. 

First, we note that RQ = RZ - QZ, which looks a lot like the expression we want to prove. Since 
XZ || YQ, we have ZRYQ = ¿RXZ and ZRQY = /RZX, so ARYQ ~ ARXZ. This similarity gives 
us RZ/ZX = RQ/YQ, so RQ = (RZ/ZX)(YQ). From AQWZ ~ ARXZ in the last part, we have 
RZ/ZX = QZ/ZW, so QZ = (RZ/ZX)(ZW). Substituting these into RQ = RZ - QZ gives 


(RZIYQ) _ pz _ (RZZW) 
ZX ZX ^“ 


Multiplying this equation by ZX/RZ gives the desired YQ = ZX - ZW. 


We extend RY and RX to meet PQ at C and D, respectively, as R 


shown. Since ZRPA = ZAPQ, PX = PX, and ZRXP = ZDXP, we have 


4RXP = ADXP by ASA Congruence. Similarly, we have ACYQ = ARYQ. B 
Therefore, RX = XDand RY = YC, so X and Y are midpoints of RD and 


RC, respectively. So, we have RY/RC = RX/RD = 1/2, which gives us 


4RYX ~ ARCD by SAS Similarity, Therefore, we have ZRYX = ZRCD, so 


P Q 


XY || DC. Since DC is on the same line as PQ, we have XY || PQ. G D 
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paaa aS 
Exercises for Section 5.6 


5.6.1 We follow essentially the same procedure as described DE 
in the text. Let our given segment of length 1 be AZ. We ‘a 
then construct AB of any length (preferably small!), then of 
copy it 4 times along AB as shown to get point E such that J 
AE = 5AB. We then draw EZ and construct a line through K 
B parallel to EZ (as described earlier in the text). Where 
this line meets AZ we call point C. Since BC || EZ, we have B. 
AABC ~ aAEZ. Since AB/AE = 1/5, we have AC/AZ = 1/5 É 
from our similar triangles. Since AZ = 1,wehave AC = 1/5, A~ č 
as desired. 

To construct a segment of length 22, we start by again letting our segment with length 1 be AZ. We 
copy it again along AZ to find point Y such that AY = 2. We then construct a segment with length 1/3 


exactly as described in the text, then copy this length twice past point Y on AY to reach point X such 
that AX = 23 as desired. 


NK 


5.6.2 If aABC ~ AXYZ and [XYZ] = 9[ABC], then the sides of Y 
AXYZ must be V9 = 3 times as long as the sides of AABC. The 

easiest way to construct such a triangle is to start with AABC, then B 

extend AB past B and AC past C. We locate point Y on AB such 
that AY = 3AB by copying AB twice on AB past point B. Similarly, a € 2 
we find Z on AC such that AZ = 3AC. Since AY/AB = 3, AZ/AC = 3, and ZYAZ = ZBAC, we have 
LABC ~ AAYZ by SAS Similarity. The sides of AAYZ are three times as long as those of AABC, and the 
triangles are similar, so AAYZ has 9 times the area of AABC. Therefore, AAYZ is our desired triangle. 


Review Problems 


(a) Since AB || CE, we have ¿DAB = ZDEC and ZDBA = ZDCE. Therefore, ADAB ~ ADEC by AA 
Similarity, 

(b) Since JH] = ZFHG (vertical angles) and <GFH = HIJ, we have AHFG ~ AHI] by AA Similarity. 

(c) There are no two tnangles in this diagram that must be similar, 

(d) Since OP/OQ = OS/OR (both ratios equal 2/3) and ZQOP 
SAS Similarity, 4 i : 

(e) Since ZT = ZW and ZU = 2X, we have ATUV ~ AWXY by AA Similarity, 

(f) Since AB/FE = BC/DF = AC/DE, we have AABC ~ AEFD by SSS Similarity, 


= 4ROS, we have APOQ ~ ASOR by 


Scr 


Review Problems 


5.23 Since ZA = ZR and ZB = ZP, we have AABC ~ ARPQ. Therefore, we have AB/RP = BC/PQ = 
AC/RQ, Substitution gives y/12 = x/6 = 3/8, from which we find y = (12)(3/8) = [9/2 ]and x = (6)(3/8) = 


9/4). 


5.24 Since PQ || BC, we have ZAPQ = ABC and ZAQP = ZACB. Therefore, AAPQ ~ SABC by AA 
Similarity. Since AB = 12, PB = 9, and AP = AB —- PB, we have AP = 3. Our similarity gives us 
AQIAC = AP/AB = 3/12 = 1/4. So, AQ = AC/4 = [9/2] 

5.25 To maximuze the perimeter of the second triangle, we should maximize the ratio of corresponding 
side lengths between the two triangles. If the side of length 4 cm in the first triangle corresponds to the 
side of length 36 cm in the second triangle, then this ratio is 36/4 = 9. If it is the side of length 6 cm, then 
this ratio is 36/6 = 6, and if it is the side of length 9 cm, then this ratio is 36/9 = 4. 


Hence, the maximum ratio is 9, and the maximum perimeter of the second triangle is 9-(4+6+9) = 


[171 cm} 


5.26 Since DB || EC, we have ADAB ~ AEAC. Therefore, we must have AD/AE = AB/AC. However, 
using the lengths given in the diagram, we have AD/AE = 2/(6.5) = 4/13 and AB/AC = 3.5/9.5 = 7/19. 
These two ratios are not equal! Therefore, the diagram given in the problem is impossible. 


5.27 Since AB/AE = 6/20 = 3/10 and AC/AD = 9/30 = 3/10, we have AB/AE = AC/AD. This, 
combined with ZBAC = ZEAD gives us AABC ~ AAED. Therefore, ED/BC = DA/AC, so DE/13 = 30/9. 


Finally, we have DE = 13(30/9) = [130/3], 
5.28 Since ZPQR = ZTSR and ZPRQ = TRS, we have APQR ~ ATSR. Therefore, we have PR/RT = 
QR/RS = PQ/ST. We also have PR = RS and are given a number of side lengths. Making these 
substitutions gives 

PR_6 _8 

12 PR 10° 
From PR/12 = 8/10, we have PR = 9.6. From 6/PR = 8/10, we have PR = (6)(10/8) = 60/8 = 7.5. But PR 
can’t have two different values! Therefore, the diagram in the problem is impossible. 


5.29 From AWYZ we have ZYZW = 180° - LWYZ - ¿YWZ = 90° - ZYWZ. Also, ZXWY = ¿XWZ - 
ZYWZ = 90°—ZYWZ. Therefore, LYZW = XWY. Together with ZZYW = ZWYX, this gives us AWYX ~ 
AZYW by AA Similarity. Therefore, we have WY/YZ = XY/WY. Substitution gives WY/6 = 4/WY, so 


WY? = 24. Taking the square root of both sides gives | WY = 2 V6 


Similarly, 2YVZ = 90° - ZYZV = ZWZY and ZVYZ = LWYZ, so AVYZ ~ AZYW by AA. Therefore, 
VY/YZ = YZ/WY, so VY = YZ?/WY = (36)/(2 V6) = 18/-V6 = 
5.30 


(a) Since BM = CN and AB = AC, we have AB - BM = AC - CN. Therefore, AM = AN. 


(b) From our first part we have AM = AN. Since we also have AB = AC, we have AM/AB = AN/AC. 
This, combined with ZBAC = ZMAN, gives us AMAN ~ ABAC by SAS Similarity. Therefore, the 
angles of AMAN equal those of ABAC, so the angles of AMAN are each 60° as well. Thus, AMAN 
is equilateral. We also could note that since AM = AN and ZA = 60°, we have ZANM = ZAMN = 
(180° ~ £A)/2 = 60°. 
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5.31 

(a) Since AABC ~ AYZX and the area of AYZX is 9 times the area of AABC, the side lengths of AYZX 
are VO = 3 times the corresponding side lengths of AABC. Therefore, YZ = 3AB = where the 
order of the vertices in the triangle similarity relationship tells us which side of AABC corresponds 
to YZ in AYZX. 
By the same reasoning as part (a), we have XZ = 3BC = 36. Letting our desired altitude have 
length h, we have [YZX] = (h)(XZ)/2. Since we are given [YZX] = 360, we have (h)(XZ)/2 = 360. 
Since XZ = 36, we have h = [20] (We could also have found the corresponding height in AABC 
and multiplied it by 3.) 
5.32 Let AE = 2, so BE = 25 - x. Since AAED ~ ABCE, we have AE/AD = BC/BE. Substitution gives 
x/12 = 12/(25 — x). Cross-multiplying gives x(25 - x) = 144, so we have x? — 25x + 144 = 0. Therefore, 
we have (x — 9)(x - 16) = 0, so x = 9 or x = 16. When x = 16, we have AE = 16 and BE = 25- AE = 9. 
We are given AE < BE, so we discard this possibility. For x = 9, we have and BE = 16. 
5.33 Since WY || XR, we have PY/YR = PW/WX = 3/2. Since XY || QR, we have PX/XQ = PY/YR = 
3/2. Therefore, XQ = (PX)(2/3) =| 20/3 


5.34 Since AP || RC, we have <P = ZCRB and ZPAB = ZRCB, so ABRC ~ ABPA. Therefore, BC/BA = 
CR/PA. Similarly, BQ || CR gives us AQBA ~ ARCA, so AC/BA = CR/BQ. Adding these two equations 
gives us 


b 


CR, CR_ BC AC_BC+AC_ BA _ 


ZP BO BA BA BA BA ` 
Dividing both sides of this by CR gives zp + go = dp, as desired. 


5.35 Label the vertices A, B, and C, so that BC = 12, AB = 20, and the right C 

angle is at C. Let D be the foot of the perpendicular from C to AB. 12 
Then ZACB = ADC = /CDB = 90°. Also, LACD = 90° - ¿CAD = ZABC, 

and /CBD = ZABC. Therefore, triangles ABC, ACD, and CBD are similar. A 20D B 


Let AD = x, so DB = 20 - x. From ACDB ~ AACB, we have DB/BC = BC/AB, so 20 — x = 12/20, 
from which we find x = 64/5. Therefore, AD = 64/5 and DB = 20 - x = 36/5. From AACD ~ ACBD, we 
have CD/BD = AD/CD, so CD? = (AD)(DB). Therefore, h = CD = \(AD)(DB) =| 48/5 


5,36 Since DE || BC, ADE = ZABC and ZAED = ACB. Then by AA similarity, triangles ABC and ADE 
are similar. Therefore, 


AD ~ AE’ 
Since AB = AD + DB and AC = AE + EC, we have 


AD+DB__ AE+EC 


AD AE ' 
$0 
DB EC 
P l l 1+ AD =]+ AE’ 
i 1 from each side gives DB/AD = EC/AE, and a little rearranging gives the desired AD/AE = 


rrr ee 


Challenge Problems 
Challenge Problems 


5.37 We have AD/AE = BD/EC. We would like to show that AB/AC = AD/AE, so A 
we can then conclude that AABC ~ AADE by SAS Similarity. A little algebra, and 
noting that we are given AD = (AE)(BD)/EC, does it for us: 


D 
E 
AB_AD+DB_ “RED +BD BD(4 +1) 
AC ~ AE+EC  AE+EC ~ AE+EC c B 


_ BD (4E) _ (BD(AE+EC) _ BD 

~~ AE+EC (EC)(AE+EC) EC 
Since BD/EC = AD/AE, we have AB/AC = BD/EC = AD/AE. We also have BAC = LDAE, so 
SABC ~ SADE by SAS Similarity. Our similar triangles give us ZABC = ZADE, so BC || DE. 


5.38 The third angle (i.e. the other base angle) of each of the isosceles triangles equals 180° minus the 
sum of the other two angles. Therefore, the two ‘other’ base angles of each of the triangles are the same. 
Since both triangles have two base angles that have this measure, the two triangles have two angle 
measures in common. Therefore, the triangles are similar by AA Similarity. 


5.39 The area of CDEFG can be calculated by taking the area of triangle ABC and subtracting the areas 
of triangles ADE and BFG. To find the areas of our little right triangles, we need FG, FB, AE, and DE. 
We can use similar triangles to find FG. We have ZGFB = ZCHB = 90° and ¿GBF = CBH, so triangles 
GFB and CHB are similar. Then 


re. oe 
CH HB’ 
ii CH-FB 24-6 
a: e el 


We have DE = FG = 8, and we know FB = 6. Since AC = CB, we have ZA = ZB. Together with 
4AED = <BFG and DE = GF, this gives ADEA = AGFB by AAS Congruence. Therefore, AE = BF = 6. 


Hence, 


[CDEFG] = [ABC] — [ADE] - [BFG] 


1 1 
= 5AB-CH - 5 


= 566-24) - 5(6-8)~ 26-8) = [384] 


AE- DE ~ ZBF -GF 


5.40 First, we rewrite our given equation as AD/AE = AB/AC. This, combined with ¿DAE = ¿CAB 
gives us ADAE ~ ABAC by SAS Similarity. Therefore, ZADE = ZABC, so ¿CBE + ¿CDE = ¿CBA + ¿CDE = 
ZADE + CDE = 180°, because ZADE and CDE together make a straight angle. 


We can also rewrite our given equation as AD/AB = AE/AC. This, combined with ¿BAD = ¿CAE 
gives us AABD ~ AACE by SAS Similarity. Therefore, we have ZADB = /CEA, so ¿ADB + ZBEC = 
¿CEA + ZBEC = 180°, as desired. 
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541 Because FE || BC, we have ¿DFE = FDB. Because BF || DE, we have C 
¿BFD = ¿FDE. Combined with DF = DF, we have ABDF = AEFD by ASA 

Congruence. Therefore, BF = DE. Similarly, we can show SAFE = ADEF, so B D 
AF = DE. Since AF = DE and BF = DE, we have AF = BF, so F is the midpoint of 


AB. A j 
We could finish the problem with more pairs of congruent triangles, or we o 
can use what we know ‘bout similarity. We'll show the latter approach. Since FE || CD, we have 
AAFE ~ aABC by AA (zAFE = 2B and ¿AEF = ZC), so AE/AC = AF/AB = 1/2. Therefore, E is the 
midpoint of AC. Similarly, since DE || AB, we have ACDE ~ ACBA, so CD/CB = CE/AC = 1/2, and D is 
the midpoint of BC. 
5.42 As described in the text, since PS || QT, we have QP/QR = TU/TR. Similarly, since PQ || ST, we 
have SU/SP = TU/TR. Combining these equations gives the desired SU/SP = QP/QR. 
5,43 We are given that C is the midpoint of YZ. Therefore, triangles XYC and XZC have equal 
bases YC = CZ and the same altitude, so [XYC] = [XZC]. But [XYC] + [XZC] = [XYZ] = 8, so 
[XYC] = [XZC] = 4. 
Next, let M be the intersection of AB and CX. Since A is the midpoint of XY, XA = XY/2. Since B is 
the midpoint of XZ, XB = XZ/2. Therefore, triangles AXB and YXZ are similar. Then ZXAB = ZXYZ, so 


AB and YZ are parallel. Furthermore, ZAXM = ZYXC, so triangles XAM and XYC are similar. The ratio 
between their sides is XA/XY = 1/2, so the ratio between their areas is 


2 
ZEE 


Hence, [XAM] = [XYC]/4 = 1. Then the area of the shaded region is [AMCY] = [XYC] - [XAM] = 


4-i=[3] 


5.44 Let ABC be an arbitrary triangle, and let D, E, and F be the midpoints of BC, A 
CA, and AB, respectively. Then AF = AB/2, AE = AC/2, and LFAE = LBAC, so by 
SAS, triangles FAE and BAC are similar with ratio 1/2. Hence, FE = BC/2. F E 


Similarly, DF = AC/2 and DE = AB/2. Therefore, 


DE + DF + EF = (AB +AC + BC). 


In other words, the perimeter of triangle DEF is half of the perimeter of triangle ABC. 


In the origina) problem, let P, denote the perimeter of the n triangle. Then P2 = P\/2, P3 = P2/2, 
P, = P3/2, and so on, until Pho = Py/2, We can combine these and write P,, = Qa Pı. Therefore, 


me Pe (Y -a 
Pa (yp, \2/ > i 


5.45 Since AB and CD are parallel, ZEFG = /EAB and /EGF = ZEBA. Therefore, triangles EFG and 
EAB are similar, so 
AE _ AB 5 


EF FG 2’ 


Challenge Problems 


But AE = EF + FA, so 


so FA/EF = 3/2. 


Now, let H be the foot of the perpendicular from E to FG. Since EH and AD are both perpendicular 
to CD, ZEHF = ZADF = 90°, and ZEFH = ZAFD. Therefore, triangles EFH and AFD are similar, so we 
get 

EH _ EF 

AD FA 
Then EH = 3AD = 2. Hence, the base of triangle ABE is AB = 5, the height of triangle ABE is 
EH + AD =2+3 = 5, so its area is (AB)(5)/2 = 


We also could have solved this problem by finding [AFGB] and noting that (|ABE]-[AFGB])/[ABE] = 
(EF/AE)?. 


5.46 CG; is an altitude from the right angle of AABC. As we learned in the text, this gives us similar 
triangles. Specifically, from right angle ACB and right triangle ABCC), we have ZACC, = 90° — ZBCC) = 
4CBC;. Combined with ZACB = ZAC,C, this gives us AAC;C ~ AACB. Therefore, we have BC/AB = 
CC,/AC, so CC; = (AC)(BC/AB) = (BC)(AC/AB) = (4/5)(BC). 


In exactly the same way, CC is an altitude from the right angle of AAC,C. And in the same 
way as before, we can show that AAC)C2 ~ AACC}. This gives us C1C2/ACı = CC,/AC, so CC: = 
(CC)(ACi/AC). Our previous similarity gives us AC; /AC = AC/AB = 4/5,s0 we have C)C2 = (4/5)(CC)). 


ae 
=$. 


We can continue in this manner, showing at every step that C,Cns1 = (4/5)Cn-1Cn. In other words, 
each term in our series is 4/5 of the one before it. Since our first term is CC, = (4/5)(BC) = 12/5, our sum 


SE SCOR OOnC IOC IO: 


This is a geometric series with first term 12/5 and common ratio 4/5, so its sum is ER = [22], If you 


don’t see why that is the sum, try multiplying our expression for $ above by 4/5 to get: 


s 2))- OP OOOO 


then subtract this equation from the original expression for S. 


5.47 The large equilateral triangle is similar to each of the small equilateral triangles, and the ratio 
between their sides 1s n. Then the ratio between the area of the large equilateral triangle and the small 
equilateral triangle is n?, so the large equilateral triangle contains n° small equilateral triangles. 


The first row contains 1 small equilateral triangle, the second row contains 3 small equilateral 
triangles, and so on, until the n™ row contains 2n — 1 small equilateral triangles. So counting row by 
row, the large equilateral triangle contains 1 + 3 +5 +--+ + (2n — 1) small equilateral triangles. 


We've found two different ways to count all the little equilateral triangles. Since we are counting 
the same thing in both cases, our counts must be equal! Therefore, we have shown that for all positive 
integers n, 

V+ 345004 (2n-1) = 0, 


Seeman a a eee 
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. 


In other words, the sum of the first n odd positive integers is nè. 


5.48 Since PX is parallel to AD, ¿BAD = ¿BPX and ZBDA = 4BXP. Therefore, triangles BAD and BPX 
are similar, with 


Also, since RY is parallel to CB, ZDRY = ¿DCB and ¿DYR = ¿DBC. Therefore, triangles DRY and DCB 
are similar, with 


We can see that RC = BP by noting that ARCB = ABPR by ASA Congruence (¿BRC = ZRBP and 
CBR = PRB due to our parallel lines). Therefore, DR = DC - RC = 5, so RY/BC = DR/DC = 5/8. 
Dividing PX = (1/2)(AD) by RY = (5/8)(BC), and noting that AD = BC, gives 


Px 34D [4 


RY $e [5] 


5.49 Since F is the midpoint of CD, EC = CD/2 = AB/2. Since AF = FG = GB, we have AF = AB/3. 


Now, AF is parallel to CE, so ZHAF = ZHCE and ZHFA = ZHEC. Therefore, triangles HAF and HCE 
are similar, and we have 
HF _ AF _AB/3 _2 
HE CE AB/2 3 
Draw segment AE. Then triangles AHF and AHE have bases HF and HE, respectively, and equal 
altitudes to these bases, so 
[ARF] BF 2 
[AHE] HE 3° 


But 


1 
[AHF] + |AHE) = [AEF] = 5AF-AD=>-=AB-AD = ZIABCD] = = Š 


23 673 
Then, since [AHE] = $[AHF], we have 


3 _5 _ 35 
[AHF] + 3|AHF] = 5IAHF) = 


(Alternatively, we could note that |AHF]/|AEF] = 2/5 from noting that [AHF]/[AEF] = HE/EF.) 
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5.50 From our construction of a perpendicular bisector, we know how to construct A 

a right angle. We also know how to copy an angle. Therefore, we know how to 

construct a square. Specifically, we can construct square BCYX outside the triangle G F 

on side BC, as shown. We do so by constructing a line through B perpendicular to 

BC, then drawing an arc with radius BC. Where this arc hits our line gives us point g DE € 
X. Similarly, we can find point Y. Let D be the intersection of AX and BC, and let E 

be the intersection of AY and BC. We then draw lines through D and E perpendicular | 

to BC; these lines hit AB and AC at G and F as shown. 


To prove DEFG is a square, we note that DG || EF || BX || CY since all are S 
perpendicular to the same line. Therefore, AAGD ~ AABX and 4 AAFE ~ AACY, 
so GD = (AD/AX)(BX) and FE = (AE/AY)(CY). Since BC || XY (because ZCBX + ZBXY = 180°), 
AADE ~ AAXY. Therefore, AD/AX = AE/AY = DE/XY. This, combined with BX = CY = XY, gives us 


GD= (2) (BX) = (2) (cy) = (=) (CY) =FE= (4) (CY) = (=) (XY) = DE. 
Finally, we note that 
AG _AD_AE_ AF 
AB AX AY AC’ 
so AAGF ~ AABC. Therefore, AGF = ZABC and GF || BC, so GF is perpendicular to DG and EF. 
Moreover, GF/BC = AG/AB = AD/AX, so 


AG AD AD 
GF = (BO) (3) = (BO) (3) = (Bx) (=) =GD, 
which completes our proof that all the angles of DEFG equal 90° and all its sides have the same length. 


Alternatively, we could construct a square WXYZ with WX on BC A 
and Z on AB as shown. (Start by choosing W, draw a line through 
it perpendicular to BC to find Z, then build the rest of the square.) 
We then draw BY; where it meets AC is point F. We then use F to 
construct the square by drawing a line through F parallel to BC to 
find G, then lines through G and F perpendicular to FG to find D and 
E. We can prove DEFG is a square first by noting all its angles are 
right angles by construction. Next, we see that ABYX ~ ABFE and 
4BZY ~ ABGF. Therefore, GF/ZY = BF/BY = FE/YX. Since ZY = YX, B W DX F 
we have GF = EF. EF and GD are each the distance between parallel 


segments GF and DE, so GD = EF. Similarly, ED = FG. Therefore, all the sides of DEFG are equal, as are 
all its angles, so it is a square. 


5.51 Solution 1: Since SP || AB and TQ || AC, we have ¿XPQ = ABC and ZPXQ = ZBTQ = /BAC. 
Therefore, triangles ABC and XPQ are similar. Hence, 


[ABC] _ (x > ae 
[XPQ] ~ ma) ~ PQ? 


Also, triangles XBC and XPQ have bases PQ and BC, respectively, and equal altitudes to these bases, 
so 


[XBC] _ BC 


[XPQ] PO 
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Therefor, [xBC] _ [XBCY/IXPQ) _ BC/PQ _ PQ 
iABC) ~ [ABC)/IXPQ) | BC?/PQ?~ BC’ 


By simil ing, 
y similar reasoning, IXCA] _ RS IXAB) _ Tu 


jasa) CA“ [ABC] AB’ 


Th 
ii PQ RS, TU _ IXBQ , [XCA} , [XAB] _ [ABC] _ 
3C CA* AB” ABC)" [ABC] [ABC] [ABC] i 


Solition 2: (If you haven't learned about parallelograms yet, return to this solution after learning 
about them.) Since SP || AB and TO || AC, we have XPQ = ZABC and /PXQ = /BTQ = 4BAC. 
Therefore, triangles ABC and XPQ are similar. By the same argument, triangles XPQ, SXR, TUX, and 
ABC are all similar to each other. From ASXR ~ AABC we have RS/CA = XR/BC. From ATUX ~ AABC, 
we have TU/AB = UX/BC. 


Since both pairs of opposite sides of XRCQ are parallel, XRCQ is a parallelogram. Therefore, 
XR = QC. Similarly, XUBP is a parallelogram, so UX = BP. Therefore, 


PQ RS TU PQ, XR UX _ PQ QC BP _ BC _ 


BC’ CA AB BC BC’ BC BC BC BC BC 


CHAPTER —————— 
Po Right Triangles 


Exercises for Section 6.1 


6.1.1 In each part, we directly apply the Pythagorean Theorem. 
(a) AB = VBC? -AC = 
b) DF = VEF + DE? = 
(© GH = VIH? -GP = VIO = 
(3) KL= VJK +]J = 
(e) MN = VON? = MO? = V2 = 
(M QR = /PQ?— PR = 


6.1.2 Let ABC be a triangle, with a right angle at C. Then ZA + ZB + ZC = ZA + ZB + 90° = 180°, so 
2A + LB = 90°. Thus, ZA and ZB are complementary. 


6.1.3 Let x be the length of the shorter leg, in centimeters. Then the length of the longer leg is 3x + 3, 
and the hypotenuse is (3x + 3) + 1 = 3x + 4. By the Pythagorean Theorem, x? + (3x + 3)? = (3x + 4). 
Rearranging gives x? — 6x - 7 = 0, which factors as (x — 7)(x + 1) = 0. Therefore, x = 7 because x must be 
positive. 


The sides of the triangle are then 7, 24, and 25, so the area of the triangle is (7)(24)/2 = 


6.14 Let ABC bea right triangle, with hypotenuse BC. Then by the Pythagorean Theorem, AB? +AC? = 
BC?. Since AC > 0, BC? = AB? + AC? > AB?, so BC > AB. Since AB > 0, BC? = AB? + AC? > AC2, so 
BC > AC. Therefore, the hypotenuse, BC, is longer than the other two sides, AB and AC. 


6.1.5 If the sum of the squares of the smaller two numbers equals the square of the largest number in 
each triple, then that triple can be the side lengths of a right triangle. 

(a) 6’ +B? = 10°, Therefore, these can be the sides of a right triangle. 

(b) 4? +5? = 41 4 6, These cannot be the sides of a right triangle. 

(c) 9? + (3 V3)? = B1 + 27 = 108 = (6 V3)*, These can be the sides of a right triangle. 
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(eS 
(d) (5/8)? + (3/2)? = 25/64 4.9/4 = 25/64 + 144/64 = 169/64 = (13/8)*. These can be the sides of a right 
triangle. 
(e) (2V2? + (3 VĒ)? = 84 18 = 26 # 5°. These cannot be the sides of a right triangle. 
(H (1.2)? 4 (8.5)? = 1.44 + 12.25 = 13.69 = (3.7)°. These can be the side lengths of a right triangle. 


6.1.6 Since (V6)? + (V7)? = ( V13)?, our triangle is a right triangle. Therefore, its area is half the product 
of its legs, or | V42/2 


6.1.7 Our triangle is shown at right, and we have drawn an altitude to the base of our A 
isosceles triangle. Since AABC is isosceles, we have BM = MC, so BM = 3. Since AAMB is 
a right triangle, we have AM = VAB? - BM? = V64—9 = V55. Therefore, the area of the 

B c 


triangle is (BC)(AM)/2 = M 


618 
(a) Since AB || &B, we have XAB + LAXY = 180°. Since LAXY= «e— 4 , B 


90°, we have ZXAB = 90°. Pa 
(b) Since B ll &, we have <BXY = ZABX. Since we also have <—+ Tan ty 


(BAX = cBYX and BX = BX, we have AAXB= AYBXby AAS C X Y D 
Congruence. Therefore, AX = BY, so A and B are equidistant from &. 


6.1.9 When the top of the ladder rests against the wall and the other end is touching the ground, the 
ladder, wall, and ground together form a right triangle of which the ladder is the hypotenuse. When 
the top of the ladder touches the wall 24 feet above the ground, this triangle has one leg of 24 feet and 
hypotenuse of 25 feet. Therefore, its other leg is V625 - 576 = 7 feet. 


After it slides, the hypotenuse is still 25 feet, but now one leg is 20 feet instead of 24 feet. Therefore, 
the other a g has length V625 — 400 = 15 feet. Thus, Nathan has moved the base of the ladder a distance 


of 15~7 = [8 feet 


6.1.10 First consider the triangle with side Jengths 13, 13, and 10, which is isosceles. The altitude of this 
triangle to the side with length 10 divides the triangle into two right triangles, each with hypotenuse 
13 and a Jeg with length 5. By the Pythagorean Theorem, the length of the altitude is V132 —52 = 
V169 -% = V144 = 12. Therefore, the area of this triangle is (10)(12)/2 = 60. 


We can split our triangle along this altitude into two triangles with sides 5, 12, and 13, then glue 
these two together along the sides of Jength 5, thus making a triangle with altitude 5, base length 24 and 
other two sides of length 13. Therefore, x = [24]. 


lf we don’t think of this clever dissection of our initial triangle, we can use algebra. In the triangle 
with side lengths 13, 13, and x, we use the same steps as before to find that the length of the altitude to 
the side with length xis 4/13? - (x/2)2, so the area of this triangle is 


1 2 . ine 
ir IPF aE EA ITEA E 
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so x V676 — x? = 240, Squaring, we get x*(676— x?) = 57600, and rearranging gives x4 — 6762? + 57600 = 0. 
This factors as (x? — 100)(x? - 576) = 0, so x = + VIOO = +10 or x = + V576 = +24. We are told that x is 
not equal to 10, and x cannot be negative, so the solution is x = [24]. 


Exercises for Section 6.2 


6.2.1 

(a) Since one leg of the right triangle is half the hypotenuse, the triangle is a 30-60-90 triangle with the 
30° angle opposite the shorter leg. Therefore, 2B = [30° ]and ZC = Since AABC is a 30-60-90 
triangle and AB is opposite the 60° angle, we have AB = AC V3 = [10 v3 | We also could have 
used the Pythagorean Theorem to find AB = VBC? — AC? = 

(b) ZF = 180°- ZD- ZE = ADEF is a 30-60-90 triangle. Leg DE is opposite the 30° angle, so 
DE = DF/2 = |1], EF is opposite the 60° angle, so EF = (DE) V3 = [va] 

(c) Since IH = GH, ZG = ZI. Since ZH = 90°, we have ZG + Z] = 90°, so ZG = 4] = [45°]. Since AGH] is 
a 45-45-90 triangle, we have GI = GH V2 = V12 = 


(d) AJKL is a 45-45-90 triangle, so JL = KL = [6]and JK = LK V2 = Since ZJLM = 90° and leg JL 
has half the length of hypotenuse JM in triangle AJLM, we know that AJML is a 30-60-90 triangle. 


Therefore, LM = JL V3 = ZJML = [30°], and ZLJM = 


6.2.2 Solution 1: A triangle with sides of length 1, V3, and 2isa right triangle because (1)? +( v3)? =4= 
22. A triangle whose sides are in the ratio 1 : V3 : 2 is similar to this triangle by SSS Similarity. Therefore, 
its angles must be the same as the angles of a triangle with sides of length 1, V3, and 2. Specifically, this 
means one of them must be a right angle. 


Solution 2: A triangle with sides in the ratio 1 : V3 : 2 must have sides of lengths x, x V3, and 2x 
for some real number x. Since (x)? + (x V3)? = 4x? = (2x)?, these side lengths satisfy the Pythagorean 
Theorem. Therefore, a triangle with these sides as lengths must be a right triangle. 

6.2.3 


(a) Since AE = AH = 1and ZHAE = 90°, we have ZAHE = ZAEH = 45°. Similarly, ¿BEF = ZBFE = 45°, 
so ZHEF = 180° — AEH — ZBEF = 180° — 45° — 45° = 90°. It can be shown in the same way that 
ZEFG = ¿FGH = £GHE = 90°, so EFGH is a rectangle. 


(b) We have HE = V2AE = V2, and EF = V2BE = 2 V2. Therefore, the area of EFGH is HE - EF = 
v2.2 V2 =[4] 


6.2.4 We draw an altitude from Q to PR as shown. Since PQ = QR, ¿P = ZR. p M 


Combining this with ZQMP = ZQMR and PQ = QR, we have AQMP = AQMR S i 7 R 
by AAS Congruence. Therefore, Z?QM = ZRQM = 60°, so APMQ and ARMQ 
are 30-60-90 triangles. Since ¿P = 180° - Z2PMQ - ¿PQM = 30°, we know Q 
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i f the hypotenuse. Since PM is opposite the 
that OM = PQ/2 = 4, since QM must be 1/2 the length o : F 
60° angle in right triangle APOM, we have PM = QM V8 = 4 V3. Since APQM = ARQM, we have 


RM = PM = 448, Therefore, PR = PM + RM = 8 V3, so [POR] = (QM)(PR)/2 = [16 v5} 


6.2.5 We draw altitude BH from B to AC as shown. Since AABH is a 30-60-90 B 

triangle, we have BH = AB/2 = 10. Since AHBC is a 45-45-90 triangle, we have i 

BC = BH V2 = |10 V2]. a S 
Exercises for Section 6.3 

6.3.1 


(a) Since {3,4,5) is a Pythagorean triple and 300 : 400 : 500 = 3 : 4 : 5, a triangle with side lengths 300, 

400, and 500 is a right triangle. 

Since {3,4,5] is a Pythagorean triple and 36 : 48 : 60 = 3: 4 : 5, a triangle with side lengths 36, 48, 

and 60 is a right triangle. 

Since (V5)? + (VI2} = 17 + ( VI3)}, a triangle with sides V5, V12, and V13 is not a right triangle. 

Since {8, 15, 17) is a Pythagorean triple and 20 : 37.5 : 42.5 = 8: 15 : 17, a triangle with side lengths 

20, 37.5, 42.5 is a right triangle. 

(€) Since 1.44? + 1.96? = 5.9152 + (2.4), a triangle with side lengths 1.44, 1.96, and 2.4 is not a right 
triangle. 

(f) Since {5, 12,13) is a Pythagorean triple and 15 : 36 : 39 = 5 : 12 : 13, a triangle with side lengths 15, 
36, and 39 is a right triangle. 


b 


(c 
(å) 


a” oo 


6.3.2 For each part, Jet our legs have lengths a and b, and our hypotenuse have length c. From the 
Pythagorean Theorem, we must have a? + b? = œ. 


(a) [No.]Suppose a and bare both odd. Then a? + b? must be even. Since a? +b? = c?, we know that c? 
is even, too. Therefore, if c is an integer, it must be even. Hence, it is impossible for all three side 
lengths to be odd integers, 


(b) |No.|We have two cases to investigate. 


First, we must check if it is possible for both legs to be even integers and the hypotenuse odd. 
If a and b are even, then a’ +b’ = œ tells us that c2 must be even, too. Therefore, if c is an integer, 
it must be even. So, it is impossible for a and b to be even and c be odd. 

Second, we check what happens if one of a or b is even and the other odd. In this case, a? + b? 


is odd, so if c is an integer, it must be odd. Therefore, it is impossible to have an odd leg, an even 
leg, and an even hypotenuse. 


() [Yes.] A triangle with sides 3/5, 4/5, and 1 is a right triangle since (3/5)? + (4/5)? = 12, 


(d) [No. ]1f both legs are integers, then a? + b? = ¢? is an integer, The square of a simple fraction (i.e, 


a reduced fraction with an integer other than 1 as the denominator) cannot be an integer, so since 
is an integer, c cannot be a fraction. 


s o 
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If one leg is an integer and the other is a simple fraction, then a? + b? is a simple fraction. 
Therefore, c° is a fraction. Since c? is a fraction, it is impossible for c to be an integer. 


Therefore, it is impossible to have two sides of a right triangle with integer lengths and the 
other with a simple fraction as its length. 


6.3.3 When she is finished, Susie has ridden south 10 miles and east 24 miles. We can draw a right 
triangle with the 10 miles south as one leg, the 24 miles east as another leg, and her distance from 
her starting point as the hypotenuse. Since {5, 12,13) is a Pythagorean triple, so is {10,24,26} (which is 
double the aforementioned triple). Therefore, Susie is from her starting point. 


6.3.4 Since {a,b,c} is a Pythagorean triple, there is a right triangle ABC with sides a, b, and c. Since 
naja = nb/b = nc/c, a triangle with sides na, nb, nc is similar to AABC by SSS Similarity. The angles of our 
new triangle are therefore equal to those of AABC, so one of its angles must be a right angle. Therefore, 
{na, nb, nc} is a Pythagorean triple. 


6.3.5 


(a) Since the legs of our right triangle have lengths 18 and b and the hypotenuse has length c, we have 
18? + b? = c*. Therefore, we have c? — b? = 18. 

(b) Factoring the left-hand side of c? - b? = 18? from part (a) gives (c — b)(c + b) = 18. Therefore, our 
problem is now finding all positive integer pairs (b, c) that satisfy the equation 


(c — b)(c + b) = 18? = 324 = 2? . 34, 


Each pair of integers that multiply to 324 will give us a solution. However, if c and b are integers, 
then c — b and c + b must be both odd or both even. If they're both odd, then they can’t multiply 
to 324, so they have to both be even. This limits our possibilities. Further, c +b > c — b, and now 
we can go through our cases. 


(a) c+b = 2-34 = 162,c-b = 2. Adding these equations gives 2c = 164, so c = 82 and 
substitution gives b = 80. A quick check shows that {18, 80,82) is a Pythagorean triple. 

(b) c+b=2-39 =54,c-b=2-3=6. Adding these gives us 2c = 60, soc = 30 and substitution 
gives b = 24. Therefore, this triple is {18, 24, 30}, which is a 3-4-5 triangle. 


There are no more cases to consider (all others give us either an odd c + b or c — b, or give us 
c+ b < c — b), so this shows that these are the only two Pythagorean triples with 18 as a leg. 


6.3.6 Let the legs have lengths a and b. Since the hypotenuse has length 97, we have a? + b? = 972. We 
rearrange this and use the difference of squares factorization to give a? = 97? — b? = (97 — b)(97 +b). This 
at least gives us a guide to use a little trial-and-error to find a and b. Since (97 — b)(97 + b) must be a 
perfect square, we try to find values of b that make both 97 — b and 97 + b perfect squares. We do so by 
solving for b in 97 — b = 1?, 97 — b = 22, etc., then checking if 97 + b is a perfect square as well. Since 
97 = b = 5° gives us b = 72 and 97 + 72 = 169 = 132, we have our desired a and b. Testing we see that 


165,72, 97) | is indeed a Pythagorean triple. 
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Exercises for Section 6.4 


6.4.1 

(a) Since AB/PQ = AC/QR and <A = ZQ, we have APQR ~ ABAC by SAS Similarity (we could also 
say LL Similarity). 

(b) These triangles are not similar. (We see this by noting that ADEF is a 30-60-90 triangle, but AWXY 
is not.) 

(c) Since AB/FG = BC/EG and ZA = dF = 90°, we have ACAB ~ AEFG by HL Similarity. 

(d) From the Pythagorean Theorem (or our knowledge of Pythagorean triples), we find MO = 25 and 
QR = %. From here, we can use SAS, SSS, or HL Similarity to prove that AMNO ~ APQR. 


64.2 Let O be the center of the circle and M be the midpoint of AB. A radius of a circle that is 
perpendicular to a chord of the circle bisects the chord. Therefore, the altitude from O to AB meets 
AB at its midpoint, M. Since AOMA is a right triangle with hypotenuse OA and we are given that 
OM = 3 and OA = 9, we have AM = VOA? - OM? = 6 V2. Since M is the midpoint of AB, we have 
AB = 2AM =|122 
64.3 

(2) From the Pythagorean Theorem we have AC? = BC? — AB? and MO? = NO? - MN?. 


(b) From AB/BC = MN/NO, we have AB = (BC)(MN/NO). Using our expressions from the previous 
part, we have 
AC? _ BC? — AB? 
MO NO- MN?’ 


(c) Substituting our expression for AB into our expression for AC?/MO?, we have 


ace BC (2QMODY Bc? Bc? (MME) BO (1 - MAE) 
MO?” NO-MN? ~~ NO?-MN?_ ` NO- MN? 


_ BO (MOM) _ BONO -MN?) BC 
~ NO?-MN? ~ NOXNO2— MN2) NO? 


(d) Since AC? /MO? = BC? /NO?, we have AC/MO = BC/NO (since all lengths are positive). We can 
rearrange our given AB/BC = MN/NO to have AB/MN = BC/NO. We thus have AB/MN = 
BC/NO = AC/MO, so by SSS, we have AABC ~ AMNO. 


64,4 We have ABC = 90°, so by the Pythagorean Theorem, we have AC = VAB? + BC? = V42 a 32 = 


VĒ = 5, We also have ¿CDA = 90° - ZDAC = /CAB, so triangles ABC and DCA are simi 
= ; e similar. Therefore, 
MAb pe g ilar. erefore, 
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6.4.5 


(a) Since Z2NMD = 180°—-ZNMB-ZBMA = 180°-90°-ZBMA = 90°—ZBMA = ¿ABM and ZMDN = ZA, 
we have AMDN ~ ABAM. 

(b) Since AMDN ~ ABAM, we have MN/BM = MD/AB = 1/2 (since M is the midpoint of AD and 
AD = AB). Since we also know AM/AB = 1/2, we have MN/BM = AM/AB. Combined with 
¿BMN = ZA = 90°, this gives ABAM ~ ABMN by SAS Similarity (or LL Similarity). Therefore, 
ZABM = ¿MBN. 


Exercises for Section 6.5 


6.5.1 


(a) Our semiperimeter is (8 + 8 + 8)/2 = 12, so our area is -Y12(12 — 8)(12 — 8)(12 - 8) =|16 v3 


(b) Our semiperimeter is (4 + 5 + 6)/2 = 15/2, so the area is 


vy (15/2)(15/2 — 4)(15/2 — 5)(15/2 - 6) = V/5/2)(7/2)(5/2)(3/2) = $v] 


(c) Our semiperimeter is (12 + 35 + 37)/2 = 42, so the area is 


V(42)(42 - 12)(42 ~ 35)(42 = 37) = /(42)(30)(7)(5) = [210] 


(d) Our semiperimeter is (6 V2 + 7 V2 + 9 -V2)/2 = 11 V2, so the area is 


va ¥2)(11 V2 — 6 V2)(11 V2 - 7 -V2)(11 V2 - 9 V2) = va V2)(5 V2)(4-V2)(2 V2) = Vino} 


6.5.2 We know HI, so if we can find the area of AGHI, we can find the length of the altitude from G to HI. 
Since the semiperimeter of AGHI] is (5 + 7 + 8)/2 = 10, the area of AGHI is -Y10(10 — 5)(10 — 7)(10 — 8) = 
V10(5)(3)(2) = 10 V3. Letting our desired height be h, we can also write [GHI] = (h)(HI)/2. Therefore, 


we have h = (10V3)\(2)/H1 = [20 45/7} 


Exercises for Section 6.6 


6.6.1 45-45-90 Triangle: We start with a segment AB, then construct a line n through A perpendicular to 
AB as described in the text. We then draw a circle with center A and radius AB. Call one of the points 
where the circle meets n point C. Then we have BAC = 90° and AB = AC. Therefore, drawing BC 
completes our 45-45-90 triangle. The construction is shown atop the next page. 
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© 


Figure 6.1: Constructing a 45-45-90 Triangle Figure 6.2: Constructing a 30-60-90 Triangle 


30-60-90 Triangle: We start with segment PQ and proceed with our construction of an equilateral 

triangle (as described in Chapter 3), constructing circles with centers Pand Qa and radius PQ. Let the two 
points where these circles meet be X and Y, and the point where XY meets PQ be M. Since ZXPY = 120° 
and PX = PY, we have ZPXY = LPYX = 30°. Since ZPXM = ZPXY = 30° and ¿XPM = 60°, we have 
LXMP = 180° - zPXY - ZXPM = 90°, so AXPM is a 30-60-90 triangle. 
6.6.2 Solution 1: We can use our construction from the first Exercise in this section to start with a 
segment of length 1 and create a 45-45-90 triangle with legs of length 1. The hypotenuse will then have 
iength VŽ. We can then construct a right triangle with legs of length 1 and V2. The hypotenuse of this 
triangle will have length 3. 

Solution 2: In the previous problem we constructed a 30-60-90 triangle. If we did that construction 
with PQ = 2, we would have PM = PX/2 = PQ/2 = 1 and XM = PM V3 = V3. Therefore, we can start 
with our segment of length 1, copy it onto the end of itself to get a segment of length 2. Then, we proceed 
with the construction described in the solution to the previous Exercise to construct a 30-60-90 triangle 
with a Jeg of length V3. (This solution is inspired by asking ourselves ‘Where have we seen V3 before?’) 


Review Problems 


6.26 
(e) BC = VAC? + AB? = i575 = [v58] 
©) IG= VAP-He = Var -33 = [V10] 
(0) JL= /kP+KL = vVi7+32 =[7] 


(a) Since the ratio of the length of leg PQ to the length of hypotenuse PR is 3.6/6 = 3/5, we know 
APOQR is a 3-4-5 right triangle. Therefore, QR = (4/3)PQ = 

(b) Since SU/ST = 8/15 and SU and ST are legs of right triangle STU, we know the triangle is a 8-15-17 
right triangle, Therefore, TU = (17/8)SU = [51] 

(c) Since VW/VX = 5/13 and VW is a leg while VX is the hypotenuse, we know that AVWX ìs à 
5-12-13 triangle, Therefore, WX = (12/13)VX = [12v| 
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Review Problems 


6.28 
(a) Since MN = NO, we know that AMNO is a 45-45-90 triangle. Therefore, MN = NO = MO/W2 = 
4v2| 


(b) Since APQR is a 30-60-90 right triangle, we have PR = 2PQ =|12 V3|and QR = PQ V3 = 


(a) Since 11? + 16? = 377 ¥ 19”, these cannot be the side lengths of a right triangle. 


(b) Writing these with a common denominator, we have 3/15,4/15,5/15. These numbers are in the 
ratio 3: 4 : 5, and therefore a triangle with these side lengths is a 3-4-5 right triangle. 


(c) Since (-V73)? + (2 V2)? = 81 = 92, a triangle with these side lengths is a right triangle. 
(d) Since ( V0.5}? + ( V1.2}? = 1.7 # ( V1.3), these cannot be the side lengths of a right triangle. 


(e) Writing these as 7(0.11), 24(0.11), and 25(0.11), we see that these numbers are in the ratio 7 : 24 : 25. 
Therefore, a triangle with these side lengths is a 7-24-25 right triangle. 


6.30 Let AXYZ have XY = 3, ZX = 90°, and ZY = 60°. This is a 30-60-90 right triangle with ¿Z = 30°, 
so XZ = XY V3 = 3 V3 and YZ = 2XY = 6. Therefore, we have AB = XY, BC = YZ and ZB = ZY, so 
ABC = AXYZ by SAS Congruence. From this triangle congruence we have ZA = ZX = 90°, so AABC 
must be a right triangle. Similarly, we can show that if we ever have a triangle in which one side is twice 
as long as the other, and the angle between the sides is 60°, then the triangle must be a 30-60-90 triangle. 
(We can also solve this problem using SAS Similarity to show AABC is similar to a 30-60-90 triangle.) 


6.31 


(a) The large square contains four triangles, plus a square of side length a and a square of side length 
b, so the total area of the large square is 4K + a? + b’. 


(b) The large square again contains four triangles, plus a square of side length c, so the total area of 
the large square is 4K + œ. 


(c) Since both large squares have area (a + b)?, the two expressions for the area must be equal. So, 
4K + a? + b? = 4K + c?, which implies that a? + b? = c?, and the Pythagorean Theorem is proven. 


6.32 Since AB = BC = 1 and ZABC = 90°, ¿BAC = ZACB = 45°, Since BC || AD, we have ZBAD = 180°- 
4B = 90°. Therefore, CAD = BAD- ZBAC = 45°, so ADC = 45°. We also have AC = V2- AB = V2, 
so AD = V2- AC = 2. Since AE || CD, ZEAD = ZADC = 45°. Therefore, AAED is a 45-45-90 triangle, so 


finally AE = V2 - AD = [2v3] 


6.33 Let the triangle be AABC with AB = BC. We are given AC = 10. Let BH be the altitude to AC. 
As we have seen several times, BH divides AC into two equal segments. Since [ABC] = 60, we know 
that (BH)(AC)/2 = 60, so BH = 120/AC = 12. We also have AH = CH = 10/2 = 5. Therefore, from 
right triangle ABH, we have AB = 13, so BC = 13 as well. Therefore, the perimeter of our triangle is 


13 + 13 +10 = [36] 
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Since the side lengths are in the ratio 3; 4 : 5, we know our triangle is a right triangle with legs of 
length 6 and 8. Therefore, its area is (6)(8)/2 = [24] 


(b) We use Heron's Formula. The semiperimeter is (3 + 4 + 6)/2 = 13/2, so the area is 


/(13/2)(13/2 - 3)(13/2 - 4)(13/2 = 6) = «/(13/2)(7/2)(5/2)(1/2) =| V455/4 | 


) Since these side lengths satisfy the Pythagorean Theorem, the triangle must be a right triangle 


with legs V6 and V24. Therefore, its area is ( V6)( V24)/2 = [6]. 
Writing these with a common denominator, the numbers are 7/7, 24/7, and 25/7. Therefore, a 
tnangle with these side lengths is a 7-24-25 right triangle. Thus, its area is (1)(24/7)/2 = 12/7} 


) Weuse Heron’s Formula. The semiperimeteris (5+6+7)/2 = 9, so the areais Y9(9 — 5)(9 - 6)(9 - 7) = 


[evel 


) We have ZEFB = ¿CAB = 90° and ABC = ZFBE. Therefore, triangles EFB and CAB are similar. 


Applying the Pythagorean Theorem to AABC gives BC = 20. Since AEFB ~ ACAB, we have 
EF/EB = AC/BC = 12/20 = 3/5. We are given EB = AB/2 = 8, so we have EF = (3/5)(EB) = 24/5] 
Similarly, we can show ACDG ~ ACBA, so DG/CD = AB/BC and DG = (AB/BC)(CD) = 
Solution 1: Since |AEFGD] = [ABC]-[EFB]-[CDG] and [ABC] = (AB)(AC)/2 = 96, if we find [CDG] 
and [EFR], we can compute [AEFGD]. From AEFR ~ ACAB, we have FB/EF = AB/AC. Therefore, 
FB = (AB/AC)(EF) = 32/5, so [EFB] = (EF)(FB)/2 = (32)(12)/25. Similarly, from ACDG ~ ACBA, 
we have CG/DG = AC/AB, so CG = (AC/AB)(DG) = 18/5. Therefore, [CDG] = (CG)(DG)/2 = 
(18)(12)/25. Finally, we have 


|AEFGD} = [ABC] - [EFB] - [CDG] = 96 - em) = 0002) gg. OO | 


25 25 


Solution 2: Let H be the foot of the perpendicular from A to BC. Then ZAHB = ZEFB = 90° and 
ZABF = LEBF, so triangles AHB and EFB are similar, and 


[EFB] _ en -i 
[AHB] \AB/ 4 
Similarly, triangles DGC and AHC are similar, with 


pcc | (Dey 3 


[AHC] \AC 


=), 
Hence, 

[EFB] + [DGC] = lAn] + HANC) = HAEC). 
Then finally 


3 
|AEFGD] = [ABC] -[EFB] - [DGC] = IABC]-ŽJABC] = qlee) = 7 (AB-AC) = 5(16-12) = [72 


1 
2 
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Review Problems 


6.36 Let the equilateral triangle have side length s. Drawing an altitude of the triangle splits it into two 
30-60-90 triangles, from which we find that the altitude has length s V3/2. Since we are given that this 
altitude has length 8, we have s V3/2 = 8,805 = 16/V3 = 16 V3/3. Therefore, the area of the equilateral 


triangle is 
WBa _ V3 16 _| 64 
4 43 7 i 


6.37 By the Pythagorean Theorem, we have PM = VMN? — PN? = V13? - 122 = N 

5 and PO = VNO? - PN? = V37? — 12? = V1369 - 144 = ¥1225 = 35. (We could 

also have used Pythagorean triples to figure out PM and PO.) Therefore, the area 

of triangle MNO is M O 


1 1 1 P 
ZMO- PN = 5(MP + PO) PN = 5(5 + 35)- 12 = [240] 


6.38 Since ZACD = 90° —- ¿DCB = ZB and ZADC = /CDB, we have AACD ~ ACBD. Therefore, 
CD/DB = AD/CD, so CD? = (AD)(DB) = xy and CD = xy. 


6.39 Since AB = AC, ZABF = ZACF. Therefore, by AAS, triangles ABF and ACF are congruent. It 
follows that BF = CF. 


We have ZFDB = ¿FEC = 90°, BF = CF, and ZB = ZC, so by AAS, triangles FDB and FEC are 
congruent. Hence, FD = FE. (We might also solve this problem by showing [ABF] = [ACF], so since 
AB = AC, the altitudes from F to AB and AC are equal.) 


6.40 Solution 1: Since ZACB = ZDCE and ZABC = CDE, we have AABC ~ AEDC by AA Similarity. 
Letting BC = x, wehave CD = BD-BC = 6-x. Our similarity gives us BC/BD = AB/DE, sox/(6—x) = 3/5. 
Cross-multiplying gives 5x = 3(6 — x), and solving this equation gives us x = 9/4. Since BC/AB = 3/4, 
we know that AABC is a 3-4-5 right triangle. Therefore, AC = AB(5/4) = 15/4. Since AABC ~ AEDC, we 
know that AEDC is also a 3-45 triangle. Therefore, CE = (5/4)(DE) = 25/4, so AE = AC + CE = 

Solution 2: Take point F such that BDEF is a rectangle. Then EF = BD = 6 and BF = DE = 5, so 
AF = AB + BF = 3+5 = 8. By the Pythagorean Theorem, AE = VAF? + EF? = V8? +6? = V64+ 36 = 
Vi00 = [10] 


6.41 We seek a Pythagorean triple with 22 as one of the legs. There are several approaches we could 
take. 


Solution 1: We use our knowledge of Pythagorean triples. Specifically, we know that {11, 60, 61] is a 
Pythagorean triple, so multiplying these by two must give another triple: {22, 120, 122). 


Solution 2: Use Problem 6.16. We halve 22, then square the result, to get (22/2)? = 121. We subtract 1 
to get the other leg, and add 1 to get the hypotenuse. As we proved in Problem 6.16, this will give us a 
Pythagorean triple starting from any even number. Starting with 22 gives us {22, 120, 122}. 


Solution 3: Take the approach of Problem 6.3.5. We let the other leg be b and the hypotenuse c, so we 
have 22? + b? = c?, Rearranging this gives c? — b? = 22?, We factor this to get (c — b)(¢ + b) = 222. As 
discussed in our solution to Problem 6.3.5, both c — b and c + b must be even. They can’t be equal, since 
b is nonzero. Therefore, the only option that gives positive integers for c and b is c + b = 2(121) = 242 
and c — b = 2. This gives b = 120 and c = 122 for the Pythagorean triple {22, 120, 122). 


a A ee A 
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The desired perimeter then is 22 + 120 + 122 = |264 |. 


642 Let AX = x. Since XA = XY, we have XY = x. Since AXYZ is a 30-60-90 Y 
triangle, we have XZ = XY V3, soxt+6- Vi2 = x V3. Solving for x, we have: Ww 
6- VZ 6-243 V541 ae a 
r= = . =2%3. 
vV3-1 v3-1 vV3+1 


Therefore, XY = 2 V5 and XZ = XA + AZ = 6, so [XYZ] = (XYXXZ)/2 = [6v5] 


6.43 The sides are 15 = 5-3, 20 = 5- 4, and 25 = 5-5, so the triangle is a 3-4-5 right triangle. Therefore, 
the area of the triangle is (15)(20)/2 = 150. In any triangle, the shortest altitude is perpendicular to 
the longest side, which in this case is the hypotenuse 25. Letting this altitude have length h, we have 


25h/2 = 150, so h = 2(150)/25 = [12] 


Challenge Problems 


6.44 Let the legs of the triangle be x and y. Our given information tells us that xy/2 = 210 and 
x’ +1? = 29°. Below are two solutions from here. 


Solution 1: We can rearrange xy/2 = 210 to xy = 420 and try to guess integer solutions for x and y. 
We know that x and y are both less than 29, since the hypotenuse of length 29 must be the longest side 
of the tnangle. This dramatically limits our options to try. We only have two to test: 15 and 28, and 20 
and 21. Since 20° + 21? = 292, we have our desired sides. (Notice also that a knowledge of Pythagorean 
triples would be very handy here!) Therefore, our perimeter is 20 + 21 + 29 = |70 |. 


Solution 2: We can also use algebra to get the perimeter without even finding the sides. We notice that 
(x+ y)? = x? + 2xy + y? = 29? + 2(420) = 1681, so x + y = 41, Therefore, the perimeter is x + y + 29 = 


6.45 We can find OS several ways. If the diagram is valid, then each way should give the same answer. 
First, [OQS] = (QS)(OP)/2 = 24. We can also write [OQS] = (OS)(QR)/2 = (3/2)(OS). Therefore, we 
have (3/2)(OS) = 24, so OS = 16. We can also use the Pythagorean Theorem to write OS = VOP? + PS? = 
V16 + 225 = V241. Since OS can’t take on two values at the same time, the diagram must be invalid. 
(Make sure you see why the diagram is simply invalid, rather than this being a case where there are two 
possible values of OS!) Also, we could have used right triangles AORQ and ARQS to find a third value 
for OS 


6.46 First, note that ZADP = ¿PDB = ¿BDC = 90°/3 = 30°. Since AB || CD, ¿PBD = ¿CDB = 30°. 
Therefore, triangle BDP is isosceles with PB = PD. Triangle DBC is a 30-60-90 triangle. Since BC = AD = 
1, we have BD = 2BC = 2. 


Similarly, triangle DPA is a 30-60-90 triangle. Since AD = 1, PD = (2/V3)- AD = 2/V3 = 243/3. 
Hence, the perimeter of triangle BDP is 


2 4 
PB+PD+BD=2PD+BD=2 242 Tad 
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Challenge Problems 


6.47 Leta and bbe the legs of the triangle. Then by the Pythagorean Theorem, a? + b? = 8? = 64. Since 
the area is 8, we have ab/2 = 8, so ab = 16. Then 


(a + b)? = a? + 2ab + b? = (a? + b?) + 2ab = 64 42:16 = 96, 


soa +b = V96 = 4 V6. Since the perimeter is a + b + c and we know both a + b and c, we don’t even have 


to find a and b. Our perimeter is a + b +c = (a + b) + c = 8 +4 Vol. 
If we wanted to find a and b, we could note that 


(a — b)? = a? — 2ab + b? = (a? + b?) — 2ab = 64-2: 16 = 32, 


so a — b = V32 = 4 V2 (assuming a > b). Combining this with a + b = 4V6 gives a = 2( V6 + V2) and 
b = 2( V6 - V2). 
6.48 


(a) Wehave AB = CD = 24, ZABE = ¿CDE = 90°, and AEB = ¿CED, so by AAS congruence, triangles 
ABE and CDE are congruent. 

(b) By part (a), AE = CE, so triangle AEC is isosceles. Therefore, EM AC, as shown many times in 
the text. 

(c) Since AB = 24 = 8-3, BC = 32 = 8-4, and ZB = 90°, triangle ABC is a 3-4-5 right triangle. Therefore, 
AC = 8-5 = 40, so MC = AC/2 = 20. Since ZEMC = ZABC = 90° and ECM = ZBCA, triangles 
ABC and EMC are similar. Therefore, EM/MC = AB/BC, so 

MC-AB _ 20-24 _,. 

BC 863200 
Hence, the area of the triangle is (AC - EM)/2 = (40 - 15)/2 = 
6.49 Since AB = 12 = 4-3, BC = 16 = 4-4, and AC = 20 = 4-5, we know that AABC is a 3-4-5 right 


triangle with ZABC = 90°. Therefore, the > area of the triangle is (AB)(BC)/2 = 96. Triangles ABD and 
ABC have equal heights from B to bases AD and AC, respectively, so [ABD]/[ABC] = AD/AC = 3/5. 


Therefore, [ABD] = (3/5)[ABC] = 


6.50 Let O be the center of the Ferris wheel, let A be the bottom of the wheel, and 
let B be the point on the wheel that is 10 feet from the bottom. Let C be the foot of 
the perpendicular from B to OA, so CA = 10. 


Then OC = OA - CA = 10, OB = 20, and ZOCB = 90°. Hence, triangle BOC is a 
30-60-90 triangle, so ZAOB = COB = 60°. Since there are 360° in a full revolution, 
and there is 1 minute, or 60 seconds, in a revolution, it takes 60 : (60°/360°) = | 10 
seconds for the rider to go from point A to point B. 


6.51 


EM = 


(a) Wehave ¿DCF = ZFCE = ECB = 30°, so triangles CEB and CFD are 30-60-90 triangles. Therefore, 


BC = V3BE =|6 V3 | 
(b) We have AD = BC = 6 V3, so DF = AD - AF =[6V3-2| 
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We have CD = VaDF = 18 - 2 V5, so the area of rectangle ABCD is CD - BC = (18 ~ 2 V3)(6 ¥3) = 


{c 
108 V3 - 36 | 


6.52 We can solve this either by using our knowledge of Pythagorean triples, or with algebra. 


Solution 7: We know that {14, 48, 50} and {30, 40, 50) are both Pythagorean triples with hypotenuse 50. 
We notice that while the larger leg decreases 8, the shorter increases by 30-14 = 16, which is exactly the 
situation described in the problem. Therefore, we conclude that the top of the ladder must be 
from the ground after the slide. 


Solution 2; We can use algebra if we don’t recognize the Pythagorean triples. Specifically, we let the 
ladder initially rest against the wall at a point x feet above the ground, and the base initially be y feet 
from the wall. After the slide, the top will be x — 8 feet from the ground and the base will be y + 16 feet 
trom the wall. Applying the Pythagorean Theorem to both situations gives: 


+y = 50 
(x- 8) +(y+16) = 50 


Subtracting the second from the first yields x = 2y + 20 (after a fair amount of algebra). Substituting this 
into our first equation above gives (2y + 20)? + y? = 50°, so 5y? + 80y + 400 = 2500. Rearranging and 
dividing by 5 gives y? + 16y - 420 = 0. Factoring gives (y - 14)(y + 30) = 0. Since y must be positive, 
we have y = 14, from which we find x = 48, so the top of the ladder must be 48 - 8 = | 40 feet | from the 
ground after the slide. 


6.53 Letting the legsbeaandb, wehavea’ +b" = 73°. Rearranging, we havea? = 732—b? = (73-b)(73+b). 
We try letting 73 - b equal perfect squares, and check if one of the resulting values of b makes 73 + ba 
perfect square, We find that when b = 48, we have 73 - b = 25 and 73 + b = 121, both perfect squares! 
When b = 48, we have a? = (73 — b)(73 + b) = (25)(121), so a = (5)(11) = 55. Therefore, the desired 


Pythagorean triple is | {48, 55, 73} |. 


6.54 Let x be the hypotenuse, and let y be the other leg, so x? - y? = (x + y)(x- y) = 247 = 576 = (26)(32). 
We note first that it is impossible for x + y and x — y to both be odd, since their product is even. Further, 
we note that if one is odd and one even, then their sum, which equals 2x, is odd. This means x would 
be a fraction. Since we want only integer solutions, we discard these cases. Finally, we must have 
x+y>x~y. So, we're ready to list the possibilities: 


Hence, there are |7] distinct right triangles with a leg of length 24, namely those shown in the table 
above. 
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Challenge Problems 


6.55 
(a) 1f we have the area of ARST, we can find the height to ST, Using Heron’s, or looking back at either 
Problem 6.21 or 6.23 in the text, we have [RST] = 84. Letting our desired height be h, we have 
(H)(ST)/2 = 84, so h = 2(84)/14 = [12], 
(b) Let the foot of the altitude from R be H. Since RS = 13 and RH = 12, we have R 


SH = 5 from right triangle ARHS. Since SM = ST/2 = 7, we have HM = 2. 
Therefore, triangle ARHM gives us 
S T 


RM = VRH? + RMP = VI +4 = |2437]. HM 


6.56 In going from the first step to the second step, we add a triangle of side length 1/3 onto each of 
the 3 sides of the original triangle. We also increase the number of sides from 3 to 3(4) = 12, each of 
length 1/3. In our next step, we add a triangle of side length (1/3)/3 = 1/9 to each of the 12 segments of 
length 1/3, and we increase the number of sides from 12 to 12(4) = 48. Each of these 48 sides has length 
(1/3)/3 = 1/9. And so on. 


We therefore start with an area of 1? -¥3/4. We then add 3 ((1/3)? 3/4), then 3-4 (((1/3)?? 3/4), 
then 3 - 4? Ka 3P v3/4), and so on. Similarly, we find that at each step after the first, we add an area 


equal to 4/9 the area added the previous step because we add 4 times as many triangles, but each has 
side length 1/3 of the triangles added in the previous step. Hence, our total area is: 


py 20 s). 3- (G y Er 


Area axe 
: 8 EO B(G?) 4 0) (03 
+3 4 
7 eg 04) Pv : HOi v3) 
4 =i 4 Š 


(We used the formula for the sum of an infinite geometric series to simplify our expression. If you are 
unfamiliar with this formula, look back to the solution in this book to the problem in Chapter 4 with 
the same set-up. In that problem, we examined the perimeter of this figure, and found it to be infinite. 
Here, we find that the area is finite. Is this possible? Look up Koch’s snowflake on the internet for an 
answer!) 


6.57 Let x = OX and y = OY. Then OM = x/2 and ON = y/2. Then by the Pythagorean Theorem 
applied to AXON and AMOY, we have 


19? = XN? = OX? + ON? = x? +(¥) = =Ë, 
ry x? 
2? = YM? = OY? + OM? = y? + (3) spri, 


Adding the two equations, we get 
-ae = 19? +22? = 845, 


E a ere ee 
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soa? 4 y? = 4/5. 845 = 676. Therefore, XY = Neg + Ž+y = V676 = [26] 


6.58 We present two solutions. 


Solution 1: We have a 30° angle and we need to find a length, but we have no 


obvious tools to use to find the length. Therefore, we try introducing a 30-60-90 
triangle by drawing the altitude from B to AC. We let AB = x. Since AABH is a 
30-60-90 triangle, we have BH = x/2 and AH =x 3/2. Since AC = AB = x, we have 
HC = AC - AH = x - x( V3/2). Now we can use the Pythagorean Theorem on ABCH 

B 


to find x. We have BH? + HC? = BC?, so we have 


Expanding both sides and doing a little algebra gives us x?(2 — V3) = 4- 2V3, from which we find 
xv=2,sox= [va] since our length must be positive. 


Solution 2: We use what we know about equilateral triangles. Since AB = AC, 
ZABC = ZACB. But ZABC+ ZACB = 180° - ZBAC = 150°, so ZABC = ZACB = 150°/2 = 
IS, 


Construct point D inside triangle ABC such that BCD is equilateral, so ¿DCB = 
¿DBC = 60° and BD = DC = BC = V3 - 1. Then ZABD = ZACD = ZABC - ZDBC = 
75° = 60° = 15°. 

Let M be the midpoint of BC. Then AM is an altitude of triangle ABC, and by 


symmetry, D lies on AM. Furthermore, BAM = ZCAM = ZBAC/2 = 15°, so triangles B M 
ABD and ACD are isosceles, with AD = BD = CD = BC = V3 -1. we 


Then the height of equilateral triangle BCD is 


_ v3, NB _3-%8 
DM = --BC = —-(v3~1)= ZS, 


AM = AD+DM = 8-14 5298 LA 


By the Pythagorean Theorem applied to AABM, we have 


AB? = AM? + BM? = AM? + (Ey «Bee Wea? a 34+34+3-2V3+1_ 8 


4o 4 “4 
so AB =[3| 


6.59 


(a) We draw altitude AH to form 30-60-90 triangle AABH. We thus have AH = 


(c) 


Challerige Problerns 


AB/2 = 3 and BH = AH V3 = 3 V3. Then, CH = BC - BH = 8 - 3 V3. We can a Ny 
then apply the Pythagorean Theorem to AAHC to find AC = VAH? + HC? = B H (5 
V3 + (64 — 48 V3 +27) = V100- 48 V3 = |2 V25 -12 V3, 


Again we draw altitude AH, this time forming 45-45-90 AABH. We thus have AH = AB/ V2 = 3 V2 
and BH = AH = 3 V2,so CH = 8-3 V2. We then apply the Pythagorean Theorem as in the previous 


part to find AC = VAH? + HC? = V18 + (64 — 48 V2 + 18) = V100 - 48 V2 = |2 V25 - 12 V2 
A 


This time we have to go outside triangle AABC to build our useful 
right triangle, drawing altitude AH to the extension of BC as shown. ! 

(We are inspired to do this by noting that 180° — 135° = 45°.) Wehave | 

AH = BH = AB/V2 = 3 V2 as in the previous part. Right triangle p Cc 
AHC then gives 


AC = VAH? + HC? = V18 + (64 + 48 V2 + 18) =|2 V25 + 12 V2 | 


i i ai a i a AEE 
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Special Parts of a Triangle 


Exercises for Section 7.1 


711 
(a) False} Below is an example in which AB + CD, but m is the perpendicular bisector of both AB 
and CD. 

A 
E 
I m 
D 

B 


(b) | True | Since m is perpendicular to both AB and CD, m forms a right angle with each of AB and 
CD. Looking at m as a transversal crossing AB and CD, we see that the same side interior angles 
sum to 180°, Therefore, AB || CD. 


(c) |True | We have two cases to consider. Either A and C are on the same side of the perpendicular 
bisector, or they are on opposite sides. These possibilities are shown below. 


m 
A M B 
D P N Q C 
Figure 7.1; A and C on same side Figure 7,2: A and C on opposite sides 


Note that we assume that AB < CD (for AB > CD, we can follow essentially the same proof). Let 
M and N be the midpoints of AB and CD, respectively, so AM = MB and CN = ND. Let P and Q 
be the feet of the perpendiculars from A and B to CD, respectively, 

Note that APNM is a rectangle, so AM = PN, Similarly, BONM is also a rectangle, so BM = QN. 
Therefore, in the case at left above we have CP = CN-PN = CN-AM = DN-BM = DN-QN = DQ, 
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Section 7.2 


and in the case at right above we have CP = CN + NP = DN + AM = DN + MB = DN + NQ = DQ 
Furthermore, AP = MN = BQ. Therefore triangles APC and BQD are congruent in both cases by 
SAS (or LL) Congruence. We conclude that AC = BD. 


7.1.2 Two intersecting lines form four angles of measure between 0° and 180°. The set of all points 
equidistant from these two lines are the angle bisectors of these four angles. (Note that these four angle 
bisectors form two lines, which are perpendicular to each other. Can you prove this?) 


7.1.3 The set of all points equidistant from two parallel lines is the line parallel to the two given lines 
and lying halfway in between. 


Exercises for Section 7.2 


7.21 The circumcenter of an acute triangle always lies the 
triangle. The circumcenter of an obtuse triangle, however, always 
lies | outside | the triangle. Examples of both are shown at right. 

7.2.2 Since OQ is perpendicular to chord BC, OQ is the perpen- 


dicular bisector of chord BC. This means QC = BC/2 = 4. Then by 
the Pythagorean Theorem, OC? = OQ? + QC? = 2? + 4? = 20, so OC = 


7.2.3 Let triangle ABC be an equilateral triangle with side length 18, and let O be its circumcenter. Let 
P be the foot of perpendicular from O to BC, so PC = 9. As we saw in Problem 7.8, triangle COP is a 


30-60-90 triangle. Hence, radius OC = (2/-¥3)(PC) = (2/-V3)(9) =|6 V3). 


7.24 As shown in Problem 7.6, the circumradius of a right triangle is equal to half the hypotenuse. The 
hypotenuse of the triangle is 10, since 6? + 8? = 10°, so the circumradius is 10/2 = [5]. 


Exercises for Section 7.3 


7.3.1 Since O is the incenter of triangle ABC, OA is the angle bisector of ZCAB. Then ZOAB = ZA/2 = 


bs] 


7.3.2 The incenter of any triangle is always the triangle. We can see this by noting that each 
angle bisector is between two sides of the triangle. Only the interior of the triangle is between each of 
the three pairs of the sides of the triangle; therefore, the point at which all three angle bisectors meet 
must be inside the triangle. 


7.3.3 [Yes | For example, for an equilateral triangle, the incenter and circumcenter are the same pomt, 


7.3.4 For all parts, we can find ZQ as follows. Let q = ¿Q and r = ¿PRQ, so £PRI = r/2. Since 
ZRPI = (ZQPR)/2 and ZQ + ¿QPR + ¿PRQ = 180° we have ¿RPI = ZQPR/2 = (180° — 4Q — ZPRQ)/2 = 
(180° ~q—r)/2. In triangle PIR, ZPIR + ZIRP + ¿RPI = 180°, so we have 130° +r/2 + (180° -q -r)/2 = 180°. 
Therefore, ZQ = q = [80°], 
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(a) Intriangle POR, <PRQ = 180° =q- ZRPQ = 180° — 80° ~ 30° = [70°] and ¿PRT = <PRQ/2 = Ei 
(b) In triangle POR, PRQ = 180° -q - ZRPQ = 180° - 80° ~ 50° = [50°] and ¿PRT = ¿PRQ/2 = a 
(c) 1n triangle POR, PRQ = 180° -q - ¿RPQ = 180° - 80° - 80° = [20° | and ¿PRT = ZPRQ/2 = E 
(d) <Q is uniquely determined by ZPIR (i.e., all we need is PIR to find ZQ). To see why, observe that 


ZPIR = 180° - 


Ag Rg and ZQ = 180° - (ZRPQ + ZPRQ). 


So, ¿RPQ + ¿PRQ = 2(180° — zPIR) and ZRPQ + ¿PRQ = 180° — ZQ. Therefore, 2(180° — ZPIR) = 
180° — ZQ, or | ZQ = 22PIR - 180°}, 


7.3.5 Since PZ isan angle bisector, we have QZ/QP = RZ/RP by the Angle Bisector Theorem. Therefore, 
4/6 = RZ/9, so RZ = [6|. 
7.3.6 Letx = BM, so MC = 8 - x. Since BAM = /CAM, AM is an angle bisector of AABC. Therefore, 
by the Angle Bisector Theorem, we have BM/BA = CM/CA. Substitution gives x/10 = (8 - x)/12, so 


7.3.7 


(a) As we discovered in the text, we have A = rs, where A is the area, r is the inradius, and s is the 
semiperimeter. In this case, we have a right triangle with legs 3 and 4, so A = (3)(4)/2 = 6 and 
s = (3 + 4 + 5)/2 = 6. Therefore, r = A/s = i} 


We have an equilateral triangle, and its area is A = 6? V3/4 = 93. The semiperimeter is 
s = (6 + 6 + 6)/2 = 9. Therefore, r = A/s = 9 ¥3/9 = [3] 


(c) We have an isosceles triangle, and its height to the base is ,/72 - (10/2)? = V24 = 26, so its 
area is (10)(2-¥6)/2 = 10 V6. The semiperimeter is s = (7 +7 + 10)/2 = 12. Therefore, r = A/s = 


10 ¥6/12 = 


To find the area of this triangle, we will use Heron's formula, which states the area of a triangle 
with sides a, b, and c and semiperimeter s is -Vs(s — a)(s = b)(s = c). In this case, a = 5, b = 6, and 
c =7, s085 = (5 + 6 + 7)/2 = 9, Hence, the area is 


A = /9(9-5)(9 - 69-7) = V216 = 6 Vo. 
Therefore, r = A/s = 6 v6/9 = [2v3] 


Exercises for Section 7,4 


g 


T 


7.4.1 Since the centroid of a triangle divides each median ina? : 1 ratio (with the longer piece connectin 


the centroid to a vertex), we have AG/GD = BG [GE = 2/1. Therefore, we have GD = AG/2 = me 
BG = 2GE = [8]. 


B 0 


Section 7.4 


(b 


(i) 


7.4.4 


in a 2 : 1 ratio, we have XG = (2/3)XA and YG = (2/3)YB, Since XA = YB, we have 


XG = YG. Therefore, ZYXG = ZXYG, so AXY = ZBYX. This, combined with XA = BY 
and XY = XY, gives AAXY = ABYX by SAS Congruence, Therefore, YA = XB, Since 
XZ = 2(XB) and YZ = 2(YA), we have XZ = YZ, as desired. 


Our diagram is shown below. 


P 

a ` 

G 

Q A £ 


Since triangle POR has a right angle at Q, the midpoint of hypotenuse PR is the circumcenter of 
triangle POR. Therefore, median QB is a circumradius of APQR and its length equals half PR, so 


QB = PR/2 = 13/2|. 
Triangle PQA is a right triangle with legs 5 and QR/2 = 6, so the length of its hypotenuse, AP, 
is V5? + € =| V61| Similarly, triangle RQC is a right triangle with legs 12 and PQ = 5/2, so the 


length of its hypotenuse, RC, is \/12? + (5/2)? = | V601/2 


We know that the medians AD, BE, and CF divide triangles ABC into six smaller tnangles of equal 
The area of triangle ABC is (8)(15)/2 = 60, so each small triangle has area 10. 

As just computed, [ABC] = [60]. 
Triangle AFC consists of three small triangles, so its area is [30], 

Triangle ACD consists of three small triangles, so its area is 

Triangle AEG is a small triangle, so its area is 

Quadrilateral EGDC consists of two small triangles, so its area is [20]. 

Quadrilateral AFGE consists of two small triangles, so its area is [20]. 

Triangle DEF is the medial triangle of triangle ABC, so by Problem 7.19, it has area [ABC]/4 = 
60/4 = 

Note that BF = BA/2 and BD = BC/2. Therefore triangle BFD is similar to triangle ABC by SAS 
with ratio 1/2. Hence, the area of triangle BFD is (1/2)? - [ABC] = (1/4)- 60 = [15]. We could also 
note that ABFD = AEDF, so [BFD] = [EDF] = [15], 

Triangle FAC is a right triangle with legs 15/2 and 8, so the length of its hypotenuse, CF, is 
V8 + (15/2)? = V481/2. The centroid G divides median CF such that CG/CF = 2/3, so the length 


of CG is 
481 V481 


LEE 
3 


2 3 


Let XA and YB meet at G. Because the centroid of a triangle cuts each median 
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Exercises for Section 7.5 


7.5.1 
(a) Since triangle PQB has a right angle at Q, ZPQB = 90° - ZQPB = 90° - 32° = 58° |. 
(b) Since triangle CRP has a right angle at C, ZCRP = 90° - ZCPR = 90° - ZQPB = 90° - 32° = [58° | 
(© 2CQR is an exterior angle of triangle QPR, so ZCQR = ZQPR + ¿QRP = 32° + 20° = [52° | 
(d) ¿CQB is an exterior angle of triangle QPB, so 2CQB = ZQPB + ¿QBP = 32° + 90° = (222°, 


(a) [XYZ] = (XA)(YZ)/2 =[75 
(b) From nght triangle ABYZ, we have BZ = VYZ? - BY? = [9] 
(c) Since [XYZ] = (XZ)(YB)/2, we have (XZ)(YB)/2 = 75. Therefore, XZ = 150/YB = [25/2] 
(d) XB = XZ - BZ =|7/2| 


le) From right triangle AXBY, we have XY = VXB2 + BY? 2|. (Note that the original diagram is 
not to scale: XYZ is isosceles!) 


7.5.3 Lel the altitude from B have length x and the altitude from C have length y. Since x(AC)/2 = 
[ABC] = y(AB)/2 and AB = AC, we have x = y, so the altitudes from B and C must have the same length. 


7.5.4 By the previous problem, altitudes to equal bases of a triangle are equal in length. Since all three 
bases are equal in an equilateral triangle, all three altitudes are equal as well. 


7.5.5 We have ¿BAD = CAD, AD = AD, and ZADB = 90° = ZADC. Hence, triangles ADB and ADC 
are congruent by ASA. Therefore, corresponding lengths BD and DC are equal, so D is the midpoint of 
BC. 


Exercises for Section 7.6 


7.6.1 


(a) As shown in the text, since RQ connects the midpoints of two sides of AXYZ, its length is half the 
length of the third side of the triangle. We can explicitly prove this by noting that XR/XY = XQ/XZ 
and ARXQ = ZYXZ, so ARXQ ~ AYXZ. Therefore, RQ/YZ = XR/XY = 1/2, so RQ = YZ/2. Since 
AP ıs the median to hypotenuse YZ of AAYZ, its length is half YZ as well. Therefore, we have 
AP = RQ, 


Following steps similar to those of the first part, we have AQ = XZ/2 because AQ is the median 
to hypotenuse X XZ of tight triangle AAXZ, We also have RP = XZ/2 because RP connects the 
midpoints of XY and YZ of AXYZ. Therefore, AQ = RP. Since AP = RQ, AQ = RP, and PQ = PQ, 
we have APRQ = AQAP, Corresponding angles PRQ and ZQAP of these triangles are therefore 
equal. 


g€ 


6 
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7.6.2 Since CF is the median to hypotenuse AB of AACB, we have CF = C 

AB/2 = BF. Therefore, ZBCF = 2B. Since ZADC = 90°, we have ZACD = ing 

90° - ZA. Since ZACB = 90°, we have 90° - ZA = ZB, so ZACD = ZB. NS 
Therefore, 2BCD = zBCA - ZACD = 90° - ¿B. Because CE bisects ZACB, n 

we have ZACE = zZBCE = 45°. Since ZB < 90°, either we must have ZB = A DEE 
90°- 2B = 45° (in which case we have DCE = ZECF = 0°), or 45° is between 

2B and 90° — 2B. In the latter case, point E must be between D and F, as shown, because ZBCF = ZB, 
¿BCE = 45°, and ZBCD = 90° - ZB. 


lf 2B < 45°, as shown, we have ¿DCE = <ACE- ¿ACD = 45°- 2B and ZECF = ZBCE-ZBCF = 45°-ZB. 
Combining these gives the desired /DCE = ECF, We can follow essentially the same steps to show 
¿DCE = ZECF if 90° > ZB > 45°. 


7.6.3 


(a) Since AC || PR, we have ¿CAP = ZRPA. Since PD bisects ZOPR, we P 
have ZRPA = ZCPA. Therefore, ZCAP = CPA, so AC = CP. Since 
ZQAP = 90° and ZCAP = CPA, we have ¿QAC = /QAP- /CAP = C 
90° — ¿CAP = 90° - CPA. From right triangle AQAP, we also have 
ZAQP = 90° - 4QPA = 90° - ZCPA. Therefore, QAC = ZAQC, so AN 
AC = QC. Since AC = CP and AC = QC, we have QC = CP, so Cis the 2 -D5 R 
midpoint of PQ (and AC is a median of APAQ). 

(b) Since BC || PR, we have 4QCB = ¿QPR and <QBC = 2R, so AQCB ~ AQPR. Since QC/QP = 1/2 
from part (a), our similarity gives us QB/QR = QC/QP = 1/2. Therefore, QB = QR/2 = 9/2. 
From the Angle Bisector Theorem, we have PQ/QD = PR/DR. Therefore, 8/QD = 10/(9 - QD). 
Cross-multiplying gives 10QD = 72 - 8QD, so QD = 4. Finally, we have DB = QB - QD =}1/2|. 


Exercises for Section 7.7 


7.7.1 Given triangle ABC, we know that the circumcenter O lies on the = 
perpendicular bisectors of the sides of the triangle. We construct the per- 
pendicular bisectors of AB and AC as shown below. The intersection is 
circumcenter O. Now construct the circle with center O and radius OA. This 
gives us the desired circumcircle of triangle ABC. 


7.7.2 Draw a segment AB. Now construct an arc using center A and radius AB, C > D 
Similarly, construct an arc using center B and radius AB. The two arcs intersect ya 
at point C. By construction, radii AC = AB and | radii BC = BA, Hence, triangle 
ABC is an equilateral triangle. Draw segment AC. We now have /CAB = 60°, 
We then construct the angle bisector AD of 4CAB, and we get the desired 30° 
A B 
angle ZBAD. 


7.7.3 Draw a segment AB. Construct the perpendicular bisector | of AB, and let it intersect AB at M, 
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the midpoint of AB. Let P be a point on 7 other than M. Then ¿PMA = 90°, a right angle. 


We know how to bisect an arbitrary angle, and bisecting LPMA gives an angle of 90°/2 = 45°. 


Pp B 
A mM 8 
Figure 7.3: Diagram for Problem 7.7.3 Figure 7.4: Diagram for Problem 7.7.4 


7.74 Draw a segment AB. Draw two arcs with radius AB, first using A as center then using B as center. 
The two arcs meet at two points, call them C and D as shown. 


We have equal radii AC = AB = AD and BC = BA = BD. Hence, both triangles ACB and ADB are 
equilateral triangles. This makes ZCAD = £CAB + ¿DAB = 60° + 60° = 120° , as desired. 


7.7.5 Given triangle ABC, we can find the orthocenter H by finding the A 
intersection of two altitudes of the triangle. 


First, draw an arc centered at A with radius sufficiently large that the arc 
intersects line BC at two points P and Q as shown. Next, draw arcs of equal 
radius centered at P and Q. The two arcs intersect at two points R and S. Then 
RS is the perpendicular bisector of PQ, so in particular, RS is perpendicular 
to OP, which means that R$ is perpendicular to BC. Furthermore, AP = AQ 
by construction, so A lies on the perpendicular bisector of PQ, which means 
that A lies on RS. Thus, AD is the altitude from A to BC. 


Similarly, construct the altitude from B to AC. These two altitudes inter- 
sect ai the orthocenter H. 


7.7.6 By construction, points A and B lie ona circle centered at X, making XA = XB. We then constructed 
point Y, which lies on both the circle centered at B with radius XB and the circle centered at A with 
radjus XA. Therefore, YB = XB = XA = YA. Looking at triangles YBX and YAX, we see that they are 


congruent by SSS, so corresponding angles are equal. In particular, ,BXY = ZAXY, so XY is the angle 
bisector of the given angle. 


Review Problems 


7.34 


(a) Area. Since APQR is a right triangle, we have [PQR] = (PQ)(QR)/2 = [96], 

(b) Circumradius. Since APQR is a right triangle, its circumradius equals half its hypotenuse. Since 
the legs are in the ratio 3/4, APQR is a 3-4-5 triangle, so PR = PQ(5/3) = 20. (We also could have 
used the Pythagorean Theorem.) The circumradius then is PR/2 = [20] 


s n 


Review Problerris 


(© Jnradius. The area of a trangle equals its inradius times its semiperimeter. Since the area of APQR 
is 96 and the semiperimeter is (12 + 16 + 20)/2 = 24, the inradius of APQR is 96/24 = [a] 


7.35 Let M be the midpoint of TU. Since TU is a chord of OK, the perpendicular bisector of TU goes 
through K. Since both M and K are on this perpendicular bisector, we have MK . TU. We are given 


MK = 2, and TM = TU/2 = 7, so the Pythagorean Theorem gives us TK = VTM? + KM? = [v53] 


7.36 
(a) Triangle XYM is a 30-60-90 triangle with ZXYM = 60°, ZYMX = 90°, ZMXY = 


X 
30°. | 7 N 
(b) From 30-60-90 aXYM, we have XM = (V3/2)- XY = (-¥3/2)-12 = [eval 
Y M Z 


(c) The area of equilateral triangle XYZ is given by 


1 1 
5YZ-XM=5-12-6¥B= 36 V3 | 


(d) Recall that the centroid of a triangle divides each median into a ratio of 2 : 1. Hence, XE/EM = [2]. 

(e) The semiperimeter of triangle XYZ is s = (12 + 12+ 12)/2 = 18. Therefore, the inradius is 
Als = 36 V3/18 = [2v5]. We also might note that EM is the inradius, and EM = XM/3 = [2v5] 

(f) The inradius is EM, while the circumradius is XE. By part (d), XE/EM = 2, and by part (b), 
XE + EM = 6 V5. Therefore, the circumradius is XE = (2/3)-6 V3 = [4 v3] 


7.37 From right triangle ACFB, we have ZFCB = 90° - 2B. From right triangle AHCD, we have 
¿CHD = 90° — ZHCD = 90° — (90° — ZB) = ZB, as desired. 


7.38 Let the triangle be AABC and the lengths of the altitudes from A, B, and C, respectively, be h4, hg, 
and hic. We have [ABC] = (BC)(ha)/2 = (AB)(hc)/2 = (AC)(hg)/2. Since we are given ha = hg = hc, we 
have AB = BC = CA, so the triangle must indeed be equilateral. 


7.39 Since LYXD = £ZXD, we know that XD bisects ZYXZ, From the Angle Bisector Theorem, we 
have XY/YD = XZ/DZ = 2. Therefore, XY = 2YD = [6], 


7.40 As described in the text, medians AD, BE, and CF divide triangles ABC into six smaller triangles 
of equal area. The area of triangle ABC is given as 48, so each small triangle has area 48/6 = 8. 


(a) SADC. Triangle ADC consists of three small triangles, so its area is 3-8 = [24]. 

(b) 4AGC. Triangle AGC consists of two small triangles, so its area is 2-8 = [6]. 

(c) AGFB. Triangle GFB is a small triangle, so its area is [8] 

(d) 4DEF. Triangle DEF is the medial triangle of triangle ABC, so as described in the text, it has area 
[ABC]/4 = 48/4 = [12]. 

(e) AAEF. Note that AE = AC/2 and AF = AB/2. Therefore, by SAS, triangle AEF is similar to triangle 
ACB with ratio 1/2. Hence, the area of triangle AEF is (1/2)? - [ABC] = (1/4) -48 = 
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(a) We have UT = UV and ¿TUY = /VUY. Hence, by SAS, triangles UYT and UYV u 
are congruent. Then corresponding sides are equal, and in particular, TY = YV. M 
(b) The corresponding angles of triangle UYT and UYV are also equal, so LUYT = 
UY. The sum of these two angles makes a straight angle, or 180°, so both ~y ~y 
angles are 90°. Therefore, UY 1 TV. 
i) TY = TV/2 = 36/2 = [18] Triangle UYT has a right angle at Y, so UY = VUT?-TY? = 


— 


V30? - 18? = 


m 
ix 


) We have shown that UY is a median. We are also given that TM is a median, so their intersection X 
is the centroid. The centroid X divides median UY in the ratio XU : XY = 2: 1,soXY = UY/3 = 


and XU = (2/3)UY = [16] 
(e) Tnangle XYT has a right angle at Y, so XT = VTY? + XY? = V18? + 82 = |2 V97 |. Since X is the 
centroid, X divides median TM in the ratio TX : XM = 2: 1. Therefore, XM = TX/2 = 


a 


7.42 The two figures are similar to each other, with ratio 18/6 = 3. The circumradii are then also in this 
same proportion, so the second circumradius must be 3 - 2 V3 =| 6 V3 |. 


7.43 Intriangle ABC, ZABC = 180° - cBAC- LACB = 180° -117° -35° = 28°. A 

Since BE is an angle bisector, 4DBX = ZABC/2 = 28°/2 = 14°. ZDXE is an E 

extenor angle of triangle DXB, so ZDXE = DBX+<XDB = 14° +90° = [104°], 5 x E 
= © 


744 Since O is the circumcenter, it is equidistant from the vertices of the 
triangle, Therefore, OP = OQ = OR. 


(2) RPO = RPQ - QPO =[22°] Since OP = OQ, we have ZOQP = ¿OPQ = 
(b) Solution 1: From OPQ, we have ZPOQ = 180° - OPQ - ZOQP = 134°. Since P 
OR = OP, we have ZORP = ZOPR = 22°, so from AOPR we have <POR = 
180° - LORP ~ OPR = 136°, Therefore, ZQOR = 360° - ZPOQ - ZPOR = 90°. R 
Since OR = OQ, we have ORQ = ZOQR. From AOQR, we know these two 
angles sum to 180° ~ ZPQR = 90°, Therefore, each must equal [45° | 
Solution 2; As an the first solution, we have ZPRO = 22°, Let ZORQ = x. Since Q 
OR = OQ, we have LOQR = x as well, Since the sum of the angles in APOR is 180°, we have 
2(23°) + 2(22°) + 2x = 180°. Therefore, x = [45° 


7.45 BM and AN are medians of AABC, Therefore, X is the centroid of AABC and it divides BM and 
AN such that BX/XM = AX/XN = 2/1. Using our given information yields XB = 2XM = |7| and 
XN = AX/2 = [3.6] 
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7.46 


(a) 


(b 


7.47 


Review Problems 


Since medians AX and BY meet at O, the point O must be the centroid of the C 
triangle. Therefore, AO/AX = 2/3, so AO = 12(2/3) = [8]. Since X is the x 
midpoint of BC, we have BX = BC/2 = 5. Since OX = AX/3 = 4, from right B 

triangle ABOX we have BO = 3. Hence, BY = (3/2)BO = |9/2 |, Y 
From right triangle AABO we have AB = VAO? + BO? = W73. Median CZ 

must pass through the centroid, O, of AABC, so CO + OZ = CZ. Furthermore, A 

we know that CZ = 30Z because O is the centroid. Since OZ is the median to 

hypotenuse AB of AAOB, we have OZ = AB/2 = V73/2. Finally, we have CZ = 30Z = |3 V73/2 
Using our area equalities, we have [AFC] = [AFX] + [AEX] + [EXC] = [BFX] + [BXD] + [DXC] = 


[BFC]. Since AAFC and ABFC have the same altitude from C, and they have the same area, we know 
that bases AF and BF have the same length. Therefore, CF is a median of the triangle. Similarly, we can 
show BE and AD are also medians, so X must be the centroid of AABC. 


7.48 
(a) 


(b) 


(c) 


7.49 
(2) 


ZEIC is an exterior angle of ABIC, so ZEIC = ZIBC + ZICB = (LABC)/2 + (LACB)/2. Since ZABC + 
ZACB = 180° — ZA from AABC, we have ZEIC = (ZABC + ZACB)/2 = (180° — 2A)/2 = 90° — 2A/2, 
as desired. (We also could have used the angles of AEBC and EIC to achieve this result.) 


From the Angle Bisector Theorem, we have AB/AE = BC/CE. Therefore, BC = (AB/AE)(CE) = 


16/3 

From the Angle Bisector Theorem, we have BC/BF = AC/AF. Since AF = AB — BF = 8 - BF, 
AC = AE + CE = 10, and BC = 16/3, we have (16/3)/BF = 10/(8 — BF). Therefore, we have 
30BF = 128 — 16BF, so 46BF = 128, from which we have BF =| 64/23 |. 


Let H be the point that is both the centroid and the orthocenter, and let AABC be our triangle. AH 
must hit BC because we know that the centroid of a triangle is inside the triangle. Let AH meet 
BC at X. Since H is both the centroid and the orthocenter, AX is both a median and an altitude. 
Therefore, AX 1 BC and BX = XC, Since AX = AX, ZAXB = ZAXC = 90°, and BX = CX, we have 
4AXB = AAXC by SAS Congruence. Therefore, AB = AC since they are corresponding sides of 
these triangles. Similarly, we can let BH meet AC at Y, and use BY (which is a median and an 
altitude) to prove BA = BC. Combining this with AB = AC gives us AB = AC = BC, so AABC must 
be equilateral if its centroid and orthocenter are the same point. 


Let our triangle be ABC and the point that is both the centroid and the incenter be J. Since the 
incenter of a triangle must be inside the triangle, | is inside the triangle. As in the first part, we let 
Al hit BC at point S. Since AS passes through the incenter, it is an angle bisector. Therefore, the 
Angle Bisector Theorem gives us AB/AC = SB/SC, Since AS passes through the centroid, it is a 
median. Therefore, $ is the midpoint of BC, so SB = SC, Therefore, we have AB/AC = SB/SC =1, 
so AB = AC. Similarly, we extend B] past | to hit AC at T. We can then use BT to show that 
AB = BC. Therefore, AB = AC = BC, so AABC is equilateral. 


See if you can continue the work of these first two parts to prove that if any two of the incenter, 
centroid, orthocenter, and circumcenter coincide, then the triangle must be equilateral. 
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Challenge Problems 


7.50 Let O be the circumcenter of the triangle. We are given that GO bisects G 
JIGH; therefore, ZOGH = ZOGI. Since O is the circumcenter of AIGH, it is 
equidistant from the vertices of AGH]. Therefore, we have GO = OH = OJ. From 


OH = OG, we have ¿OHG = ZOGH. From OI = GO, we have OIG = ZIGO. 
Combining these angle equalities with the one from our angle bisector, we have 


ra 


ZOHG = <OGH = OGI = 201G. Therefore, we have AGOH = AGOI by AAS H ! 
Congruence. Corresponding sides GH and Gi of these triangles therefore have equal length. 


7.51 From right triangle ABAP, we have ZBAP = 90° — ZABP = 90° - <ABC. A 

Since O is the circumcenter of AABC, we have OA = OB = OC. Therefore, | 

“CAO = LACO, ¿ABO = ZBAO, and ¿CBO = ¿BCO. The sum of all six of 

these angles is the sum of the angles of AABC, which equals 180°. Therefore, \ 

we have 2(ZCAO + ZABO + ZCBO) = 180°, or CAO + ZABO + ¿CBO = 90°. a \ AA c 
Since /ABO + ZCBO = ABC, we have ZCAO + ABC = 90°. Therefore, CAO = B PQ 

90° — LABC. Since we have ZBAP = 90° — ZABC and £CAO = ¿CAQ, the equation 

¿CAO = 90° — ZABC gives us the desired ZCAQ = ZBAP. 


7: 


52 
(a) 


(b) 


(c) 


g 


Since AJKL is isosceles with JK = JL, we start by drawing altitude JM to the midpoint of KL. 
Therefore, KM = KL/2 = 15 and from right triangle AJMK, we have JM = 20. The area of AJKL is 


(KL)(JM)/2 = [300] 


The area of a triangle equals the product of the triangle’s inradius and its semiperimeter. Since the 
area of AJKL is 300 and its semiperimeter is (25 + 25 + 30)/2 = 40, the inradius is 300/40 = | 30/4 


Let the circumcenter be point O. Since JK = JL, median JM is perpendicular J 

to side KL. Therefore, JM is part of the perpendicular bisector of KL and 

thus must pass through O. Let OK = x, our circumradius. Since O is 

eguidistant from K and J, we have OJ = x as well. Therefore, OM = 

JM- JO = 20- x. From right triangle AOKM, we have OK? = OM? + KM?. A 
Therefore, x? = (20 — x)? + 152. Solving for x, we have 40x = 400 + 225,so K L 


Since B] passes through the incenter of AABC, it bisects ZABC. Therefore, ¿ABI = ZIBC, so Bl is an 


angle bisector of AABA’. Applying the Angle Bisector Theorem to bisector B] of AABA’, we have 
A'l/JA = A'B/AB, as desired, 


Since A] passes through the incenter, it bisects ZBAC, The Angle Bisector Th then gives 

A’B/AB = A'C/AC, Since we know A’I/IA = A‘B/AB from A first part, eed tase id ies 
A’B/AB = BC/(AB + AC) to finish. We can rearrange A'B/AB = A‘C/AC to give A'B/A'C = AB/AC. 
We add 1 to both sides to get A’B/A'C + 1 = AB/AC + 1, so (A'B + A’C)/A'C = (AB + AC)/AC. 
Since A’B + A’C = BC, we have BC/A'C = (AB + AC)/AC, so A'C/AC = BC/(AB + AC). Finally, this 


WO ra 


Challenge Problems 


means we have 
A'l_A'B_A'C_ BC 
lA AB AC AB+AC’ 
7.54 Since AH is an altitude of AABC, AAHC is a right triangle. M is the midpoint of hypotenuse AC 
of this triangle, so HM = MC = AM. Since MH = MC, we have ZMHC = ZMCH. From AABC, we have 
¿MHC = ¿C = [30° } 


7.55 We will show that it is impossible for two angle bisectors of a triangle to be perpendicular by 
showing that if two angle bisectors are perpendicular, then one of the angles of the triangle must equal 
0%. Let our triangle be AABC and the incenter be J. Let the angle bisectors from A and C be the 
ones that are perpendicular, so that AAIC is a right triangle. Therefore, we have <IAC + ZICA = 90°. 
Since IAC = (éBAC)/2 and ZICA = (4BCA)/2, we have (<BAC)/2 + (ZBCA)/2 = 90°. Therefore, 
¿BAC + ¿BCA = 180°. However, AABC also gives us ZBAC + ¿BCA + ZABC = 180°. Combining these last 
two equations gives ¿ABC = 0°, which is impossible. Therefore, it is not possible for two angle bisectors 
of a triangle to be perpendicular. 


7.56 Leta = BC and b = CA. In right triangle ANM, NO = 12.5 is the median to A 
the hypotenuse AM, so OA = OM = 12.5, and MA = AO + OM = 25. Since M is the O 


midpoint of AB, MA = MB = 25, so AB = AM + MB = 50. We are given that the M 
perimeter is 112, so a + b + 50 = 112, or a + b = 62. By the Pythagorean Theorem on B 
triangle ABC, a? + b? = 50? = 2500, so C 


Ba (a +b)? - (a? +b?) _ 62- 50? 
m 2 ~ p 


= 672. 


Therefore, the area of AABC is ab/2 = 336. AMNA ~ ABCA by SAS Similarity with ratio 1/2, so 
MN = a/2 and AN = b/2. Hence, the area of AANM is (AN)(NM)/2 = ab/8 = 84. Finally, we have 
[MNCB] = [ABC] - [AMN] = 


7.57 


(a) Since P is on the bisector of ZYBX, it is equidistant from BY and BX. These rays are contained by 

and BG, respectively, so P is equidistant from AB and BC. 

(b) By the same reasoning as the previous part, Q is equidistant from CX and CZ, so it ìs equidistant 
from BC and AC, 

(c) Since J, is on the external bisector of ZB, it is equidistant from AB and AC (part (a)). Therefore, 
1,X = lY. Similarly, part (b) tells us that J, is equidistant from Be ana aC. SO laX = lZ. Therefore, 
laX = lY = InZ. Consequently, a circle with center J, and radius lX will pass through X, Y, and 
Z. Moreover, it will be tangent to AB, Be, and Ae, since all points on these lines besides Y, X, 
and Z are farther from l, than X 1s, (We can prove this in exactly the same way we proved that a 
triangle’s incircle is tangent to all three sides of the triangle.) 


(d 


© 


Since aY = 1,Z, we know that J, is equidistant from AB and AC. Therefore, it must be on the angle 
bisector of ZBAC. 


(e) We take a similar approach to the approach we used to show that [ABC] = rs, where r is the 
inradius and s the semiperimeter. We note that [ABC] = [BAC] - [1,BC]. Furthermore, we have 
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cannes eae apm AAAA AA aA tea T 


[lpBAC] = [IAB] + [AC]. Since [1AB] = (AB)UnY)/2, [AC] = (a Z)(AC)/2, (BC) = TaX)(BC)/2, 
and lX = hY = lp? = fa, we have 
|ABC] = [IAB] + [AC] - UBC) 
(ra)(AB) | (ra)(AC) _ (ta (BC) 
2 2 2 
a (AB + AC - BC) 


7 A -2BC) 
= rls- BC), 


where pis the perimeter of AABC and sis its semiperimeter. Therefore, we have 7, = [ABC] /(s-BC). 


(a) We have PM = PA/2, ¿MPN = ZAPB, and PN = PB/2. Hence, triangles MPN and APB are similar 
with ratio 1/2, so MN = AB/2, a constant. 


(b) As P moves, the perimeter of triangle APB changes. For example, as P moves farther away from 
A and B, the perimeter increases. 


(c) The area of triangle PAB is (AB)(@)/2, where d is the distance from P to AB. But the length of the 
base AB is fixed, and since P moves parallel to AB, so is d. Hence, the area of triangle PAB remains 
constant. 

(d) Since triangles MPN and APB are similar with ratio 1/2, [MPN]/[APB) = (1 /2)? = 1/4, so [MPN] 


always equals |APB]/4. Therefore, |ABNM] = [APB] - [MPN] = 3[APB]/4. Since [APB] is constant 
(from part (c)), we know [ABN] is constant. 


(a) Let rbe the radius of the circle. Let S, T, and U be the midpoints of AB, CD, x 
and EF, respectively. Since AB = CD = EF, we get that AS = SB = CT = TD = 

EU = UF. 
Triangle PSA has a right angle at S, so by the Pythagorean Theorem, PS? = 
PA? ~ AS? = P - AS?. Similarly, PT? = PC? - CT? = P? - CT?, and PU? = 
PE? - EU? = r* - BU?. Since AS = CT = EU, we have PS = PT = PU. In 


other words, P is equidistant from the sides of triangle ABC. Therefore, P is the Y 
incenter of triangle XYZ, 


(b) Since P is the incenter of triangle XYZ, P lies on the angle bisectors of ¿X, ŻY, and 4Z. Therefore, 


LXPY = 180° - /XYP - YXP = 180° - | i = e_1 oy_ 1 °) = [127 5° 
z2YZ 3/YXZ = 180 z5) 9 (60") = 127.5 


o Let ae wal meet the ground at X and let the ladder be AB as shown. Let M F 

e the midpoint of the Jadder. When the ladder is completely against the wall, then 
M is AB/2 away from X, The same is true when the ladder has slid all the way to the i 
ground. In between, we note that AABX is a right triangle and XM is a median to the X 
hypotenuse of this right triangle. Therefore, XM = AB/2 at all points throughout the B 
ladder’s slide, so M is always a constant distance from point X, Hence, the path the ladder traces out is 
the quarter-circle with center X and radius AB/2 that is shown in our diagram. : 
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Our proof thus far only shows that every point that M passes through is on this 
quarter circle. We aren't quite finished; we must also show that M does in fact reach 
every point on the quarter circle. Therefore, we must show how we can start from any 
point N on the quarter circle and find a position of the ladder such that the midpoint 
of the ladder is at N. Let the length of our ladder be £. Let point N be a point on the 
quarter circle with center X and radius equal to {/2. We draw a circle with center N 
and radius {/2. This circle hits the wall at C and the ground at D. (Make sure you see why this circle 
must hit the wall and the ground at points besides X.) Since this circle is the circumcircle of ACXD, 
which is a right triangle, the center of this circle must be the midpoint of hypotenuse CD. Furthermore, 
this hypotenuse is the diameter of the circle, so it has length £. Since CD = £ and the midpoint of CD is 
N, we have found a location of the ladder such that its midpoint is at N. 


7.61 First, triangles ABM and ACB share the same altitude from A to BC, and BM = BC/2, so [ABM] = 
[ABC]/2 = 48/2 = 24. 


Now in triangle ABM, BP and MN are medians, so their intersection G is the centroid of triangle 
ABM. Since the three medians of a triangle divide the triangle into six small triangles of equal area, and 
triangle MGP is one of these six small triangles, we have 


[MGP] = =[4BM] =[4] 


7.62 We use our Same Base/Same Altitude approach of Section 4.3 to show that A 
[ABG]/[ACG] = BD/CD. Specifically, since AABD and AACD share an altitude from 
A, we have BD/DC = [ABD]/|ACD]. Similarly, we have BD/DC = [BGD]/[GDC]. 


Therefore, |ABD]/[ACD] = [BGD]/[GDC]. We can use this to prove E F 
[ABG] _ [ABD] _ [BGD] E B 
[ACG] ~ [ACD] ~ [GDC] D 


ina variety of ways. One way is to write [ABD]/[ACD] = [BGD]/[GDC] as [ABD]/[BGD] = [ACD]/[GDC]. 
Therefore, we have 
[ABG] + [BGD] _ [ACG] + [GDC] 
[BGD] — [GDC]. 
so [ABG]/[BGD] = [ACG]/[GDC]. Therefore, [ABG]/[ACG] = [BGD]/|GDC], as desired. Hence, we 
conclude [ABG]/[ACG] = BD/CD. (This was also a Challenge Problem in Chapter 4. We will use this 
result in the rest of our solution.) 


(a) Since [ABG]/[ACG] = BD/CD and D is the midpoint of BC, we have BD = CD, so [ABG] = [ACG]. 
Similarly, [ABG]/[BCG] = AE/EC and AE = EC, so [ABG] = [BCG]. Therefore [ARG] = [ACG] = 
[BCG]. 

(b) Since AF/FB = [ACG]/[BGC] and [ACG] = [BGC], we have AF = FB. 

(c) We have shown that if we draw two medians from two vertices to two sides of a triangle, then 
draw a ray from the third vertex through the intersection point of our two medians, then this 
ray will hit the third side at its midpoint. Therefore, the line through the third vertex and this 
intersection point must contain our third median. In other words, we have proved that all of our 
medians are concurrent. 


et 
73 


2 


CHAPTER 7. SPECIAL PARTS OF A TRIANGLE 


7.63 First, we note that BC = 10 from the Pythagorean Theorem applied B H 

to AABC, Next, since BAN = 90° - ZCAN = 45° = ZCAN, we know that N 

AN bisects /BAC. Therefore, we can apply the Angle Bisector Theorem to 

SABC to find AB/BN = AC/CN. Since CN = 10 - BN, AB = 6, and AC = 8, 

we have 6/BN = 8/(10 - BN). Cross-multiplying gives 60 - 6BN = 8BN, so 4 
BN = 60/14 = 30/7. We need AN, so we draw altitude AH to build right triangle AAHN. We can find 
AH and BH by noting that AABH ~ ACBA by AA Similarity. Therefore, BH/AB = AH/AC = AB/BC = 
6/10 = 3/5, so BH = (3/5)(AB) = 18/5 and AH = (3/5)(AC) = 24/5. Since HN = BN — HB, we have 
NH = 30/7 - 18/5 = 24/35. Finally, from right AAHN we have 


PO so ES € 2 ï) r ha ap Bg 
WG -5 49 


Notice how we did some clever algebraic manipulation to avoid squaring those nasty fractions. What 
we did there is essentially the same as noticing that the legs are in the ratio 1 : 7, so the triangle is similar 
to a right triangle with legs 1 and 7. This simpler triangle has hypotenuse V1? + 72 = 5 V2, so the ratio 
of the sides of the triangle is 1 : 7 : 5 V2. Therefore, the hypotenuse is 5 V2/1 = 5 V2 times as long as 


the shorter leg. So, we have AN = (5-¥2)(HN) = (24 V2)/7, as before. (For a slick second solution, try 
drawing the square with diagonal AN.) 


7.64 Let O be the center of the circle. Since XY is the perpendicular bisector of chord AC, it passes 
through O. Hence, OY = 1. Since AABC is equilateral, each | perpendicular bisector of a side of the 
triangle goes through the vertex opposite that side. Therefore, BX is a median of triangle ABC and O is 
the centroid of AABC. Therefore, o divides BX such that OB/OX = 2/1. Since OB = 1, OX = OB/2 = 1/2. 
Therefore, XY = OY - OX =1 -1/2 = 
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Exercises for Section 8.1 


8.1.1 The sum of the angles in a quadrilateral is 360°, so we have ZA + ZB + ZC + ZD = 360°. Therefore, 
100° + 50° + (4D + 30°) + 2D = 360°, so ¿D = 


8.1.2 The sum of the angles in a quadrilateral is 360°, so (x) + (3x — 10°) + (27°) + (4x — 30°) = 360°. 
Therefore, x = 373°/8 = 46.625°. The angles of the quadrilateral are then x = 46.625°, 3x—10° = 129.875°, 


27°, and 4x — 30° = 156.5°. The largest angle is | 156.5° |. 
8.1.3 


(a) For example, the angles could be 90°, 90°, 100°, and 80°. 
(b) For example, the angles could be 100°, 100°, 100°, and 60°. 
(c) Since all four angles sum to 360°, each angle must be 

8.1.4 As shown below, there are |3 | quadrilaterals. 


AA A 


8.1.5 Let ABCD be a concave quadrilateral as shown, where we call the vertex of the (a 
interior angle greater than 180° point D. In triangles ADB and CDB, we have 


¿BAD + ZABD + ¿BDA = 180°, 
BCD + ¿CBD + ¿BDC = 180°. A 


Ne 


Adding these two equations gives 
¿BAD + (ABD + <CBD) + ¿BCD + (¿BDA + ZBDC) = 360°. 
Since ZABD + ZCBD = ¢ABC and <BDA + ¿BDC = (reflex angle ZCDA), we have the desired 
ZBAD + ZABC + ¿BCD + (reflex angle ZCDA) = 360°. 


ee 
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Exercises for Section 8.2 


8.2.1 Since the legs of the trapezoid are equal, the trapezoid is isosceles. Therefore, ZQ = 4P = |83} 
Since PQ || RS, z5 = 180° - ZP = [97°]. Similarly, ZR is the supplement of ZQ, which is also 
82.2. The area of the trapezoid is (44 + 24)(18)/2 = [612]. 


8.2.3 Let the length of the shorter base be x, so the longer base is x + 6. We have (x + x + 6)(8)/2 = %. 
Solving, we find that the shorter base has length x = [9] 


24 Since BC || AD, we have ZADC = 180° - ¿BCD = 180° - 126° = [54°] Similarly, ZABC = 
180° — BAD = 180° - 72° = 108°. Therefore, CBD = ZABC - ZABD = 108° - 88° = 
8.2.5 Let ABCD be an isosceles trapezoid with bases AB and CD, so LADC = BCD. As we saw in the 
text, we have AD = BC. Therefore, triangles ADC and BCD are congruent by SAS (because we also have 
CD = CD). Corresponding lengths of these triangles are equal, so AC = BD. 
8.2.6 

(a) Since AB || DC, we have ZXAB = ZXDC and ¿XBA = ZXCD, so AXAB ~ x 

4XDC by AA Similarity. 


Because AXAB ~ AXDC, we have XD/XA = XC/XB. Furthermore, we 
have XD = XA + AD and XC = XB + BC, so our ratio equality is (XA + 


(b 


AD)/XA = (XB + BC)/XB, or 1 + AD/XA = 1 + BC/XB. This gives the A B 
desired AD/XA = BC/XB. Since AM = AD/2 and BN = BC/2, we M N 
can divide both numerators of AD/XA = BC/XB by 2 to get AM/XA = D C 
BN/XB. 


2 


Adding 1 to both sides of AM/XA = BN/XB gives 


AM ag 
XA XB’ 


or (AM + XA)/XA = (BN + XB)/XB. Therefore, XM/XA = XN/XB. 
(d 


Since XM/XA = XN/XB and ZAXB = /MXN, we have AXAB ~ AXMN by SAS Similarity. 
Therefore, XAB = ¿XMN, so AB || MN. i 


Since AB || MN || DC, we have AAXB ~ AMXN ~ ADXC. Therefore, AB/MN = XA/XM and 
CD/MN = XD/XM. We add these to get (AB + CD)/MN = (XA + XD)/XM = (XM - AM + XM + 
DM)/XM = (2XM)/XM = 2 (since AM = DM). Thus we have the desired MN = (AB + CD)/2. 


(e 


8.2.7 Let the trapezoid be ABCD with AB || CD, AB = 50, and CD = 75. Let the A B 
diagonals meet at E. Since AB || CD, we have ZABD = ZBDC and /BAC = ZACD, 

Therefore, 4AEB ~ ACED, so EC/AE = DE/EB = DC/AB = 75/50 = 3/2, Letting 

BD be the short diagonal and AC the long one, we have BE + ED = 35 and 

AE + EC = 120, Since we also have DE = (3/2)EB and EC = (3/2)AE, we can solve 

BE + 3/2(BE) = 35 to get BE = 14 and AE + (3/2)AE = 120 to get AE = 48. Since D Cc 
the sides of AAEB are in the ratio 7-24-25, we know that AAEB is a right triangle with right angle at 
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Section 8.3 
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AEB (since AB is the longest side of the triangle). (We could also have used the Pythagorean Theorem 


to determine that AAEB is a right triangle.) 


Therefore, we can dissect ABCD into four right triangles, AAEB, ABEC, ACED, and ADEA. Since 
AE = 48 and BE = 14, we have CE = AC - AE = 72 and DE = DB - BE = 21. Therefore, we have: 


[AEB] = ane = 336 
[BEC] = eee = 504 
[CED] = coe = 756 
[DEA] = PRES = 504. 


The area of ABCD is the sum of these, or |2100 |. (Notice that the area of ABCD equals half the product 


of the diagonals. Is this a coincidence?) 


Exercises for Section 8.3 


8.3.1 


(a) Opposite sides in a parallelogram are equal. Therefore, IU = TY = 6 and TI] = YU = 8. The 


perimeter of the parallelogram is then6+8+6+8= [28]. 


(b) The area of a parallelogram is not determined by the side lengths of the parallelogram. 
Below are two parallelograms with the same perimeter, but with very different areas. 


————_—_—_—_— 


8.3.2 Since WX || YZ, we have ZW + 2Z = 180°. Similarly, ZY + ¿Z = 180° because XY || WZ. Therefore, 


We ZY. 


8.3.3 Since WO || RK, and WR is a transversal cutting the two parallel segments, 
we have ZOWR = LKRW. We also have WO = RK and WR = WR. Hence, 
triangles OWR and KRW are congruent by SAS, Therefore, ORW = ¿KWR, and 
this implies WK || RO. The opposite sides of WORK are then parallel, so it must 
be a parallelogram. 


8.3.4 Let ABCD be a parallelogram. Let E and F be the feet of the perpendiculars 
from Aand B to CD, respectively. Then triangles AED and BFC are right triangles, 
and ABFE is a rectangle, so AE = BF. Since ABCD is a parallelogram, we 
have AD = BC, so by HL congruence, triangles AED and BFC are congruent. 
Therefore, 

[ABCD] = [ABCE] + [AED] = [ABCE] + [BFC] = [ABFE]. 
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In other words, the areas of parallelogram ABCD and rectangle ABFE are equal. The area of rectangle 
ABFE is the base AB times the height BF. Therefore, the area of the parallelogram ABCD is also the base 


AB times the height BF. 


83.5 Point E is on line EU and point N is on line NT, and the distance between lines EU and Kiis 
given as 5. This means that the closest any point on one line can be to the other is 5 units. Therefore, the 
length of EN must be at least 5, and in particular, it cannot be 4. 


8.3.6 


(a) Wehave AA’ = AB+BA' = AB+CD and DD’ = DC+CD' = AB+CD, so AA’ = DD’. Furthermore, 
AA’ || DD’. As we saw in Exercise 8.3.3, AA'D'D is a parallelogram because AA’ = DD’ and 
AA’ || DD’. 


= 


Consider trapezoids ABCD and D'CBA’. By construction, D'C = AB and BA’ = CD. Since AA’D'D 
is a parallelogram, A’D’ = DA. Therefore, corresponding sides of the two trapezoids are equal. 
Furthermore, our parallel segments give us LDAB = ZA’D'C, ABC = £D'CB, ¿BCD = £CBA’, and 
<CDA = BA'D’. Thus, corresponding angles of the two trapezoids are also equal, so they are 
congruent. 


Therefore, [ABCD] = [D'CBA’]. But [ABCD} + [D’CBA’} = [AA'D'D], so [AA’D'D] = 2[ABCD]. 
Finally, the area of the parallelogram is [AA'D'D] = AA’ -h = (AB + CD) - h, so 


1 
[ABCD] = z14^'D'D] = 5(4B +CD)-h, 


(c) We have AM = AD/2 = A'D'/2 = A'M’, and AM || A'’M'. Hence, AA’M'M is a parallelogram, so 
MM! = AA’ = AB+CD. However, MN and M'N are corresponding parts of congruent trapezoids 
ABCD and D'CBA',so MN = M'N. Since MM! = MN+NM', we have MN = MM’/2 = (AB+CD)/2. 


8.3.7 Lei the Gircumcenters of triangles ABE, BCE, CDE, and DAE be P, Q, R, and S, respectively. P 
hes on the perpendicular bisector of side BE of triangle ABE, and Q lies on the perpendicular bisector 
of side BE of triangle BCE, Hence, PQ is perpendicular to line bp. Similarly, Ais also perpendicular 


to line BD, Therefore, PQ || R5, Similarly, both On and $P are perpendicular to AC, so they are parallel. 
Therefore, PORS is a parallelogram, i 


Exercises for Section 8.4 


8.4.1 As shown earlier, the area of a rhombus is half the product of its diagonals. Hence, the area of 


PQRS is (6)(12)/2 = [36] 


78 


Section 8.5 


The diagonals bisect each other and are perpendicular, thus cutting the rhombus irito four right 
triangles with legs 6/2 = 3 and 12/2 = 6. The hypotenuses of these triangles are the sides of the 
rhombus, and from the Pythagorean Theorem each has length V3? + 6? = 3 V5, so the perimeter of the 


rhombus is 4(3 V5) =/12 v5] 


8.4.2 
(a) The diagonals bisect each other, cutting the rhombus into four right triangles of hypotenuse 
WX = 50 and one leg WY/2 = 48. Then the other leg is ¥50? — 48? = Y196 = 14, so diagonal 
XZ = 2-14 = [28] 
(b) The area of the rhombus is (28)(96)/2 = [1344]. 
(c) Since WXYZ is a rhombus, it is a parallelogram. Therefore, its area equals the product of the 
length of one side and the distance from that side to the opposite side. Since the area of WXYZ is 
1344 and WX = 50, the distance (height) between WX and YZ is 1344/50 = | 672/25 
8.4.3 Let E be the intersection of the diagonals. Then 
[ABCD] = [AEB] + [BEC] + [CED] + [DEA] 
1 1 1 
= 74E EB + gBE-EC+ 5 
= 3(4E- EB + BE- EC + CE- ED + DE: EA) 


CE-ED + DE- EA 


= HAE + EC)(BE + ED) 
1 
= ZAC- BD. 
6.44 


(a) Triangles TUW and VUW are congruent by SSS. Therefore, ZTUW = ZVUW. Since the two angles 
combined make 60°, each angle is 30°. 


(b) Diagonal TV cuts the rhombus into two equilateral triangles of side 10, Hence, [TUVW] = 


2[TUV] = 2(10? V3)/4 = [50 v3] 


Exercises for Section 8.5 


8.5.1 
(a) Opposite sides in a rectangle are equal, Therefore, the perimeter is 8 + 12+ 8 + 12 = [40] 
(b) The segments PS, PO, and OS make a right triangle with PS as hypotenuse. Therefore, 


PS = VPO? + OS? = V8? + 122 = V208 = 


V13 


(c) The area of rectangle POST is simply the length times the width, which is 8- 12 = 
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8.5.2 Let the width of the rectangle be x. Then the length of the rectangle is 2x — 1, and the perimeter 
ig 2]x 4 (2x = 1)). Setting this equal to 36 gives x = 19/3, The area of the rectangle is then x(2x ~ 1) = 
(19/3)(35/3) = [665/9] 


8.5.3 Triangle EYR is isosceles with YE = YR, so ZERY = <YER. Angle LWYE = xis W E 
an exterior angle of triangle EYR, so ZERY + ZYER = ¿WYE = x, from which we have BA 


ZERY = [2] Then ZYRT = ERT - ZERY = 90° - ZERY = [90° — x/2|, n 


8.54 The other diagonal of the rectangle is a radius of the circle, which is 9 cm. The two diagonals ina 
rectangle are equal, so RQ= [9 cm] 


85.5 The frame has length 36 + 2 +2 = 40 and width 24 +2 +2 = 28, so the area of the frame is 
40- 28 — 36 -24 = 256 square inches. The cost of the frame is then $1.50 - 256 = | $384 | 


8.5.6 Let ABCD be a rectangle, and let E, F, G, and H be midpoints of sides AB, BC, A E B 
CD, and DA, respectively. In triangles AEH and BEF, we have AH = AD/2 = BC/2 = 

BF, AE = AB/2 = BE, and 2A = 90° = ZB. Hence, the two triangles are congruent by H K 
SAS Therefore, HE = EF. Similarly, EF = FG, FG = GH, and GH = HE. Thus, all four D 


G 
sides of EFGH are equal, so EFGH is a 


8.5.7 Triangle HEG and rectangle JEG] share the same altitude from H to EG, so i 
[EGJ] = 2[HEG]). On the other hand, triangle HEG is half of rectangle EFGH, so 
|EFGH] = 2|HEG]. Therefore, [IEGJ] = [EFGH] = H G 


Exercises for Section 8.6 


8.6.1 EF= v0 = [4 v5] and EG = EF v3 = [a v50] 


8.6.2 Since BM/BA = BO/BD = 1/2 and ZMBO = ABD, triangles BMO and BAD are similar with ratio 
1/2 by SAS Similarity, so AD = 2MO = 8, Therefore, the area of square ABCD is 8? = 


R7 T K Y 


l u 


Figure 8.1; Diagram for Problem 8.6.2 Figure 8.2: Diagram for Problem 8.6.3 


Section 8.7 


8.6.3 First, MTK = ZUTY = [45°], Since TK = TM, we have ¿MKT = ZTMK. From AMTK, we have 
MKT + ¿TMK = 180° ¿MTK = 135°, so ZTMK = 135°/2 = [67.5°| 

8.6.4 Since every rectangle is a parallelogram, the diagonals of a rectangle bisect each other. Therefore, 
if the diagonals of a rectangle are perpendicular, they divide the rectangle into four triangles that are 
congruent by SAS Congruence. The hypotenuses of these triangles, which are the sides of the rectangle, 
are therefore equal in length. Thus, the sides of the rectangle are all equal in length, so the rectangle is a 
square. 

8.6.5 Since AC is a diagonal of square ABCD, AC = AB V2. Therefore, [ACFG]/[ABCD] = AC?/AB? = 
(AC/AB)? = [2| 


8.6.6 


(a) Since triangle ABE is equilateral, AE = AB = [4]. A B 
(b) ABCD is a square of side length 4, so its area is 4 =/16|, 
(c) ABE is an equilateral triangle of side length 4, so its area is 4° V3/4 = p E 
G 
F 


(d) ¿DAE = ¿DAB — ZEAB = 90° — 60° = [30°] Triangle DAE is isosceles with DA = AB = AE. Since 
LDAE = 30°, ¿DEA = (180° - ZDAE)/2 = (180° - 30°)/2 = 


(e) The area inside square ABCD but outside triangle ABE is simply [16-4 v3] 

(f) Let F be the foot of perpendicular from E to CD, so FC = 2. (Make sure you see why F must be the 
midpoint of CD.) The altitude from E to AB in triangle AEB is (-V3/2)AE = 2 V3, so EF = 4 - 2 V3. 
Then by the Pythagorean Theorem applied to right triangle EFC, we have 


EC? = EF? + FC? = (4-2 V3)? +2? = 32-16 V3. 


We then observe that (2 V6 — 2 V2} = 32 - 16 V3, so EC =|2 V6 - 2 V2|. 


Exercises for Section 8.7 


8.7.1 The quadrilateral shown at right is an example of a quadrilateral that has perpen- 
dicular diagonals, but the quadrilateral shown is not a rhombus. 


8.7.2 First, if XYZ is an equilateral triangle, then XY = YZ and all angles are 60°, 


Next we must show that AXYZ is equilateral if XY = YZ and ZX = 60°, Since XY = YZ, 
XYZ is an isosceles triangle with base angles ZX and ZZ. So ¿Z = ZX = 60°, which gives us ZY = 
180° — ZZ — £X = 60°, Since ZX = ZY = Z, the triangle is equilateral. 


Therefore, AXYZ is equilateral if and only if XY = YZ and 2X = 60°, 
8.7.3 [False]. A rhombus is always a parallelogram, but a parallelogram can have unequal sides. 


8.7.4 First, assume rhombus R is a square. Then R is also a rectangle, since all squares are rectangles. 
S 
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For the other part, we assume rhombus R is a rectangle and wish to prove it is a square. Then Risa 
rectangle with all sides equal, so R is a square. 


Therefore, a rhombus is a square if and only if it is also a rectangle. 


8.7.5 First, we assume PORS is a parallelogram. Then its opposite sides are equal as proved in the text, 
so PQ = RS and SP = QR. 


Next we must show that if PQ = RS and SP = QR in quadrilateral PQRS, then PQRS is a parallel- 
ogram. Since PQ = RS, SP = QR, and PR = PR, we have APSR = ARQP by SSS Congruence. Hence, 
¿PRS = RPQ, so PO || SR. We also have ZRPS = <PRQ, so PS || QR. Since both pairs of opposite sides 
are parallel, PQRS is a parallelogram. 


Therefore, quadrilateral PQRS is a parallelogram if and only if PQ = RS and SP = QR. 


8.7.6 First, we assume trapezoid ABCD, with bases AB and CD, is isosceles. Then DAB = 2ABC 
and AD = BC (as shown in the text), so triangles ABD and BAC are congruent by SAS. Therefore, 
corresponding angles ZABD and <BAC are equal. 


Next, we assume that in trapezoid ABCD with bases AB and CD, we have B A 
LABD = <BAC. Let K be the intersection of diagonals AC and BD. Since ABD = 
BAC, triangle AKB is isosceles, and AK = BK. 


Since ACD = ¢CAB = ZABD = ZBDC, triangle CKD is also isosceles, and C D 
CK = DK. Therefore, AC = AK + KC = BK + KD = BD. Then triangles ABD and BAC are congruent by 
SAS, So DAB = LABC, and the trapezoid is isosceles. 


Therefore, trapezoid ABCD with AB || CD is isosceles if and oniy if ABD = <BAC. 
8.7.7 First, we assume WXYZ is a rectangle. Then WX = ZY, ZWXY = 90° = ZXYZ, and WX || ZY: 


Next, we assume WXYZ is a quadrilateral such that WX = ZY, ¿WXY = XYZ, and WX || ZY, 
and we prove WXYZ is a rectangle. The first and third conditions tell us that quadrilateral WXYZ isa 
parallelogram. The second condition along with LWXY + ¿XYZ = 180° (since WX || ZY) tells us that all 
four angles are right angles. Therefore, WXYZ is a rectangle. 


8.7.8 First, we assume triangle ABC is isosceles with CA = CB. Then ZCAM = ¿CBM C 

and AM = BM. Hence, triangles CAM and CBM are congruent by SAS. Therefore, 

corresponding angles are equal, and in particular, ACM = <BCM, so CM bisects 2ACB. B 
For the other direction, we assume CM bisects ZACB and show that CA = CB. By the M 

Angle Bisector Theorem, we have CA/AM = CB/BM. Since AM = BM, we have CA = CB, so triangle 

BAC is isosceles with CA = AB, 


8.7.9 | False} The diagonals of a square are perpendicular and congruent, but the trapezoid 
shown also has diagonals thal are perpendicular and congruent, 
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Exercises for Section 8.8 


8.8.1 We have many 45-45-90 tnangles here. Note that 24GCH = ZGCE-ZECH = A F B 


¿BCD-ZECH = DCE = 90° -DEC = 45°. Also, we have ¿CHG = 90°- ZGCH = 

45°, so GC = HG = 3 and HC = V2HG = 3 V2. Hence, BC = 2HC.= 6 V2. E : 
Now consider triangle FBH. We have ¿BHF = ¿GHC = 45°, and ZFBH = 90°, 

so ZHFB = 45°. Therefore, FH = V2HB = V2HC = 6, so FG = FH+HG = 6+3 = 9. G 


Finally, in triangle CDE, we have ¿DEC = 45° and ZEDC = 90°, so ZECD = 45°. 
Therefore, CD = CE/V2 = FG/V2 = 9/2. D € 


Therefore, the area of CEFG is CG-FG = 3-9 = 27, and the area of ABCD is CD-BC = (9/-V2)(6 V2) = 54, 
and their positive difference is 54 - 27 = [27 |, 


8.8.2 Let E and F be the feet of perpendiculars from B and C to AD, respectively. B 12 C 
Then BE = CF = 24. Since BCFE is a rectangle, EF = BC = 12. By the Pythagorean f 
Theorem, AE = VAB? - BE? = V302- 242 = V324 = 18, and FD = YCD? -CF =  30/ |24 | \25 
V257 = 24? = V49 = 7. Therefore, AD = AE + EF + FD = 18 + 12 +7 = 37, and the 
area of trapezoid ABCD is 


(BC + AD) -BE = 3024 37) - 24 = [588]. 


m n 
E F 
8.8.3 The height from A to laja) equals the height from C to AB because both represent A B 
the distance between the parallel bases of trapezoid ABCD. Therefore, [ACB]/[ACD] Tao 
equals the ratios of the lengths of bases AB and CD. So, we have [ACB]/[ACD] = D Č 
AB/CD = 5/3. The sum of these areas is the area of the whole trapezoid. Since [ACB] + [ACD] = [ABCD] 
and [ACD] = (3/5)[ACB], we have [ACB] + (3/5)[ACB] = [ABCD], so [ACB]/[ABCD] = 


8.8.4 Since the diagonals of EFGH are perpendicular, they divide the quadrilateral 
into four night triangles as shown. From the Pythagorean Theorem, we have 


F 
Pe Pan 
EF? = EO?+FO? s 
GH? GO? + HO? 7 
FG? = FO°+ GO? H 

EH? = EO +HO? 


Adding the first two gives EF? + GH? = EO? + FO? + GO? + HO?, and adding the second two gives 
FG? + EH? = EO? + FO? + GO? + HOP, Therefore, EF? + GH? = FG? + EH?, 


8.8.5 Construct point D such that ACBD is a parallelogram. Then the diagonals AB and CD bisect each 
other, so Mis also the midpoint of CD. We showed in the text (Problem 8.31) that the sum of the squares of 
the diagonals of a parallelogram equals the sum of the squares of the sides, so AB? + CD? = 2(AC? + BC”). 


Therefore, CD? = AC? + BC?) - AB? = 2(8? + 72) — 6? = 190. Thus, we have CM = CD/2 =| V190/2.. 
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Review Problems 


8.32 
| Fad Parallelogram | Rhombus | Rectangle | Square 
„Opposite sides have equal length Yes Yes Yes Yes | 
All sides have equal length Sometimes | Yes Sometimes | Yes 
Opposite sides are parallel Yes Yes Yes | Yes 
| Opposite angles are equal Yes Yes Yes Yes 
All angles are equal Sometimes | Sometimes Yes Yes 
| Diagonals bisect each other Yes | Yes Yes Yes 
| Diagonals have equal length Sometimes | Sometimes Yes Yes 


8.33 LetZC = x, so ¿D = 5x-10°. Since ZA+ZB+ZC+ZD = 360°, we have 128°+128°+x+(5x—10°) = 360°, 
so x = 19°. Therefore, ZC =x = [19° Jand 2D = 5x -10° =|85° |. 


8.34 


(a) In this case, ZA = ZB, or x = 2x — 45°, so x = 45°. Then ZC = 180° — 2B = |135° | and ZD = 
180° — ZA =|135° 

(b) In this case, ZA + ZB = 180°, or x + (2x — 45°) = 180°, so x = 75°. Then ¿C = ZB = 2x — 45° =/105° 
and 2D=fAex=|75° 


8.35 The trapezoid is the only quadrilateral in the list for which a diagonal does not necessarily divide 
the area in two equal halves. Let ABCD be any of the other four types of quadrilaterals. Then AB = CD 
and BC = DA, so triangles ABC and CDA are congruent by SSS. Therefore, [ABC] = [CDA], and diagonal 
AC cuts the quadrilateral into two equal halves. 


Let ABCD be a trapezoid with AB || CD and AB < CD. Letting h be the height of the trapezoid, we 
have [ABC] = (AB)(h)/2 and [CDA] = (CD)(h)/2. Since CD > AB, we have [CDA] > [ABC], so diagonal 
AC does not cut the trapezoid into two regions of equal area. Similarly, BD cuts ABCD into AABD and 
ACBD, but we have [CBD] > [ABD]. Hence, a trapezoid that is not a parallelogram cannot be divided 
into two equal area triangles by a diagonal. 


8.36 Let the side length of the square be x. Then the perimeter is 4x and the area is x7, so 4x = xX, or 
x = 4. The length of a diagonal is then [av] 


8.37 Since FA = AE = ED = FB, ADEA and AAFB are 45-45-90 right triangles. Therefore, ¿DAB = 
180° - ZEAD ~ ¿FAB = 90° and AD = AB = AE ¥2 = EF V3/2, Similarly, we can show that all sides of 
ABCD equal EF ¥2/2 and all angles of ABCD equal 90°, Since AABC is a 45-45-90 right triangle (since 
ABCD is a square), we have [ABC] = (AB)(BC)/2 = EF*/4 = [EFGH)/4, Therefore, [ABC]/[EFGH] = 
8.38 In terms of x, the area of the trapezoid is (2x + 4x)(2x)/2 = 6x. Since we are given that the area is 
48, we have 6x? = 48, so x = 2v3] 


8.39 The shorter diagonal divides the rhombus into two equilateral triangles of side length 2. (Make 
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sure you see why.) Hence, the area of the rhombus is 2(2? 3/4) =|2 V3 |. 


8.40 Let the two sides of the rectangle be a and b. Then 2a + 2b = 64, so b = 32 —a, and ab = 192, so 
a(32 — a) = 192, or a? — 32a + 192 = 0. This factors as (a — 8)(a — 24) = 0, so the solutions are a = 8 and 
a = 24. Therefore, the dimensions of the rectangle are 8 by 24, so the longer side is|24 cm 


8.41 Since WX and YZ are opposite sides in a parallelogram, they are equal, so 2x - 3 = 3x — 8, or 
x= 5. Then WX = 2x-3=7 and XY = x +7 = 12. Therefore, the perimeter of the parallelogram is 
2(7 + 12) = [38], 

8.42 Since WZ || XY, ¿W = 180° — ZX = 90°. Similarly, ZY = 180° - ZX = 90°, and ZZ = 180° — ZY = 90°. 
Therefore, WXYZ is a rectangle. But it is also rhombus, so all sides are equal, and a rectangle with al] 
sides equal is a square. 


8.43 
(2) Triangles ABD and CBD are congruent by SSS. Corresponding angles of these triangles are equal, 
so ABD = /CBD. 


(b) Since triangles ABD and CBD congruent, we have ZEDA = EDC. Therefore, triangles EDA and 
EDC are congruent by SAS. Corresponding angles of these triangles are equal, so DEA = £DEC. 
These two angles add up to a straight angle, so both must be right angles. In other words, 
AC 1 BD. 

8.44 A square is a rhombus. Any rhombus ABCD satisfies AB = BC and CD = DA, the definition of a 


kite. Therefore, squares and rhombi are kites. All the other quadrilaterals in the list do not necessarily 
have equal adjacent sides. 


8.45 Let ABC be the triangle and AD an altitude. Then triangle ABD is a 30-60-90 triangle with 
AD = (-V3/2)(AB) = 4 V3. The area of the square is then (4 V3)? = [48] 
8.46 
(a) Looking at right triangles XEH and GHF, we find ZXEH = 90° — ZXHE = ZEHG-ZXHE = /GHF = 
(Œ) Since EY = HY, ZHEY = ZYHE. So, ZYEF = 90° ~ YEH = 90° - ZYHE = <GHF = 


(c) We know ZEFH = /GHF = 31°, Hence, ZEFH = /YEF = 31°. Therefore, EY = YF. Since HY = EY, 
HY = YF. Thus, Y is the midpoint of diagonal HF of rectangle EFGH. Then the other diagonal EG 
of the rectangle must also pass through Y. In other words, EY passes through G. 


8.47 Since EFGH is a rhombus, we have FG = EF. Therefore, FG = EF = EG, so EFG is equilateral 
with side length 6. Since EH = HG = EF = EG, AEHG is equilateral with side length 6, too. Hence, 


[EFGH] = 2[EFG] = 2(6? V3/4) =|18 V3 | 
8.48 First, we assume ABCD square. Then all sides are equal and diagonals AC and BD have the same 
length. 


Second, we must assume al) sides equal and that AC = BD, and prove ABCD is a square. Since 
AB = BC = CD = DA and AC = BD, triangles BCD, CDA, DAB, and ABC are congruent by SSS. 
Corresponding angles of these triangles are equal, so ZA = ZB = 2C = 2D. Since the four angles add up 
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to 360°, each angle is 90°. Hence, ABCD is a rectangle, with all sides equal. Therefore, it is a square. 
We have thus proven that ABCD is a square if and only if its sides are equal in length and AC = BD, 
8.49 Let vZ=nand zY =a4d, Then 2X =a+2dand ¿W = a + 3d. We know the four angles add up to 

360°, so 4a + 6d = 360°. 

(a) ZW = 422, thena43d = 4a, The system of equations 4a + 6d = 360° and a+ 3d = 4a gives a = 36° 
and d = 36°. So ZW =a + 3d =| 144° 
(b) If ZW = 227, then a + 3d = 2a. The system of equations 4a + 6d = 360° and a+3d = 2a gives a = 60° 
and d = 20°. So ZW = a + 3d = [120°] 
8.50 Since E and H are the midpoints of sides AB and AD of AABD, we have EH || BD. (This was 
proved in the text as the Midline Theorem in Section 7.4.) Similarly, since F and G are midpoints of sides 


CB and CD, we have FG || BD. Therefore, EH || FG. By a similar argument we can show EF || HG. Since 
its opposite sides are parallel, EFGH is a parallelogram. 


8.51 Let the side length of the square be 3x. Since the perimeter of the triangle equals the perimeter of 
the square, the side length of the triangle is (4 - 3x)/3 = 4x. (We pick 3x as the side length of the square 
to avoid having to use fractions too much.) The area of the square is (3x)? = 927. The area of the triangle 


is (4x)? -V3/4 = 4 V3x2. Therefore, the ratio is 9/(4 V3) = | 3 -V3/4 


8.52 Leta be the length of the longer base of the small trapezoids and b be the A B 
length of the shorter base. Since EF is a leg of EFGH and is the shorter base of 
EFBC, the legs of the small trapezoids have length b as well. From the given 
information, we have a = AB = 4 and a + 2b = CD = 8, so b = 2. The diagram p 
has 4 segments of length a and 7 of length b, so the total length is 4a + 7b = [30]. H E 


8.53 Solution 1; We note that the area of shaded triangle EFG equals that of AAFG, so the 
shaded square has area equal to AAEG. The large square is made up of 8 triangles congruent 
to AEG, so the shaded area is |1/8 | of the entire square. 


Solution 2: Let the side length of the square be s, so that the area of the square is s? and 
each diagonal has length s V2. Since EG = EA IV? = 5/2, the area of the shaded square is (s/2)7/2 = s?/8. 
Therefore, the shaded area is | 1/8 | of the large square. 


8.54 The crosswalk 1s a parallelogram with base 15 and height 40, so its area is 15 - 40 = 600. Let the 
distance between the stripes be h. Then the crosswalk is also a parallelogram with base 50 and height h, 
so 50h = 600. Solving for h, we find h = [12] 


Challenge Problems 


8.55 


(a) Since AX = XY, we have ¿XAY = LAYX, Also, ¿XAY + LXYA = 180° ~ ZAXY = 180° -70° = 110°, 
so LXAY = ZAYX = 110°/2 = 55°, 
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Then 2XAZ = 180° - zXAY = 180° - 55° = 125°, so ZZXA = 180° =- ZXZA - LXAZ = 180° - 
21° = 125° = {34° | 

First, XWZ + ¿WZA = ¿XWZ + <WZX + ¿XZA = 125° + 34° + 21° = 180°, so WX || ZA. 

Since ¿ZXA = 34° = <XZW, we also have WZ || AX, so WXAZ is a parallelogram. Hence, 

WZ = XA = [6], 

(c) We have ¿WXY = ZWXZ + ¿ZXA + ZAXY = 21° + 34° + 70° = 125° = /XWZ. Also, WZ = XY = 
6. Therefore, by SAS, tnangles ZWX and YXW are congruent. Since corresponding parts are 
congruent, WY = XZ. (We could also note that WXYZ is an isosceles trapezoid with ZY = ZZ, so 
diagonals WY and XZ are congruent.) 


(b 


8.56 Since the diagonals of a rectangle bisect each other, AO = OC. Since vertical D GC 


angles are equal, ZAOF = £COG. Since sides AB and CD are parallel, we have Si ge 
¿FAO = <GCO. Hence, triangles AOF and GOC are congruent by ASA. 

Then [FOB] + [GOC] = [FOB] + [AOF] = [AOB]. Right triangle ADB has area et Ss, 
(AD)(AB)/2 = 40. Since AO is a median in triangle ABD, [AOB] = [ABD]/2 = [20] 4 F B 


8.57 The angle trisectors divide each right angle of the rectangle into three 30° angles. Therefore 
¿PAD = ¿PDA = 30°, so AP = PD. Similarly, ZRBC = BCR = 30°, so BR = RC. Since ZPAD = ZRBC, 
AD = BC (since ABCD is a rectangle), and PDA = ZBCR, we have AAPD = ABRC by ASA. Therefore, 
AP = BR = RC = PD. Similarly, we can show that SD = SC = AQ = QB by showing that ASDC and 
AQAB are congruent isosceles triangles. 


Since QAP = ¿PDS = ZSCR = ZRBQ = 30°, AP = PD = RC = RB, and SD = SC = QA = QB, we 


have AQPA = ASPD = ASRC = AQRB by SAS Congruence. Therefore, QP = SP = SR = QR, so PQRS is 
a rhombus. 


8.58 Since ZB = ¿C = 90° and ¢QMC = 180° - <OMP - BMP = 90° - BMP = D Q a 
LMPB, triangles QMC and MPB are similar by AA Similarity. Therefore, PM/MQ = 

PB/MC = (4BC/3)/(BC/2) = [8/3], M 
8.59 AP B 


(a) Since DA || BC, we have ZADF = ZECF and /DAF = /CEF. Hence, triangles AFD and EFC are 
similar by AA. Since their areas are in a ratio of 4/64 = 1/16, their corresponding sides are in a 


ratio of ¥1/16 = 
(b) Since AB || CD, the distances from A and B to CD are equal. Thus, triangles BFC and ADF have 
equal altitudes, but their bases are in a ratio of CF/DF = 1/4. Hence, [BFC] = [ADF]/4 = 


(c) Let G be the point on AB such that AD || FG || BC. Then triangle ADF is half of parallelogram 
AGFD, so [AGFD] = 2|ADF] = 128. Similarly, triangle BFC is half of parallelogram GBCF, so 
[GBCF] = 2[BCF) = 32. Therefore, [ABCD] = [AGFD] + [GBCF) = 128 + 32 =| 160}, 


(a) As we showed in an earlier Exercise, the area of a quadrilateral with perpendicular diagonals is 
half the product of the diagonals. Hence, the area is (10)(12)/2 = [60]. 
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(b) Solution 1: Let F be the intersection of AC and BD. Let x = AF, so A 
CF = 62-a. Applying the Pythagorean Theorem to ABAF gives 
BF? = (443)? - 2°, and applying it to ABCF gives BF? = (2 v3) - D B 


(6 V2 —2)*. Setting the two equal and solving, we get x = 9 2/2. Then 
BF = \/(4-V3)2 - x? = y (4 V3)? - (9 V2/2)? = V30/2. Finally, 


3 
[ABCD] = =(AC)(BD) = (AC\(BF) = (6 V2) (=) = [evi] % 


Solution 2: In triangle ABC, we have a = 2 V3, b = 6 V2, and c = 4 V3, so the semiperimeter is 
s= (a +b +c)/2 = 3V3 +3 V2 Then by Heron’s formula, we have 


[ABC]? = s(s = a)(s — b)(s - ¢) = (3 V3 + 3 V2)( V3 + 3 V2)(3 V3 - 3 V2)(- V3 + 3 V2) 


= [(3-V3 + 3 ¥2)(3 V3 - 3 V2)]I(-V3 + 3-V2)(- V3 + 3 -V2)] = (27 - 18)(-3 + 18) = 9 - 15 = 135, 
so [ABC] = V135 = 3V15. Since AABC = AADC by SSS Congruence, the area of ABCD is 


2ABC] = |6 V5 | 


8.61 Let ABCD be the square, and let the midpoints of the sides of ABCD E 
and the vertices of the shaded square be labeled as shown. Since AB = BC = 
CD = DA and BF = CG = DH = AE, right triangles AABF, ABCG, ACDH, and 
DAE are congruent by SAS Congruence. Therefore, we have the following 
two angle equalities as corresponding parts of these triangles: H YNF 

LFBY = /GCZ = ¿WDH = £XAE Z 

ABFY = ¿CGZ = ¿WHD = LXEA. D G C 
Combined with FB = GC = DH = AE, this tells us that AXE, BYF, CZG, and DWH are congruent by 
ASA Congruence, Furthermore, since ZYFB = ZCGZ = CGB and ZFBY = ZCBG, these little triangles 
are similar to the four larger right triangles we found congruent earlier. Therefore, these little triangles 
are al] right triangles, Moreover, YF/BY = CG/BC = 1/2 from AFYB ~ AGCB. Since YF and CZ are 
both perpendicular to BZ, we have ABYF ~ ABZC by AA Similarity (since the triangles share an angle 
at B), Therefore, BY/BZ = BF/BC = 1/2. Finally, we note that YZ = BY, and GZ = YF = BY/2, so 


YZ = (BG)(2/5) (Similarly, we can show that all four sides of rectangle WXYZ have this length, so 
WXYZ is a square.) 


Square WXYZ therefore has area YZ? = 4BG?/25, Since BG = VCG? + BC: = V/(BC/2)* + BC? = 
(BC V5)/2, our area is 4(5BC*/4)/25 = BC?/5, Because the area of ABCD is 1, we know BC = 1, 80 
[WXYZ] =[1/5| 

(Alternatively, once we have BY = XY = AY/2, we could note that [AYB] = [BZC) = [CWD] = 
[DXA] = |XYZW] and these 5 pieces together make up square ABCD, so each must equal 1/5.) 


8.62 Since MNOP is a parallelogram, we have MP = NO, Therefore, AM = MP/2 = NO/2 = CN 
Since MP || ON, we have ZMCN = CMA. Since AM = CN, ¿MCN = AMC, and MC = MC, we have 
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AAMC = ANCM. Therefore, ¿ACM = <CMN, so AC || MN. Thus, ACNM and ACOP are parallelograms, 
and each has half the area of MNOP. 


Since AAMC and AMNC are congruent, each has half the area of ACNM. The diagonals of par- 
allelogram ACNM bisect each other, so BC = BM. Therefore, [ABC] = [ABM] = [ACM]/2 since all 
three triangles share the same altitude from A and BM = BC = CM/2. Therefore, [ABC] = [AMC]/2 = 
[ACNM]/4 = [MNOP]/8. Similarly [ADC] = [MNOP]/8, so [ABCD] = [ABC] + [ACD] = [MNOP]/4. 


8.63 Let the incenters of triangles WXA, XYA, YZA, and ZWA be P, 
Q, R, and S, respectively. Since P is the incenter of AXAW, AP bisects 
ZXAW. Similarly, AQ, AR, and AS bisect /XAY, LYAZ, and zZAW, 
respectively, We have ZPAQ = £QAX+ZPAX = (ZXAY)/24+(ZXAW)/2 = 
(XAY + ZXAW)/2 = 180°/2 = 90° (since ZXAY + LXAW is straight 
angle ZYAW). Similarly, we have ZPAS = ZSAR = QAR = 90°. Since 
¿PAQ + ¿PAS = 180°, we know that ¿SAQ = 180°. Therefore, S, A, and 
Q are on the same line. Similarly, P, A, and R are collinear. We have 
already shown that PA 1 QA, so we know that PR 1 QS. 


8.64 In parallelogram EGJ], EG || Jl, so the distance between EG and 
Jl is equal to the distance from H to EG. Therefore, [EGJI] = 2[EGH]. But triangle EGH is half of 


rectangle EFGH, so [EG]I] = 2[EGH] = [EFGH] = [192]. Note that the piece of information that EF = 12 
is irrelevant. 


8.65 Since BC = 9, we have CH = BC — BH = 3. Since ABCD is a rectangle, AD = 9 also. Therefore, 
AE = AD-ED =5. Since CH || AE, we have ¿GCH = ZGEA and ¿GHC = ZGAE, so AGCH ~ AGEA. GF is 
an altitude of AGEA, and the corresponding altitude of AGCH has length GF—CD. Therefore, our similar 
triangles give us (GF — CD)/GF = CH/EA = 3/5. Since ABCD is a rectangle, we have CD = AB = 8, so 
substitution and cross-multiplying gives 5(GF — 8) = 3GF. Therefore, GF = [20]. 


8.66 Let x = BC, and let E and F be the feet of perpendiculars from B and B C 

C to AD, as shown. Triangles AEB and CFD are 45-45-90 triangles, so AE = fis 
BE = CF = DF = AB/V2 = 6/¥2 = 3-2. Therefore, AD = AE+EF+FD= 4 D 
3V¥2+ BC +3~V2=x+6-V2. Since the area of the trapezoid is 30, we have E F 


JC + AD): BE = px +x +6V2)-3V2 = 30. 


Solving the above equation gives BC = x = [2v3], 


8.67 Let s be the side length of ABCD. Since ABCD is a square, the height from X to X 
CD is s greater than the height from X to AB. Letting the height from X to AB be h, A 
we have hs/2 = 1 and (h +s)(s)/2 = 993 from the given information. Therefore, hs =2 / 
and hs +s? = 1986, from which we find s? = 1986 — hs = 1984. The area of the square 
then is 1984. Now, we let the distance from X to AD be t Since ABCD is a square, 
the distance between AD and BC is s, and the height from X to BC has length s = t. 
Therefore, [XAD] +[XBC] = t(AD)/24+(s—1)(BC)/2 = ts/2 + (s —t)(s)/2 = s?/2 = [992], 


D 


89 


CHAPTER 8. QUADRILATERALS 


Note that our solution is a somewhat long-winded way of noting that both [XCD] — [XAB] and 
|XAD] + [XBC] equal half the area of the square, which is true because the difference in altitudes from 
X in the first case, and the sum of the altitudes in the second, equal the length of a side of the square. 


8.68 Since EG || AC, we have ZEF] = ZABI and ¿FEI = ZBAI. Together 
with AB = EF, this gives us AIEF = AIAB by ASA Congruence. Therefore, 
IE = JA, so FB bisects diagonal AE. Similarly, we can show HD bisects 
ZE. Therefore, FB and HD meet at the midpoint of diagonal AE, which 
is the center of rectangle ACEG. Since ] is the center of the rectangle, it 
is AG/2 = 4 units from EG and EG/2 = 7 units from EC. Therefore, the A 9 B5 C 
height from J to EF of AJEF has length 4 and the height from I to ED of AEID has length 7. Therefore, 


[FEDI] = [FIE] + [DIE] = (EF)(4)/2 + (ED)(7)/2 = 18 + 7 = [25] 


8.69 We draw altitudes from P to the sides of WXYZ as shown. Since ABCD is 


x 
eee ad 2 = A B 
a rectangle, we have AD 1 AB. Because PX and AD are both perpendicular to 
AB, we have PX || AD. Since AD 1 CD and PX || AD, we know that PX 1 CD. W y 
Therefore, XPZ is a straight angle. Similarly, ¿WPY is a straight angle as well. 
| 
DZ C 


Hence, AXZD and BXZC are rectangles, so AX = DZ and BX = ZC. We then use 
the Pythagorean Theorem to find 


AP = AX? + PX? 
cP = CZ + ZP 
BP? = BX? + PX? 
DP? = DZ? +PZ 


Adding the first two equations and the last two equations, we have 


AP? + CP? = AX? + PX? + CZ? + ZP? = DZ? + PX? + BX? + PZ? = (BX? + PX?) + (DZ? + PZ) = BP? + DP’. 


Therefore, we have PD? = PA? + PC? - PB? = 2? + 10? — 3? = 95, so PD = [və] 


8.70 Since BC || AD, we have ZEBC = ZEAD, and ZECB = ZEDA, so triangles BEC and AED are 
similar by AA. Let x = BE and y = CE. From our similar triangles, BE/BC = AE/AD, which upon 
substitution becomes 1/7 = (x + 6)/17, Solving this equation gives x = 21/5. Similarly, CE/CB = DE/DA, 
or y/7 = (y + 8)/17. Solving this gives y = 28/5. 


Therefore, BE: EC: BC = 21/5; 28/5: 7 =3:4:5, In other words, triangle BEC is similar to a 
3-4-5 triangle, so it is a right triangle. Since ZBEC is opposite the longest side of this triangle, we have 
“BEC = 90°, 
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Exercises for Section 9.2 


9.2.1 Using the formulas we developed in the text, we find: 


Name # of Sides | Sum of Interior Zs | Int. Z Measure | Ext. Z Measure 
pentagon 5 | 540° 108° 72° 
hexagon 6 720° 120° 60° 
heptagon | 7 900° 1284" 513° 
octagon 8 1080° 135° 45° 

| nonagon | 9 1260° 140° 40° 
decagon 10 1440° 144° 36° 
dodecagon 12 1800° 150° 30° 
pentadecagon | 15 | 2340 156° 24° 
icosagon | 20 | 3240° 162° 18° 
triacontagon 30 5040° 168° 12° 


9.2.2 the formula for the sum of the interior angles works in any polygon. This is because any 
n-gon, whether convex or not, can be divided into (n — 2) triangles. Thus the sum of all interior angles 
is always 180(n — 2) degrees, 

9.2.3 Solution 1: Since the sum of all the angles in a polygon with n sides is (n — 2)(180°), we have 
(n ~ 2)(180°) = (n)(160°). Therefore, 9n ~ 18 = 8n, so n = 


Solution 2: Since each interior angle is 160°, each exterior angle is 180° — 160° = 20°. Since all the 
exterior angles together sum to 360°, there must be (360°)/(20°) = of them. 


9.2.4 From our given information, the angles have measures 3x, 3x, 3x, 4x, and 5x for some value of x. 
Since the sum of all the angles in a pentagon is (180°)(5 ~ 2) = 540°, we have 3x + 3x + 3x + 4x +5x = 540°, 
So x = 30°. Therefore, the largest angle has measure 5(30°) = [150° |. 


9.2.5 The sum of all exterior angles of any polygon is 360°, Letting n be the number of sides, we have 
180°(n — 2) = 3(360°), so n = [8] 
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Exercises for Section 9.3 


93.3 


{a) 


tc) 


9.3.2 


Draw diagonals AD, BE, CF. Denote by O their intersection. As described A 


in the text, these diagonals divide the regular hexagon into six congruent F 
equilateral tnangles. Thus, AD = AO + OD =9 +9 = [18] 


The area of the hexagon is the total area of all six equilateral triangles, or < 


6(92 V5)/4 = |243 V3/2 |. 


By symmetry, AD bisects ZCDE, so ¿CDA = LCDE/2 = 120/2 = 60°. Since D 
CD/AD = 9/18 = 1/2 and ¿CDA = 60°, triangle ACD is a 30-60-90 triangle. 


Therefore AC = V3CD = 


As described in the text, a regular hexagon of side s can be divided into six equilateral triangles 


of side s. Thus the area is 6(s? V3/4) =|3s? V3/2 


9.33 


Since BC || DE (because they are both perpendicular to CD) and BC = DE, we know BCDE ıs a 


parallelogram. Furthermore, BCDE must be a square, since it is a parallelogram with a right angle and 


with 


two adjacent sides equal in length. Therefore, BE = 4. However, from right triangle ABE, we find 


BE = VAB? + AE? = 3. BE can't be both 3 and 4, so this diagram is impossible. 


9.3.4 
(a) 


(b) 


(c) 


We show here a different method than that given in the text. Make sure you C B 

study and understand both methods. Perhaps you can also find a new method D DN 4 

all your own. Draw AD and EH, dividing the octagon into two trapezoids and |e P| 

a rectangle. Let the feet of perpendiculars from B and C to AD be P and Q, E H 

respectively. yN / 
BP and CQ divide trapezoid ABCD into two 45-45-90 triangles and rectangle 

BPOC. Thus BP = AB/V2 = 8/V2 = 4V2. The area of ABCD is 


[ABCD] = [ABP] + [BPQC] + (CDQ) = 30 VI? + (8)(4-V2) + ia V3)? =32 +32 V2. 


This is also the area of trapezoid EFGH. Rectangle ADEH has area (AH)(AD) = 8(8 + 8 v2) = 
64 + 64 V2. The area of ABCDEFGH is the sum of the areas of these three pieces, or [ABCD] + 


[EFGH] + |ADEH] = |128 + 128 V2 |, (See the text for other approaches to finding the area of a 
regular octagon.) 


In the text, we learned that the area of a regular polygon equals one-half the product of the length 
of the apothem and the perimeter of the polygon. In the first part, we found that the area of 
ABCDEFGH is 128 + 128 VŽ, and the perimeter of ABCDEFGH is 8(8) = 64. Therefore, we have 
(XM)(64)/2 = 128 + 128 VŽ, so XM =|4 +4 V2|. 

Since X is the center of the octagon, we have XC = XB, so AXCB is isosceles. Let N be the 
midpoint of BC. Since XC = XB, XN is an altitude of aXCB. It also is an apothem of the 
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octagon, so it has length 4 + 4 V2 as shown in part (b). From right triangle ANXC, we have 
XC = VXN24NC@ = V4 4V22 42 = ld 442-2 


9.3.5 As shown earlier, a hexagon of side lengths can be divided into six congruent equilateral triangles 
of side length s. Thus, the area of the shaded region is precisely the area of the hexagon. The answer is 


9.3.6 Since ABCDEFGH is a regular octagon, each of its interior angles has measure 
135°. Therefore, both <XBC and 2XCB have measure 180° - 135° = 45°, so ZX = 
180° — 45° — 45° = 90°. Similarly, all four little triangles in our diagram are 45-45-90 
triangles. Therefore, all four angles of WXYZ are 90°. Each of our triangles has a 
side of the octagon as its hypotenuse. Letting each side of the octagon have length 
s, this means that each leg of each triangle has length s/ 2. Therefore, each side of 
WXYZ has length s + 2s/ V2. Since all four angles of WXYZ are the same, as are all 
four sides, WXYZ is a square. 


9.3.7 


(a) Since each angle of a regular hexagon is 120°, we have ZOAB = ZOBA = 60°. A 
Therefore, LAOB = 180° - ZOAB — /OBA = 60° also, so AOAB is equilateral. 


(b) We have OB = AB from equilateral AOAB and AB = BC because the hexagon is 
regular. Therefore, we have OB = BC, so ZBOC = ¿BCO in AOCB. Wealso have 
ZOBC = 60° because OB bisects ZABC, so ¿BOC = ZBCO = (180° - ZOBC)/2= E Cc 
60°. Therefore, OBC = ¿BOC = £BCO, so ABCO is equilateral. 


(c) We can continue as in the previous part to show that each of AOCD, AODE, 
AOEF, and SOFA is equilateral. Since ZAOB + ZBOC + ¿COD = 180°, we have ZAOD = 180°. 
Therefore, A, O, and D all lie on the same line. 


D 


(d) In the previous part, we showed that O is on AD. Similarly, we can show that O is on BE and CF. 
Therefore, all three long diagonals of the hexagon pass through the same point. 


Exercises for Section 9.4 


9.41 Each interior angle of a regular pentagon is 108°. Since ED = DC, AEDC is isosceles with 
¿DEC = DCE = (180° - ZEDC)/2 = (180° — 108°)/2 = 36°. Therefore, ZQEA = ZAED - ¿DEC = 72°. 
Since LA = 108°, we have ZA + ZAEQ = 180°, so AB || EQ. Similarly, we can show EA || QB. Therefore 
AEQB is a parallelogram. Since AB = EA, AEQB is a rhombus, 


94.2 
(a) As an Exercise in the previous section, we showed that the area of a regular hexagon with side 
length s is 3s? 3/2. Therefore, [UOWABC] = 3(122) ¥3/2 = |216 V3 |. 


(b) Draw VO. UVWO consists of two equilateral triangles of sides 12, Thus, [UVWO] = 2(122 V3/4) = 
7273| 


B eee eee 
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9.4.3 
(a) The perimeter is 4(2 4 6) = [32] a 
(b) Draw EH and IL, dividing the octagon into two trapezoids and arect- E — H 
angle. Let the feet of perpendiculars from F and G to EH be P and 
Q. respectively. FP and GQ divide trapezoid EFGH into two 45-45-90 
triangles and rectangle FPQG. Thus FP = EF/V2 = 2/V2 = V2. The 
area of EFGH is 


L J 
1 wo 
[EFP] + [FPQG] + [GHQ] = H V2)? + (6)( V2) + 3O =2+6V2. X Í 
Similarly, IJKL is a trapezoid with area 2 + 6 V2. HILE is a rectangle with area (HD(EH) = 
(4I)(HO+OP+ PE) = 6(6+2 V2) = 36+ 12 V2. Therefore, [EFGHI]KL] = [EFGH]+[HILE} + [J] KL] = 
|40+24-V2 | (We could also have found the area by extending FG, H1, JK, and EL to form a square.) 


(c) EHIL is a rectangle with side lengths 6 and 6 + 242. Thus diagonal E] = y6? + (6+2 V2) = 
24/32 + (34 v2) = 2V20+ 64 


9.4.4 Solution 1: In the figure at left below, altitude DX of isosceles triangle ADEC divides ADEC into two 
30-60-90 triangles. Letting the side length of the hexagon be s, we have DX =s/2and XE = XC =s 3/2. 
Therefore, EC = s V3 and the area of ACDE is (EC)(XD)/2 = s? V3/4. Similarly, the area of AAFE is 
s° 45/4. The area of the whole hexagon (as we showed in an Exercise in the previous section) is 3s? V3/2, 
so the area of ABCE is [ABCDEF] - [CDE] - [AFE] = s? V3. Therefore [ABCE]/[ABCDEF] is 

A A 


D D 


Solution 2; Dissect the hexagon as shown at right above. The hexagon is cut into 12 congruent 
triangles (why?). Since ABCE consists of 8 of these triangles, our desired ratio is 8/12 = [273] 


9.4.5 Since all the sides of the octagon have the same length and all the angles have C B 

the same measure, we have AABC = ACDE = AEFG = AGHA by SAS Congruence. 

Therefore, AC = CE = EG = GA. Since ZABC = 135° and AB = BC, we have D A 
BAC = (180° ~ 135°)/2 = 22.5°, Similarly, ZHAG = 22.5°, and we have ¿CAG = 

ZBAH ~ ¿BAC ~ LHAG = 90°. Similarly, all the angles of ACEG are 90°, Since all E [JH 


its angles are the same and al] its sides are the same, ACEG must be a square. 


9.4.6 Triangles AHG and BCD are congruent by SAS, Thus, AG = BD, We also P & 

have ZHAG = /CBD, so ¿BAG = 135° ~ ¿HAG = 135° ~ CBD = ZABD. Thus triangles ABD and BAG 
are congruent by SAS. The altitudes from D and G to AB are therefore equal, implying DG || AB. So, 
ABDG is a trapezoid. 
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9.4.7 We first show HG 1 GD. Continue BA past A and GH past H to meet at Q. Since ZHAB = 135°, we 
have ZHAQ = 180° - ¿HAB = 45°. Similarly, ZAHQ = 45°. Therefore, ZQ = 180° - ZQAH - ZQHA = 90°, 
so AB 1 HG. In the last problem, we proved GD || AB, so GD 1 HG also. Therefore, we have 
¿FGX = ¿FGH - <XGH = 45°. Similarly, we have ZXFG = 45°, so from triangle AFXG, we have 
¿FXG = 180° - ZXFG = ZXGF = 90°. 


9.4.8 Let the midpoints of the sides be as indicated. Four problems earlier we saw 
that [ABC]/|ABCDEF] = 1/6. Since triangles ABC and GBH are similar with ratio 
1/2, we have [GBH]/[ABC] = 1/4, so [GBH]/[ABCDEF] = 1/24. Similarly, each of F 
the six small triangles outside GHIJKL has area 1/24 that of the ABCDEF. Thus the 
answer is 1 - 6(1/24) = E 


Exercises for Section 9.5 


9.5.1 From the construction, we know DA = AB = BC and ¿CBA = ¿BAD = 90°. Since BAD + ¿CBA = 
180°, we have AD || BC. Because we also have AD = BC, ABCD is a parallelogram. Since ABCD has a 
right angle, it is a rectangle. The rectangle has equal adjacent sides AD = AB, so it is a square. 


9.5.2 Let O be the center of the circle. Since OZ = OS = OW and ZZOS = 45° = ZSOW, isosceles 
triangles ZOS and SOW are congruent by SAS. Thus, ZZSW = ZZSO + ¿WSO = ZSO + ¿SZO = 
180° — ZZOS = 135°, and ZS = SW. Similarly, all adjacent sides of the octagon are equal and each of its 
interior angles has measure 135°, so the octagon is regular. 


9.5.3 If we connect all the vertices of a dodecagon to its center, we will form 12 congruent isosceles 
triangles. Each triangle has a vertex angle with measure 360°/12 = 30°. We can use this with the 
circumcircle of the dodecagon to construct a regular dodecagon. 


Specifically, we start with ©O and construct a 30° angle with vertex O. (We can construct a 30° 
angle by first constructing an equilateral triangle, then bisecting an angle of it.) Let this angle hit the 
circle at A and B. Since AB = 30°, we can find 12 evenly spaced points around the circle by marking 
off arcs using a radius of Jength AB. The arc with center B and length AB will give us C, then the arc 
centered at C will give us D, and so on around the circle. We connect each of the points thus formed 
in succession to construct our dodecagon. By construction, each of these chords has the same length. 
Each chord cuts off 30° of the circle, so 12 of them will bring us back to our starting point. Each angle 
of the dodecagon consists of two of the base angles of triangles like AOB. Therefore, each angle of the 
dodecagon has measure 180° - 30° = 150°. Since all its angles are the same and all its lengths are the 
same, our dodecagon is regular, 
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9,18 Each exterior angle is 180° — 140° = 40°. The sum of all exterior angles is 360° for any polygon. 
Thus, the number of sides is 360° /40° = [9] 


9.19 Each extenor angle of a polygon with 36 sides has measure 360°/36 = 10°. Therefore, each interior 


angle has measure 180° - 10° = [170°]. 


9.20 As we have seen in the text, drawing the long diagonals of a regular hexagon with side $ divides 
the hexagon into six equilateral tnangles with side length s. Therefore, the area of a hexagon with side 


length 4 is 6(4? V3/4) = [24V3} 
9.21 The sum of all exterior angles is 360° for any polygon. Thus, the number of sides is 360° /6° = 


9.22 (This solution shows a different method than in the text. See text for another C B 
method.) Let the octagon be ABCDEFGH. Draw AD and FH, dividing the octagon D A A A 
into two trapezoids and a rectangle. Let the feet of perpendiculars from B and C to 
AD be P and Q, respectively. 

BP and CQ divide trapezoid ABCD into rectangle BPQC and two 45-45-90 triangles. 
Thus BP = AB/-V2 = 6/-V2 = 3 V2. The area of ABCD therefore 1s 


[ABP] + [BPQC] + [CDQ] = 56 V2)? + (6)(3 V2) + 56 V2)? = 18 + 18 V2. 


The area of trapezoid EFGH likewise is 18 + 18 V2. Rectangle ADEH has area (AD)(DE) = 6(6 + 6 v2) = 
36 + 36 V2. The area of the octagon is [ABCD] + [ADEH] + [EFGH] =|72 + 72 v2| 
(We could also have noted that we found the area of a regular octagon with side length 4 in the text. 


The area of that octagon is 32 + 32 V2, Because all regular octagons are similar, the area of a regular 
octagon with side length 6 is (6/4)2(32 + 32 V2) = 72 + 72 V2.) 


9.23 Let the measure of each exterior angle be x. Then the interior angle is 8x. Since x + 8x = 180°, 
x = 20°. Therefore, each exterior angle is 20°, so the number of sides is 360° /20° = [18]. 


9.24 By symmetry, long diagonal EH bisects ZFEJ, so ZFEH = (1/2)(ZFE]) = 60°. A 
Since EF = FG and ZEFG = 120°, we have ZFGE = ZFEG = (180° — 120°)/2 = 30°. 
Therefore, 4GEH = ZFEH ~ ZFEG = 30° and ZHGE = ¿HGF — ZFGE = 90°. Hence, F B 


4EGH is a 30-60-90 triangle with hypotenuse EH and short leg GH. Therefore, 
EH/EG = 2/3 =|2 ¥3/3| 


9.25 Let the common side length be s. We are given thal s$? = V3. Since the area D 
of a regular hexagon with side length s is 6 times the area of an equilateral triangle 
with side length s, the area of our regular hexagon is 6(s” V3/4) = 


9.26 The sum of the measures of the angles in an octagon is (8 — 2)(180°) = 1080°. Therefore, we 
have 4(x) + 2(2x) + 2(90°) = 1080°, so 8x = 900°, and we have x = 112.5°, Therefore, two of the angles 
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have measure 2(112.5°) = 225°, so the octagon has two angles larger than 180°. Hence, the octagon is 
concave | 

9.27 We showed in the text that a polygon with n sides has n(n —3)/2 diagonals. Solving n(n -3)/2 = 27 
gives n? — 3n = 54, or (n ~ 9)(n + 6) = 0. Since n must be positive, our polygon has n = [9] sides. 


9.28 Let ABCDEFGH be our octagon. We draw AC, AD, and AE, as shown. We 
also drop altitudes from B and C to AD as shown. Since ABCD is a trapezoid, we 
have ¿QCR = 180° - ZCQA = 90°, so ZDCQ = ¿DCB - /QCB = 45°. Therefore 
CDQ is a 45-45-90 triangle (and similarly so is AABP), Therefore, DQ = PA = 
AB/V2 = 4 V2. Since BCQP is a rectangle, QP = BC = 8. Hence, AD = AP + PQ + 


a-s] 


From right triangle AACQ we have 


AC = VAG + CQ = y/(8 + 4 V2)? + (4 VIP = [sv2+ v2] 


Since CDQ = 45°, we have ZADE = ¿CDE - ¿CDQ = 90°. From right triangle AADE, we have 


AE = VAD? + DE? = \/(8 +8 V2)? + 82 = lsVa42vi] (We also could have used square ACEG to note 
that AE = AC V2 = 8 V4 + 2 V2.) 


9.29 Each interior angle of the regular hexagon has measure 120°, and each interior angle of the regular 
pentagon has measure 108°. Therefore, CAB = ¿BAD - CAD = 120° - 108° = [12°] 


9.30 Let the number of sides in the polygon be n. The number of diagonals in the polygon then is 
n(n - 3)/2, so we have n(n —3)/2 = n. Therefore, n - 3 = 2, so n = 5. Since the polygon is a pentagon, the 
sum of its interior angles is (5 — 2)(180°) = [540° | 

9.31 

(a) Since BC = AJ, AB = JJ, and /B = z], we have AABC = AAJ]. There- 
fore, A] = AC. 

(b) Since isosceles triangles AABC and AAJ] are congruent (from the last 
part), we have ACB = ZAIJ. Therefore, ZHIA = ZHI] - ZAI] = 
<DCB ~ LACB = /ACD. Since we also have AC = Al and CD = HI, we 
have AACD = AAIH by SAS. Therefore, AD = AH. 

(c) Just as AABC = AAJ], we have AABC = AAJ] = ACDE = AEFG. These 
congruent isosceles triangles give us DCE = ZFEG = /DEC = /ACB. 
Therefore /CEG = DEF - /FEG - ¿CED = ¿BCD - ¿DCE - ¿ACB = 
ZACE. Just as we showed Al = AC in the first part, we can show that AC = CE = EG. Combining 
this with ZACE = /CEG, we have ACEG = AACE by SAS Congruence. Therefore, CG = AE. 


9.32 Since ABCD is a square, we have LABC = 90°, Since ABEFG is a regular pentagon, we have 
LABE = 108°. Therefore, CBE = 360° ~ LABC ~ /ABE = 162°, Since BC = AB = BE, ABCE is isosceles 
with <BCE = BEC = (180° - 4CBE)/2 = [9°] 


9.33 
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la) Bach interior angle is 180° = 360°/8 = 135°. By symmetry, XA bisects HAB, so ZXAB = HAB/2= 


(b) X ie the center of the octagon, meaning it is equidistant from all 8 vertices of the octagon. (Make 
sure you see why!) Therefore, by SSS Congruence, we see that connecting X to each of the vertices 
forms 8 congruent isosceles triangles. The vertex angles of these triangles are the angles at X, 
Since these angles are all equal, each is 360°/8 = 45°. Since M is the midpoint of AB, we have 
AM = BM. Combined with AX = BX and XM = XM, this gives us AAMX = ABMX by SSS 


Congruence. Therefore, ZAXM = <BXM = AXB/2 = [225° 
(c) ZMXD = ZMXB + cBXC + ZCXD = 22.5° + 45° + 45° =[112.5° |. 


Challenge Problems 


9.34 


(a) Triangles AjA2A3 and A2434; are congruent by SAS. Thus, the altitudes from A; and A, to AA; 
(extended if necessary) have the same length. This means A;A; || A243 since A, and Ay are 
equidistant from A243. Thus A442434; is a trapezoid. 


(b) In trapezoid A)A2A3Ag, LA2A1A4 = 180° - LA}A2A3. Each exterior angle of the polygon also has 
measure 180° - £A;A2A3. Therefore, ZA7A;Aq equals an exterior angle, so it has measure 360°/n, 


9.35 We tackle both parts at once. Let our polygon be AjAzA3°+*Ay. A As 

Let O be the poini where the angle bisectors of ZA,AyA2 and 2A,A2A3 

meet, Since LA AJA? = 4A,A2A3, we have ZOA}A) = OAA). There- Ay Ay 
fore OA; = OA». Since OA; = OA2, ¿LOAA = LOA2A3 (each is half one of 
the interior angles) and A442 = A243 (both are sides of the regular polygon), O 
we have £OA;A2 = AOA2A;3 by SAS Congruence. Therefore OA) = OA; and 

LOA3A2 = LOA2A) = (LA2A344)/2. Similarly, we can prove AOA2A3 = AOA3Ay and use this to show 
OAs = OAs, and so on. Therefore, O is equidistant from all the vertices of the polygon. Moreover, as 
we do this, we show that each OA; bisects the interior angle of the polygon with A; as a vertex. (For 
example, we showed above that LOA3A2 = (4A7A3A4)/2.) 


(Note that we can quickly show there’s only one point equidistant from all vertices of a regular 
polygon. Such a point must be on the perpendicular bisector of each side. Since the perpendicular 
bisectors of two adjacent sides only meet at one point, that point is the only one that can possibly be 
equidistant from al] the vertices of the polygon.) 


9.36 Since AB = AE and 4A = 90°, triangle ABE is a 45-45-90 triangle. Since BE = 2, we have 
AB = AL = V2, and [ABE] = 1, Let F be the foot of the altitude from C to BE. In right mangle 
BCF, BF = (BE - CD)/2 = 1/2. Since BC = 1, CF = 3/2 from right triangle ABCF. Thus [BCDE] = 
(1 + 2)( V3/2)/2 = 3 V5/4. Finally, [ABCDE] = [ABE] + [BCDE] =|1 + 3v3/4] 

9.37 Let the number of sides of the two polygons bea and b. We are given 180° (a—2)+180°(b—2) = 1980°, 
soa+b = 15, We are also given ala — 3)/2 + b(b — 3)/2 = 34, so a? + b? — 3(a + b) = 68, which means 
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@ + 1° = 68 + 3(a + b) = 113. Thus, 2ab = (a + b)? — (a? + b?) = 112. Finally, (a — b)? = (a? + bt) — (2ab) = 1, 
so the positive difference between a and b is fa] 


(We could also have let a = 15 — b and substituted into a? + b? = 113 to find b, or have simply used 
guess-and-check to find that our polygons must have 7 and 8 sides, respectively.) 


9.38 Let the measures of the seven interior angles of the heptagon be x1, X2,..-, A 


x7 as shown. The sum of these angles is 180°(7 — 2) = 900°. Letting the vertex 


BS 
at the angle with measure x; be X; and likewise for the other vertices of the g i 
interior heptagon, we can use quadrilaterals ACEX¢, BDFX7, CEGX;, DFAX2, 
EGBX3, FACX4, and GBDX;5 to write: F A 
E D 


€ 


LA+1C+LE+x% = 360° 
4B+2D+2F+x7 = 360° 
(C+ZE+/G+x, = 360° 
4D+ZF+lA+x2 = 360° 
4E+/G+2B+x3 = 360° 
LF+LA+lC +x, = 360° 
4G+/B+ZD+x5 = 360°. 
Each angle of our star shows up in three equations. Because x; + x2 + x3 +--+ + x7 = 900°, adding all the 
equations gives 
3(ZA + 4B + ZC + 4D + ZE + LF + ZG) + 900° = 7(360°). 
Therefore, the sum of the angles in our star is [7(360°) — 900°]/3 = [540°]. Try figuring out the sum of 
the angles in stars with more points. Also, try finding the sum of the angles if you connected the points 
in the order A-E-B-F-C-G-D-A! 
9.39 Let the side length of the hexagon be s, then the side length of the triangle is 2s. As we found 
earlier, the area of the hexagon is 3s? 3/2. The area of the equilateral triangle is (2s)? V3/4 = s? V3. 
Thus, the ratio is 
9.40 Let the side length of the hexagon be s. Then, the square and the equilateral triangles each have 
side length s, too. The area of each square is $°, The area of each hexagon is 3s? V3/2. Therefore, the 
ratio of the area of a square to the area of the hexagon is (s?)/[3s? 3/2] = 2 -V3/9. So, the area of each 
square is (2-V3/9)(96) = | 64 V3/3 


As for the area of the whole figure, we note that the 6 equilateral triangles together equal the area of 
the hexagon, and the six squares together have area 6(64 V3/3) = 128 V3. Therefore the area of the whole 


region is |192 + 128 ¥3 | (Challenge: How might you use this dissection to find the area of a regular 
dodecagon?) 


9.41 Solution 1: Since all the sides and all the angles of the hexagon are the same, we have AAFE = 
LEDC = SCBA by SAS Congruence. Therefore, we have AE = EC = CA, so triangle AACE is equilateral. 
We draw altitude DX of isosceles ACDE as shown at left below. Since ZEDC = 120°, we have £CDX = 60°. 
Therefore, ACDX is a 30-60-90 triangle, so we have DX = 6 and CX = 6 V3. Therefore, the side length of 


triangle ACE is 12 V3, so its area is (12 v3)? V3/4 =| 108 V3 |. 
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Solution 2: We could also have dissected the hexagon as shown at right above, drawing AACE and 
the three long diagonals. This divides the hexagon into 12 congruent triangles, of which 6 are inside 


AABC. Therefore, the area of ABC is half the area of ABCDEF, or (1/2)(3(122) V3/2) = |108 V3 | 


9.42 Let the number of sides be n. Then then angles are 172°, 172° —4°,172° —2(4°), ..., 172- (n—1)(4°), 
The sum of this arithmetic sequence is 


pre + 172° - (4°)(n - 1))n. 
On the other hand, we know the sum of all angles should be 180°(n — 2). Solving 
iare +172° = (n — 1)(4°))n = 180°(n — 2), 


we have 172n — n(n — 1) = 180(n — 2), so n? + 3n — 180 = 0. Therefore (n — 12)(n + 15) = 0. Since n must 
be positive we have n = |12}. 


Note, we could also have used the exterior angles for an even slicker solution! See if you can find it. 


9.43 By the Pythagorean Theorem applied to AABC and ADEF, we have DF = AC = 15. Since 
AC? + CD? = AD? and DF + AF? = AD?, we have ZAFD = ZACD = 90°. Since CD || AF, we have 
ZCDF = 180° - ZAFD = 90°. Similarly, ZCAF = 90°, and AFDC is a rectangle. Therefore, we have 
[ABCDEF] = |ABC] + [ACDF] + [DEF] = (9)(12)/2 + (15)(20) + (9)(12)/2 = [408 | 


9.44 The interior angle is integer if and only if the exterior angle is integer. In other words, n is a factor 
of 360 = 2°375. Any factor of 360 must have the form 2°3°5°. We have 4 choices for a, 3 choices for b, and 
2 for c, so there are 24 factors of 360. However, we can’t have a polygon with 1 or 2 sides, so we must 
omit those cases. There are [22] values of n such that a convex regular polygon with n sides has interior 
angles whose measures in degrees are integers. 


945 We'll tackle all three parts by taking care of the general case. Suppose our polygon has n sides. 
Then, the interior angles must sum to 180°(n ~ 2). Suppose k of these angles are right angles. If k = n, 
then we must have (90°)k = (180°)(k — 2), from which we get n = k = 4. Therefore, in a quadrilateral, we 
can have up to 4 right angles. 

Jfk < n, then the sum of all the angles must be less than (90°)k + (180°)(n — k), since each of the 
remaining 7 ~ k angles is less than 180°, Since we know the sum of all the angles is (180°)(1 — 2), we 
have: 

(180°)(n — 2) < (90°)k + (180°)(n — k). 
Therefore, we have k(90°) < 360°, and k < 4. Therefore, no convex polygon with more than 4 sides can 


have more than [3] nghi angles as interior angles. It is possible for a convex polygon with more than 
four sides to have 3 right angles as interior angles. (Make sure you see why!) 
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9,46 Let the three polygons have a, b, and ¢ sides, respectively, where a < b < c. To surround a point, 
adding together the measures of one interior angle from each polygon must give a sum of 360°. Let these 
angles have measures Mz, mp, and mic, respectively, so we have Ma + Mp + Me = 360°. We can write these 
measures in terms of the exterior angles of the polygons. For example, m, = 180° — 360° /a. Therefore, 
our equation becomes 


o 360° > 360° è =) hens 
(180° - =) + (180° - =) + (180° - ==) = 360°. 
After some rearrangement, we have 
De oe 
-+-+-=1. 
a bc 


Therefore, the smallest of a, b, and c can be at most 6 (otherwise, the sum will be less than 1). We consider 
four cases: 


Case 1: a = 6. Here, we have 2/b + 2/c = 2/3. Then, b must be at most 6, too, or else we'll have 
2/b + 2/c < 2/3. Since b > a, we must have b = 6, and this brings us the solution with three hexagons 
shown as an example in the problem. 


Case 2: a = 5. Here, we have 2/b + 2/c = 3/5, or 1/b + 1/c = 3/10. Since 1/7 + 1/7 = 2/7 < 3/10, we 
see that b cannot be greater than 6. We find that b = 6 makes c a fraction (impossible) and b = 5 gives 
c = 10, so that two pentagons and a decagon completely surround a point. 


Case 3: a = 4. Here, we have 2/b + 2/c = 1/2, or 1/b + 1/c = 1/4. Since 1/8 + 1/8 = 1/4, we either 
have b = c = 8 (giving us the solution of a square and two octagons) or we have 4 < b < 8. We find that 
b = 7 and b = 4 do not give solutions, but b = 5 gives us c = 20 (so a square, a pentagon and a 20-gon 
surround a point), and b = 6 gives us c = 12 (so a square, a hexagon, and a dodecagon surround a point 
as shown as an example in the problem). 


Case 4: a = 3. Here, we have 2/b + 2/c = 1/3, so 1/b + 1/c = 1/6. Since 1/12 + 1/12 = 1/6, we either 
have b = c = 12 (giving us the solution of a triangle and two dodecagons), or 3 < b < 12. If b < 7, we 
quickly see that c either doesn’t exist or must be negative. Trying the other possibilities, we see that 
b = 11 fails, but everything else works, giving us four more possible sets {a,b,c}: {3, 10,15}; (3,9, 18}; 
(3,8, 24}; (3, 7,42). 


For an extra challenge, figure out which of these patterns could be used to tile a whole floor (meaning 


each vertex is ‘surrounded’ with the same three types of polygons). Then try it with 4 polygons around 
each point! i 


9.47 All regular pentagons are similar to each other, Since the ratio of the areas of two similar figures 
equals the square of the ratio of corresponding sides of the figures, we have [Pa]/[Pc] = (BC/AB} and 
[Px]/[Pc] = (AC/ABY, Since AABC is right with ZACB = 90°, we have AC? + BC? = AB?, Therefore, 


BC? AC\? BC? 2 AR? 


Perhaps you aren’t satisfied with our simply claiming that |P4]/[Pc] = (BC/AB? — good for you! 
We'll run through the proof for pentagons. (The proof for other regular polygons is very similar.) Take 
any two regular pentagons and connect each vertex of each pentagon to the center of its pentagon. We 
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thus form five isosceles triangles in each pentagon. Each of the base angles in these isosceles triangles 
has measure equal to half an interior angle of the pentagon, or 54°. (We proved this in an earlier 
Challenge Problem.) Therefore, all of the isosceles triangles of one pentagon are similar to all of the 
isosceles triangles of the other. Thus, the ratio of the area of an isosceles triangle in one penta gon to the 
area of an isosceles triangle in the other is the square of the ratio of the sides of the pentagons (since the 
corresponding bases of these triangles are sides of the pentagons). Because the area of each pentagon is 
the sum of five of these isosceles triangles, the ratio of the areas of the pentagons equals the ratio of the 
areas of an isosceles triangle of one pentagon to that of the other. Therefore, the ratio of the areas of the 
pentagons equals the square of the ratio of the sides of the pentagons. 


9.48 Solution 1: Because it is usually much easier 
to find the area of a right triangle than it is to find 
the area of funky octagons, we try to find the area 
of the octagon by subtracting the area of four of the 
little right triangles on the outside from one of our 
unit squares. First, we note that the 8 triangles are 
all congruent (by symmetry), so we only have to 
find the area of one of the right triangles. 


We therefore focus on one of the little triangles, Jetting its side lengths be x, y, and z as shown. We 
use the fact that al] these little tmangles are congruent to see that x + y+ z = 1 since together they make 
up a side of one of our squares. We are given z = 43/99, so we have x + y = 56/99. The Pythagorean 
Theorem gives us r+ y = 2? = (43/99). Before pounding away to find x and y, we note that we don’t 
need x and y; we only need xy/2, the area of the triangle. As we've seen before, we can get 2xy by 
squaring (x + y) and subtracting x° + y’. We know what these both equal, so we can find our triangle 
area: a 

w+ 2y+y)-O+y)= 55 992" 


We note that we want to subtract 4 of our triangles from the square, so our desired area is 1— 4(xy/2) = 
1 — 2xy = |86/99 | 


Therefore, 


We could also have jumped past all this algebra by dividing the octagon 
into 6 congruent triangles (where O is the center of the octagon): 


The altitude from O in each of these triangles is 1/2, since the center of the 
squares is 1/2 away from the sides of the squares, We are given that the ‘base’ 
of each of these triangles is AB = 43/99. Hence, each of the these triangles 
has area (1/2)(43/99)(1/2), Our octagon is eight of these triangles, for a total 
area of | 86/99 


Challenge: Can you rigorously prove that those little triangles are all 
congruent without invoking symmetry? 


CHAPTER 1 {es 
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Exercises for Section 10.1 


10.1.1 
(a) Since ZA = 180° - ZB - ¿C = 30°, we have ZB > ZC > ZA. Therefore, we have | AC > AB > BC} 


(b) Since ZQ = 180° — ZR - 2P = 87°, we have ZQ > ZP > ZR. Therefore, we have | PR > QR > PQ). 
(c) From sWXY, we have 2XWY = 90° - 20° = 70°. From AWYZ, we have ZYWZ = 90° — 40° = 50°. 
Therefore, LX > LZXWY > LWYX, so WY > XY > WX. LWYZ > ¿YWZ > 2Z,so WZ > YZ > WY. 
Combining our side inequalities gives | WZ > YZ > WY > XY > WX. 
10.1.2 Since ZP = 54° and PQ = PR, we have ZQ = ZR = (180° - 2P)/2 = 63°. Because ZR > <P, we 
have PQ > QR, so is longer than QR. 
10.1.3 Since ZAXC = 100°, we know that AC is the longest side of AAXC, so AX < AC. Similarly, since 
ZACB = 100°, we have AC < AB. Therefore, AX < AC < AB, which means that X cannot be beyond B 
on AB. 


Now we turn our a attention to ACXB to show that X cannot be beyond A on BA. C 
If X is beyond A on BA (as shown at right), then we have Z2BXC = ZAXC = 100° and 
¿XCB > LACB. Since ZACB = 100°, we have £XCB > 100°. However, if we have XA B 
<BXC = 100° and 2XCB > 100°, then the angles of AXCB add to more than 180°, which 
is impossible. Therefore, X cannot be beyond A on BA if ZACB = ZAXC = 100°. (Note that in our 
diagram, we do not have ZAXC = 100°.) 


Since X cannot be beyond B on AB, nor beyond A on BA, X must be on AB. 
Exercises for Section 10.2 


10.2.1 Leta < b < c be the lengths of a side of a triangle. The triangle is acute if a? + b? > œ, right if 
a? + b? = c, and obtuse if a? + b? < c°, Note that we only have to compare the sum of the squares of the 
smallest two sides to the square of the largest side. Make sure you see why! 
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(a) 6 4 B? = 10° so the triangle is right 

(b) 6° 4 8 = 100 < 11°, so the triangle is obtuse. 

(c) 6° 4+ 8 = 100 > 9, so the triangle is acute, 

(a) First. 3-V3 = VZ, and Vid < VIS < VI. Then (VI3)?+(VI5)? = 28 > ( V27)? = 27, so the triangle 
is acute 

fe) 1.8 42.1? =3.2444.41 = 7.65 < 9.61 = 3.1?, so the triangle is obtuse. 


2 2 ; : 
(f) First, 0/14 <5/7 <1. Then (2) + ($) = $ + F = ih < 1”, so the triangle is obtuse. 


10.2.2 Leta = BC = 27,b= AC, and c = AB = 17. Triangle ABC is acute if and only if 


R+, 
P+C>P, 
P+2>a, 


The first inequality becomes 27? + b? > 17?, or b? > 17? - 27? = —440, which is automatically satisfied. 
The second inequality becomes 27° + 17 > b*, or b? < 17° + 27° = 1018. This is satisfied by b = 1, 2,3, 
,31. The third inequality becomes b? + 17? > 27°, or b? > 27? — 17? = 440. This is satisfied by b > 21. 


Therefore, tnangle ABC is acute for b = 21, 22, 23, ..., 31, which consists of values. 
10.2.3 


(a) Since AABX is a right triangle with hypotenuse AB, we have BX? + AX? = AB’. 

(b) If C is between B and X, then we have ZACB = 180° - ZACX. Since ACX is one of the acute angles 
of nght triangle AACX, we have ZACX < 90°, which means that ZACB > 90°, so AABC is obtuse. 

(c) HX is on BC we have BX + XC = BC. 


(d) 1f X is on BC, we have BX = BC - CX from part (c). Substituting this into part (a) gives (BC - 
CX + AX? = AB?, from which we have BC? - 2(BC)(CX) + CX? + AX? = AB?. Since AAXC is 
right no matter where on BC point X is, we have AX? + CX? = AC?. Therefore, our equation for 
AB’ becomes AB? = BC? + AC? - 2(BC)(CX). Since BC and CX are nonnegative, this means that 
AB’ < BC’ + AC*, So, it is not possible for AB? to be greater than AC? + BC2. 


In part (d) we showed that if X is on AB, then it is impossible for AB? to be greater than AC? + BC. 
Similarly, if X is beyond B on CB, we have CX ~ BX = BC, so BX = CX - BC. We can then follow 
the same steps as in (d) to show that in this case, we have AB? < BC? + AC2, Therefore, if we are 
given that AB’ > AC? + BC?, we know that X, the foot of the altitude from A, is on BC such that C 
is between X and B. From part (b), we know that this means ZACB is obtuse. 


Exercises for Section 10,3 


10.3.1 Leta <b < c be three positive real numbers. Note that the inequalities b +c > a and a +€ > b 
are then automatically satisfied, so to check that a, b, and c form the sides of a triangle, we only have to 
check thata +b >c. 


= aaaaaaaaaaamaaamamħÃĂ 
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(a 

(b) We have 7 < 9 < 20, but 7+ 9 = 16 < 20, so 7, 9, and 20 cannol be the sides of a triangle. 

(c) We have 1/6 < 1/3 < 1/2, but 1/6 + 1/3 = 1/2, so 1/6, 1/3, and 1/2 cannot be the sides of a triangle. 

(d) We have 3.4 < 9.8 < 11.3 and 3.4+9.8 = 13.2 > 11.3, so 3.4, 9.8, and 11.3 can be the sides of a 
triangle. 


We have V5 < V14 < VI9. We must compare V5+ Vid and Vi9. Let x = V5 +-Vi4. Then 
a? = 5 + (2 V5) VIA) + 14 > 5 +14 = 19, so x > VIS. Therefore, V5, V14, and VIJ can be the sides 
of a triangle. 


We have 4 < 5< 6and4 +5 = 9 > 6, so 4, 5, and 6 can be sides of a triangle 


~ 


(e 


10.3.2 Due to the Triangle Inequality, the third side must be less than 3+ 7 = 10 cm. Therefore, the 
largest the third side can be is 9 cm. If we let the third side of the triangle be x, then we must have 
x+3> 7,sox > 4cm. Therefore, the smallest the third side can be is 5 cm. Then the greatest possible 
eel +7+9 = 19, and the least possible perimeter is 3 + 7 +5 = 15, and their difference is 
19-15= 


10.3.3 Let the vertices of the quadrilateral be A, B, C, and D, in that order. Then by the Triangle 
Inequality applied to triangles ABC, ACD, ABD, and BCD, we have 


AC < AB + BC, 
AC < DA +CD, 
BD < AB + DA, 
BD < BC + CD. 


Adding, we get 2AC + 2BD < 2AB + 2BC + 2CD + 2DA, so AC + BD < AB +BC +CD + DA. 


10.3.4 From AACO we have AC +CO > AO. From ABDO, we have BO + DO > BD. Adding these gives 
AC + CO + BO + DO > AO + BD. Since ABCD is a square, we have AC = BD, so subtracting these from 
our inequality, we have the desired BO + CO + DO > AO. 


10.3.5 First we must show that given a +b > c a+c >b, andb+c> a, we have ya + vb > Ye, 
vā + vc > Vb, and Vb+ ve > Va. Since (ya + V} = a +b+2vVab, and a +b > c, we know that 
(va + VB)? > c+ 2-Vab, so (Va + VB} > c. Taking the square root of both sides gives the desired 
ya + Vb > Ve. We can prove the other two desired inequalities similarly. Therefore, if a, b, and c can be 
the sides of a triangle, so can ya, Vb, Ve. 


For the second part, we provide a counterexample to show that a”, b?, and c? do not necessarily have 
to be the sides of a triangle. Note that 3, 5, and 7 can be the sides of a triangle because 3+5 > 7,3+7> 5, 
and 5+7 > 3. However, 3?, 5?, and 7? cannot be, since 32 + 52 < 72, 


Review Problems 


10,18 


(a) Since 2+3 = 5 > 4, the numbers are the sides of a triangle, Since 2? + 3? = 13 < 4°, the triangle is 
obtuse. 
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(b) Since 1.7 + 2.1 = 3.8 < 3.9, the numbers are not the sides of a triangle. 

(c) Lely = 24 V3. Then x? = 444¥343=744 38> 5,sox=24 v3 > v5. Therefore, the numbers 
are the sides of a triangle. Furthermore, 22 + (V3)? = 4+3 =7 > ( V5}, so the triangle is acute, 

(d) Since 199+297 = 496 > 401, the numbers are the sides of a triangle. Now, 1992+297? < 200? +300? = 

40,000 + 90,000 = 130,000 < 160,000 = 400? < 4017. Therefore, the triangle is obtuse. 

Since 1/3 4 1/2 = 5/6 < 1, the numbers are not the sides of a triangle. 

Note that 24 = 12-2, 48 = 12-4, and 60 = 12-5, so a triangle with sides 24, 48, and 60 is similar 

toa triangle with sides 2, 4, and 5 (by SSS Similarity). Therefore, the analysis for the numbers 24, 

48, and 60 will be the same as the analysis for the numbers 2, 4, and 5. Since 2+ 4 = 6 > 5, the 

numbers are the sides of a triangle. Since 2? + 4* = 20 < 5, the triangle is obtuse. 


(e 


(0 


10.19 Since 119 + 120 < 261, it is impossible for a triangle to have side lengths 119, 120, and 261. 


10.20 Leta = BC = 11, b = AC, and ¢ = AB = 5. First, we determine which values of b make a, b, and c 
the sides of a triangle. By the Triangle Inequality, we have 5 + b > 11, so b > 6, and 5 + 11 > b, so b < 16, 
Therefore, we must have 6 < b < 16. 


Then triangle ABC is obtuse if and only if either 5? + b? < 11? or 5? +11? < b*. The first inequality 
gives us b? < 96. This, combined with b > 6, gives b = 7, 8, and 9 as possibilities. The second inequality 
gives us b’ > 146, Combining this with b < 16 gives b = 13, 14, and 15 as possibilities. Therefore, triangle 


ABC is obtuse for b = |7, 8, 9, 13, 14, and 15 |. 


10.21 Ifn = 4, then A434424; is a right triangle with hypotenuse AjA3. Therefore A) A3 > AyAp. 


For n > 4, we consider the exterior angles of the polygon, each of which measures 360°/1. Since 
n > 4, we have 360°/n < 360°/4 = 90°, so the exterior angles are acute. Since each interior angle is 
supplementary to each exterior angle, we know that each interior angle is obtuse. Specifically, 2A,A2A3 
is obtuse, so it is the largest angle in AA,A2A3. Therefore, A;A3, which is opposite the obtuse angle in 
LA;A2A3, is the longest side of AA)A2A3. Thus, AyA3 > Ay Az. 


10.22 In any triangle AABC, the Triangle Inequality gives us AB + AC > BC. Adding BC to both sides 
gives AB + AC + BC > 2BC, so BC < (AB + AC + BC)/2. Therefore, BC is less than half the perimeter of 
ABC, There's nothing special about AABC or side BC of AABC in this proof, so we've shown that each 
side of a triangle must be less than half the triangle’s perimeter. 


10.23 There are two possibilities: The sides are of the form 3x, 3x, and 8x for some number x, or they 
are of the form 3x, 8x, and Bx for some number x. In the first case, the sides do not satisfy the Triangle 
Inequality because 3x + 3x = 6x < 8x, In the second case, the sum of the sides is 3x + 8x + 8x = 19x = 38, 
so x = 2. Hence, the side lengths are 6, 16, and 16, so the shortest side length is [6cm|, 


10.24 Since 62 + 7 is greater than both 2x + 3 and 3x + 8 for all positive integers x, we only have to 
check that (2x + 3) + (3x + 8) > (6x + 7) in order to be sure the Triangle Inequality is satisfied. From this 
inequality, we find x < 4, which is true for x = 1, 2, and 3. Therefore, the positive integers x for which 
the given expressions can be the side lengths of a nondegenerate triangle are [1, 2, and 3]. 

10.25 Suppose we have a triangle with side lengths a, b, and c such that these are all positive integers 


anda < b < c, We wish to find all such groups of a, b, and ¢ such thata+b+c = 20, a +b > cand 
a’ +b? < e, First, we note that c < 10, since otherwise we will have a +b < c. Next, since c is the largest 
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side of the tnangle, we must have ¢ > 7, since no three integers that are each less than 7 can sum to 20. 
Therefore, we only have three cases to check. 


Case 1: c = 9. lic = 9, we havea + b = 11. We also need a < band a? + b? < 81. We thus find the 
solutions a = 5,b=6;a=4,b=7;anda=3,b = 8. 


Case 2: c = 8. If c = 8, we have a+ b = 12, We also need a < b and a? + b? < 64. Testing b = 6 and 
b = 7, we find that there are no solutions to this case. 


Case 3: c = 7. lfc = 7, we havea + b = 13. We also need a < band a? + b? < 49, Since a + b = 13 and 
a <b, b must be at least 7, so we cannot have a? + b? < 49. So, there are no solutions to this case. 


Therefore, there are |3 | distinct obtuse triangles with integer side lengths and perimeter of 20. 


10.26 The sum of the legs of the triangle must be greater than the base, so 2(x + 1) > 3x - 2, or x < 4. 
Since the legs have the same length, clearly the base plus a leg is greater than the other leg. Also, the 
length of the base must be positive, so 3x—2 > 0, or x > 2/3. Therefore, all possible values of x are given 


by|2/3 <x <4} 


10.27 Since YZ > XY, we have ZX > ZZ, Since £Z and ZY are the base angles of isosceles AXYZ, we 
have ZY = Z. From AXYZ, we have 2X + LY + ZZ = 180°. We also have ZX > ZZ and ZY = LZ, so 
LX + ZY + /Z < 34X. Hence, 180° < 32X, so ZX > 60°. 


Challenge Problems 


10.28 Let P be the point where we place the stake. We wish to make WP + XP + YP + ZP as small 
as possible. Therefore, we use the Triangle Inequality to create inequalities involving sums of these 
lengths. Applying the Triangle Inequality to AWPY gives WP + YP > WY, and applying it to AXPZ 
gives XP + ZP > XZ. Adding these two inequalities gives WP + XP + YP + ZP > WY + XZ. We get 
eguality if and only if P lies on segments WY and XZ, or in other words, ìf P is the intersection of WY 
and XZ. Hence, this is where we should place the stake. 


10.29 Let Orion’s number be o, Michelle's number be m and Joshua’s be j. If we can form a triangle 
with these numbers as side lengths, then we must have o+ j > m and m+ j > 0. Therefore, we must have 
j> m-—oand j > o- m. So, if o and m are not the same, then it is possible for Joshua to choose a j that 
violates one of these inequalities, since he can always choose a number that is smaller than whichever 
ofo- m and m — ois positive, Since we are told it is impossible for Joshua to choose a number such that 
the three numbers violate the Triangle Inequality, we must conclude that it is impossible for Orion’s and 
Michelle’s numbers to be different. Finally, if o and m are the same, then any positive j satisfies 0+ j > m 
and m + j > o. Furthermore, since we are told that Joshua’s number is smaller than Orion's, we have 
m+o> j. 


10.30 Since AB > BC, we have ¿ACB > BAC. Since ZACB = ¿ECD, we have ZECD > ZBAC. 
Since CD > DE, we have ZDEC > ZECD; therefore, DEC > ZBAC. Since ¿GEF = ZDEC, we have 
‘GEF > LBAC, Since EF > FG, we have ¿EGF > ¢GEF, so ZEGF > ¿BAC. Continuing in this manner, 
ZIGH = EGF, so ZIGH > BAC. Since GH > HI, we have /GIH > 4IGH, so ¿GIH > <BAC, Because 
ZAI] = ZGIH, we find ZAI] > ZBAC. Since I] > JA, we have ZIA] > ZAI], so IA] > ZBAC. However, 
AIA] = ZBAC. Since itis impossible for Z1AJ to be both equal to and greater than ¿BAC at the same time, 
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itis impossible for the side lengths to be as described in the problem. 
10.31 
la) Let OO be the circle that is externally tangent to the three given circles. Also, let the radii of 00, 
@P, OQ, and OR be to, TP, To, and rr. As we learned in the text, if two circles are externally 


tangent, then the point of tangency and the centers of the two circles are all collinear. Therefore, 
the distance between the centers of these circles is the sum of the radii of the two circles. 


Applying the Triangle Inequality to AOPR, we have OP + OR > PR, so (to+rp)+(to + TR) > PR. 
Since our given circles do not intersect, we have PR > rp + tr + 2rg, so (ro + rp) + (To + TR) > PR> 
rp +r + 2ro. Therefore, 2ro > 2rQ, OF To > TQ, as desired. 


g 


Define OO and ro, Tp, ro, and rp asın the previous part. Either ZOQR or ZOQP must be at least 90°. 
Suppose without loss of generality that ZOQR 2 90°. Then, OR must be the longest side of AOQR, 
so OR > QR. Therefore, ro + rr > QR. Since OQ and OR don’t intersect, we have QR > rg + rp. 
Therefore, ro + Tr > QR > rQ + rR, so ro > TQ. 

10.32 Since WX > WY, we have LWYX > LWXY. Since WXYZ is convex, we have ZZXY < ZWXY and 


XYZ > iWYX. Therefore, we have ZXYZ > LWYX > LWXY > LZXY. Since XYZ > LZXY, we have 
XZ > ZY, as desired. 

10.33 We must show that a +b > c. Since (a + b)? = a? + b? + 2ab, and we are given a + b? > œ, we 
have (a + b)? = a? + + 2ab > a? +B? > C. Taking the square root of both sides of (a + b)? > c?, we have 
a + b > c. (Note that several of these steps require a and b to be positive, as we are given.) Similarly, we 
can show that a +c > band b+c > a, soa, band c can be the sides of a triangle. 


10.34 Let P be the intersection of diagonals AC and BD. Then by the Triangle Inequality applied to 
triangles ABP, BCP, CDP, and DAP, we have 


AP + BP > AB, 
BP + CP > BC, 
CP + DP > CD, 
DP + AP > DA. 


Adding, we get 2(AP + BP + CP + DP) = 2(AC + BD) > AB + BC + CD + DA, so 


AC+BD> (AB + BC + CD + DA). 


Therefore, the sum of the diagonals of a quadrilateral is greater than half its perimeter. 


10,35 We'll prove 3YZ > XY and XY > 2YZ separately. For the first, the 20° and the 3 in what we 
want to prove, together with the observation 3(20°) = 60°, inspire us to try to combine three copies of 
4XYZ as shown in our first diagram at left below, Specifically, we draw AXAY and AXBZ such that 
each is congruent to 4XYZ, Therefore, XA = XY = XZ = XB. Moreover, ZAXY = LYXZ = LZXB = 20°, 
so ZAXB = 60°. Since we also have XA = XB, we know that AXAB is equilateral. So, we have 
AB = XA = XY, From AAYB, we have AY + YB > AB, From AYZB we have YZ + ZB > YB. Combining 
these gives AY + YZ + ZB > AY + YB > AB. Since AB = XY and AY = ZB = YZ, this inequality is 
equivalent to the desired 3YZ > XY. 


——— O 
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x 
A B Q 
Y Z Y Zz 
Figure 10.1: Diagram for 3YZ > XY Figure 10.2: Diagram for XY > 2YZ 


Tackling XY > 2YZ calls for a different strategy. We locate point Q on XY such that YQ = YZ. 
Since ZY = (180° - 20°)/2 = 80°, we have ZYQZ = ZYZQ = (180° - 80°)/2 = 50°. Therefore, we have 
£XQZ = 180°- ZYQZ = 130° and /XZQ = ¿XZY - ¿QZY = 30°. Since LOZX > LOXZ in AQXZ, we have 
QX > QZ. Also, we have ¿QYZ > ZZQY in AQZY, so QZ > YZ. Therefore, we have QX > QZ > YZ. 
Finally, we can write XY = XQ + QY = XQ + YZ > YZ + YZ, so XY > 2YZ, as desired. 


10.36 Let AB < AC. (The case AC < AB can be proved similarly.) Arrange A=A' 

the two triangles so that AB and A’B’ coincide, as shown in the diagram. Since 

¿BAC > ZB'A’'C', AC’ in our diagram must be inside ZBAC. Since AB < AC, we 

have ZACB < <ABC. Therefore, ZACB must be acute. Since ZACB is acute and B=B’ la 
AC’ = AC, AC’ must intersect BC as shown. (We can prove this by letting D 
be the foot of the altitude from A to BC and E be the point where AC’ hits BC. 
Suppose E is on DC. Since LACB is acute, we have DE < DC, so AD? + DE? < AD? + DC2. Therefore, 
AE < AC, so C’ is beyond E on AE. If E is on DB instead of DC, we can note AE < AB < AC.) 


Since AC’ = AC, we have ZAC'C = LACC’. In ABCC’, we therefore have ZBC’C > ZAC'C = ZACC’ > 
4BCC’. Since ZBC’C > <BCC’, we have BC > BC’. Therefore, if we have two triangles ABC and A’B’C’ 
such that AB = A'B’, AC = A'C’ and <ABC > ZA’B'C, then we have BC > B’C’. 


10.37 Let P and Q be the two points inside the triangle. Extend PQ to the 
sides of the triangle at points P’ and Q’, as shown. WLOG, assume that P’ 
is on side AB and that Q' is on side AC. 


Clearly, PQ < P’Q’. Applying the Triangle Inequality to AP’BQ’ gives 
P'Q' < P'B + BQ’. Applying the Triangle Inequality to ABQ'C gives 
BC + Q'C > BQ’, which combined with our relationship from AP’BQ’ 
gives P'Q' < P'B+BQ' < P'B+BC+CQ’. Adding this to P’Q’ < P'A +AQ' 
(from the Triangle Inequality applied to AP'AQ’) gives 2P'Q' < P'A + 
AQ’ +Q'C+BC+BP = AB+AC+BC (since AQ’ + Q’C = AC and BP” + P'A = AB), which implies that 


PQ< PQ < JAB + AC + BC), 
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Exercises for Section 11.1 


11.11 Circumference = 27(Radius) = 27(4) = 
11.1.2 Letrbe the radius. Then 27r = 127, sor = [e] 
11.1.3 
(a) OC is a radius, so OC = 
(b) The circumference is 27(18) = 367. Since AC has length 1/3 the circumference, ZAOC = 360°/3 = 


(c) Let OB be the altitude from O to AC. Then triangles ABO and CBO are congruent 30-60-90 triangles 
with hypotenuse AO = CO = 18, Thus, AB = BC = 9 V3, Therefore, AC = AB + BC = 


11.14 Since WX = YZ, we have ZWQX = LYQZ. Since QX, QW, QY, and QZ are all radii, they have 
equal length. Therefore, we have AWQX = AYQZ by SAS Congruence, so WX = YZ. 


Exercises for Section 11.2 


11.21 Since the diameter is 18, the radius is 9. Therefore, the area is (92)n = 
11.2.2 Let r be the radius. Then 2nr = 127, so r = 6. Therefore, our area is nr? = n(6)? = [367]. 
11.2.3 Let rbe the radius. Then 27r = nr’. Since r # 0, r = [2]. 


the large one provides (25/9) 4 = | 100/9 | meals, 
11.2.5 
(a) The radius of the circle is 12, so its area is (122)n = [an] 
(b) Sector AOB is 120°/360° = 1/3 of the circle, so its area is (1447)(1/3) = [48n | 


11.2.4 The ratio of the areas of the Hi is (20/12)? = 25/9. Since the small pizza provides four meals, 
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11.2.6 The area of sector XQZ is (307)/(1007) = 3/10 of the entire circle. Therefore, LX QZ cuts off 3/10 
of the circle, so 1t has measure (3/10)(360°) = [108° | Since QX = QZ (both are radii of OQ), AXQZ is 
isosceles with ¿X = (Z. Since ¿XQZ = 108°, we have ZZ + ZX + LXQZ = LZ + LX + 108° = 180° from 
aXQZ. Therefore, <XZQ = zZ = (180° ~ 108°)/2 = [36°], 


11.2.7 As the man walks in a circle, the point on his hat closest to the center is 5 — 3 = 2 feet from 
the center. This point traces out a circle. Inside this circle, the grass lives. The point on the hat that is 
farthest from the center is 5 + 3 = 8 feet from the center. This point also traces out a circle as the man 
walks, All the grass that is inside this larger circle, but outside the aforementioned small circle, dies. 
This larger circle has area (8*)n = 647 and the smaller has area (2ĉ)n = 47, so the area of dead grass is 


64n - 4n = | 607 square feet |. 


Exercises for Section 11.3 


11.3.1 The area of circular segment AB equals (Area of sector AOB) — [AOB]. Since sector AOB is 
120° /360° = 1/3 of the circle, its areais (1/3)(6*)n = 127. To find the area of AAOB, we draw altitude OX of 
2AOB. Since OA = OB, this altitude is also a median and an angle bisector. Therefore, LAOX = ¿BOX = 
60°, and ABOX and AAOX are 30-60-90 triangles. Thus, OX = OB/2 = 3and BX = AX = AO V3/2 = 3 V3. 
Hence, [AOB] = (AB)(OX)/2 = (6 ¥3)(3)/2 = 9 V3. Subtracting this from the area of sector AOB, the area 


of our shaded region is |127 — 9 ¥3|, 


11.3.2 To find the desired area, we must find the area of the circumcircle and subtract the area of the 
equilateral triangle. Since the triangle has side length 9, it has area 9? ¥3/4 = 81 3/4. To find the area 
of the circumcircle, we need the circumradius. We draw altitude XA, which is also a median and an 
angle bisector. Since AXYA is a 30-60-90 triangle, we have XA = XY ¥3/2 = 9 V3/2. The circumcenter, 
O, of AXYZ is the centroid of the triangle, so it is on median XA such that XO/XA = 2/3. Therefore, 
XO = (2/3)(XA) = 3V3. Since O the center of AXYZ, we know that the circumradius of AXYZ is 
XO = 3V3. Hence, the area of the circumcircle of AXYZ is (3 ¥3)2n = 277. Finally, our desired area is 


| 270 -81 V3/4 
(See if you can figure out how we could have used the answer from the previous problem to solve 


this problem.) 


11.3.3 The area of our shaded region equals 
(Area of AABC) - (Areas of sectors centered at A,B, and C). 


Since 2ABC is equilateral with side length 6, it has area (6”)-¥3/4 = 9 V3, Since ZA = ZB = /C = 60°, 
each of our sectors is 60°/360° = 1/6 of a circle. Each sector has radius 6/2 = 3 since each has its center at 
a vertex of SABC and passes through the midpoint of a side connected to that vertex. Therefore, the area 


of each sector is (1/6)(32)m = 37/2. Finally, our shaded region has area 9 V3 — 3(3r/2) = |9 V3 - 97/2 


11.3.4 Our shaded region is formed by subtracting AABD from sector DAB and combining this with the 
region that is formed by subtracting ABCD from sector DCB. These two regions are congruent, so what 
we seek is 2[(Area of sector DAB) — (Area of ABAD)]. Since ZA = 90° and AB = AD = 6, we find that the 


c 
111 


CHAPTER 11 CIRCLES 


area of sector DAB is (90°/360°X(6°)7 = 97 and [BAD] = (BA)(AD)/2 = 18. Therefore, our shaded area is 
2(9n + 18) =| 36 | 


11.3.5 Lel S be the point besides O where the semicircles meet, and let R and Q Y 
be the centers of the semicircles as shown. Since OQ = QS = RS = RO (each is a 
radius of one of our congruent semicircles), and ZROQ = 90°, ORSQ is a square. If Q 
we start with 


(Area of sector XOY) — (Area of semicircle Q) — (Area of semicircle R), O 


the result is the outer shaded region (the region with XY asa boundary) minus the inner shaded region. 
Since we want the sum of these shaded regions, we must find the inner shaded region separately and 
add it back twice to the value we find above. Since the area of sector XOY is (90°/360°)(42)n = 4n, 
and the area of each semicircle is (180°/360)(2?)n = 27, we find that the area of the outer shaded region 
minus the area of the inner shaded region is 0! Therefore, the two shaded regions have the same area. 


To find the area of the inner region, we follow the same process as in the previous problem. 
(Area of inner region) = 2|(Area of sector SRO) — [SROJ] = 2[(90* /360°)(2")n — (27) /2] = 27 — 4. 


Since the area of the outer region equals the area of the inner region, the desired area is 2(27—4) = 


We could also solve this problem by drawing SO, dividing the inner shaded region into two circular 
segments. Circular segment SO of OR is congruent to circular segment SX of OR. Similarly, circular 
segment SO of OQ is congruent to circular segment SY of OY. Therefore, the total shaded region equals 
the area of circular segment XY of OO, which is OX?2n/4 - OX?/2 = [an - 8} 


11.3.6 We start by expressing the area in terms of pieces we can handle. We do 
so by starting with sector ABC of OB and subtracting pieces. 


Desired area = (Area of sector ABC) ~ (Area of sector YBC) 


-(Area of segment BY of © C) - (funky area AXB). . 


The area of circular segment BY of OC is (Area of sector BCY)-[BCY]. Furthermore, since CB = BY = CY 
(each is a radius of a circle with radius BC), ABCY is equilateral and ZBCY = ZYBC = 60°. Therefore, 
sectors YCB and YBC have the same area, (60°/360°)(BC2)n = 87/3. Since ABYC is equilateral, we have 
|BYC) = 4 V3/4 = 4 V3. Also, ABC = 90° tells us the area of sector ABC is (90°/360°)(BC)?n = 47, so 
we have: 


Desired area = (Area of sector ABC) — 2(Area of sector YBC) + [BYC] - (funky area AXB) 
4n — 2(87/3) + 4 V3 - (funky area AXB) 
~4n/3 + 4 V3 - (funky area AXB) 


" 


Funky area AXB is the result of subtracting sector BCX from AABC, so its area is (AB)(BC)/2 - 
(45° /360°)(BC?)n = 8 — 2n. Therefore, our desired area is —4n/3 + 4 V3 - (8 - 27) =|27/3 +4 V3 -8 
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11.14 
(a) The area is (3 V3)? = [277]. 
(b) The circumference is 27(3 V3) = [6n v3] 


(c) Since ZAOZ = 90°, AZ is 90°/360° = 1/4 of the whole circle. Therefore, the length of AZ is 


(1/4)(6n V3) =| 37 V3/2 
(d) As in the previous part, sector AOZ is 1/4 the entire circle. Therefore, its area is (1 /4)(277) = 
7/8} 


(e) Since [AOZ] = (AO)(OZ)/2 = 27/2, the area of circular segment is (Area of sector AOZ) - [AOZ] = 


11.15 Six miles equals 6(5280) = 31680 feet. In each full revolution of a tire, the earth-mover moves a 
distance equal to the circumference of the tire, which is 11.57 feet. Therefore, to cover 31680 feet, the 
tires must turn 31680/(11.57) ~ [877] times. 


11.16 Since the circle has radius 14, its circumference is 27(14) = 287. Our arc is 78°/360° = 13/60 of 
the circle, so its length is (287)(13/60) = |917/15 |. 


11.17 Let the radius be r. Then, we have A = nr? and C = 2nr. Therefore, r = C/(2n), so A = 


x(C/(2n))? =[C2/(4n)} 
11.18 


(a) Let ro be the radius of ©O, rg be the radius of OB, and rc be the radius of OC. We are given that 
ro = 2rg since a diameter of OB is a radius of OO, and rg = 2rc because a diameter of @C is a radius 
of OB. Therefore, ro = 2(2rc) = 4rc, so the area of ©O is nrh = n(4rc)? = 16nr2.. The area of OC is 
nre, so the ratio of the area of OC to the area of ©O is [1/16], 


(b) Since OA is a diameter of OB, B is the midpoint of OA. So, AB = BO = AO/2. Since OB is a 
diameter of OC, C is the midpoint of OB. Therefore, BC = CO = BO/2 = AO/A4. Finally, we have 
CA = OA - CO = 3A0/4, so CA/OA = [3/4]. 


11.19 A 36° arc is 36°/360° = 1/10 of the entire circle. Since the arc is 24n units long, the entire 
circumference is (2471)(10) = [2407 units | A circle with circumference 2407 has diameter 240 and radius 


240/2 = 120 and therefore has area (120)? = | 144007 square units |. 


11.20 Since the radius of the circle is 6, its circumference is 2(6)n = 127. The hexagon 
can be dissected into six equilateral triangles. As we see in the diagram at right, each of 
these triangles has side length equal to the radius of the circle. Therefore, the perimeter 
of the hexagon is 6(6) = 36. The ratio of the circumference of the circle to the perimeter 


of the hexagon is 127/36 = [n/3} 


11.21 Solution 1; Let the legs of the triangle have lengths a and b, where a < b. We have (1/2)(@/2)°n = 36, 
soa = 12 V2/Vn. Similarly, (1 /2)(b/2)?n = 64, so b = 16 ¥2//7. Therefore, the hypotenuse has length 
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c= Ves = 20¥2/Va (which we could have figured out quickly by noting that a/b = 3/4, so the 
triangle is a 3-4-5 right triangle). So, the area of the semicircle with the hypotenuse as diameter is 


(1/2)(c2)n =| 100 square centimeters 


Solution 2: Again, let the sides of the triangle be a, b, and c, as usual. The Pythagorean The- 
orem gives us a? +b? = œ, Multiplying this equation by 7/8 and noting that a?/4 = (a/2)? gives: 
(1/2)(@/2)°n + (1/2)(b/2)2x = (1/2)(c/2)’n. Therefore, the sum of the areas of the semicircles on 
our two legs equals the area of the semicircle on the hypotenuse. So, our final semicircle has area 


36 + 64 = |100 square centimeters 


11.22 To find the unshaded region, we subtract the shaded region from the entire region. The entire 
region consists of a right triangle with legs 3 cm and 2(1) = 2 cm, and a semicircle with radius 1 
cm. Therefore, the area of the entire region is (3)(2)/2 + (1?)n/2 = 3 + 7/2. The shaded region is 
a circle with radius 0.5 cm, so its area is (0.5)?n = 7/4, Therefore, the unshaded region has area 


3+n/2-n/4=[3+n/4cm?] 


11.23 Let AOD = x. Therefore, the area of sector AOD is (x/360°)(AO)*n and the area of sector BOC 
is (x/360°)(BO)*x. So, the ratio of the area of sector BOC to the area of sector AOD is BO?/AO?. We are 
given that AO/BO = 1.5, so BO/AO = 2/3 and the ratio of the area of sector BOC to the area of sector 
AOD is (2/3)? = 4/9. Partial ring ABCD is what's left of sector AOD when sector BOC is removed, so the 
ratio of the area of partial ring ABCD to the area of sector AOD is 1 — 4/9 = 5/9. Therefore, our desired 


ratio of areas is (5/9)/(4/9) = 


11.24 To find the desired area, we must subtract the area of the rectangle from the area of the circle. 
Since the midpoint of the hypotenuse of a right triangle is the center of the circumcircle of the right 
triangle, each diagonal of the rectangle is a diameter of the circle. Therefore, the circle has diameter 
V5? +122 = 13 and area 7(13/2)? = 1697/4. The area of the rectangle is (5)(12) = 60, so the area of the 


region inside the circle but outside the rectangle is | 1697/4 - 60 
8 


11.25 To find the area of the region Charlyn can see, we must find its boundary. 
Jn other words, we must find all points that are 1 km from the square. The 5 
km square is dashed in our diagram, and the boundary is solid. Inside the 5 
km square, the boundary forms a square that has side length 3 km, since we 
must take away ] km from each side of the original square to reach the limit of 
where Charlyn can see. Outside the square is a little trickier. Along the sides, 
the boundary is still 1 km away, but when we reach a corner of our 5 km square, 
Charlyn can see a full quarter circle with radius 1 km when looking away from 
the square, as shown 


The area of the visible interior region is therefore the difference between a square with side length 
5 and a square with side length 3, or 5’ — 3? = 16, The exterior region consists of four 5 x 1 rectangles 
and four quarter circles that together form a circle with radius 1 km and area 1?7 = n square kilometers. 
Therefore the total visible area is 16 + 4(5) + 1 = square kilometers. 
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11.26 Let the centers of the circles be A, B, and C. Since the circles all have the 
same radii and each of AB, AC, and BC is a radius of two of the circles, we have 
AB = BC = AC = 12. Therefore, AABC is equilateral. The area of the shaded region 
then consists of an equilateral triangle plus three congruent circular segments, as 
shown. Each circular segment has an area equal to the difference between the area 
of a 60° sector of the circle and the area of AABC. Therefore, the shaded area equals 
[ABC] + 3(Area of circular segment AB) = [ABC] +3(Area of sector ACB — |ABC]) 

3(Area of sector ACB) — 2[ABC]. 

The triangle has area (12?) 3/4 = 36 V3 and the sector has area (60°/360°)(122)7 = 247, so the shaded 
area is |727 — 72 V3 |. 


11.27 When my wheels make one full revolution, my speedometer thinks the car moves 247 inches, 
since the circumference of the old 24 inch diameter wheels is 24n. However, with my new wheels, the 
car really moves 287 inches. Therefore, the car moves (287)/(247) = 7/6 as fast as my speedometer 
thinks it moves. So, when my speedometer registers 40 miles per hour, the car is really moving at a rate 


that covers (40)(7/6) = | 140/3 miles per hour 


11.28 Let the point on Z that is touching A initially be point P. When the coin 
has moved a quarter turn, the point on Z that is touching A is the one that is 
one quarter of the circumference of Z from P. As we can see in the diagram, in 
this quarter turn, P goes from being the bottom point of Z to being the top point. 
Therefore, it has revolved a full half-turn about the center of Z as Z is moved 
1/4 of the way around A. After four of these quarter-turns, P will have moved 
4 half-turns about the center of Z. Therefore, coin Z revolves about its 
center. 


11.29 Let the radius of the semicircle be r. The perimeter of the semicircle is the diameter plus the 
semicircular arc, or 2r + rm. The area of the semicircle is nr?/2. Therefore, we have 2r + rm = nr2/2. Since 


the radius can’t be 0, we can divide by r, giving 2+ 7 = nr/2, sor =|(4 + 27)/n |. 


11.30 The total amount of water flowing through a cross-section at a given time equals the area of the 
cross-section times the rate of the water flowing through it. (Make sure you see why!) The total amount 
of water flowing through any section of the river must be the same throughout the river. Therefore, 
the area of the initial cross-section times the rate of water there equals the area of the downstream 
cross-section times the rate of water there. 


We find our initial area by using our tactics from the quadrilaterals chapter. We draw altitudes from 
the short side of the trapezoid to the long side, dividing the trapezoid into a rectangle and two right 
triangles. These right triangles have one leg of length (16 - 10)/2 = 3 ft, and a hypotenuse of length 
5 ft. Therefore, the other leg, which is the height of the trapezoid, is 4 ft. The area of the trapezoid 
then is 4(10 + 16)/2 = 52 ft. Letting the holes downstream have radius r, the total cross-sectional area 
downstream is 477° ft?. Now we equate the product of the cross-sectional area and the rate of the water 


at both points to find (52)(m) = (4nr”)(16), Therefore, 7? = 13/16 ft?, so r = | ¥13/4 ft 
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11.31 Since wABD is a right triangle, its circumcenter is the midpoint of hypotenuse AD. pies 
the Pythagorean Theorem or note that AABD is a 30-60-90 triangle since AB/BD = V3 to find ae E 
The shaded area equals the area of the semicircle containing the triangle minus [ABD]. The are l 
semicircle is (8?)7n/2 = 327 and the area of AABD is (AB)(BD)/2 = 32 V3. Therefore, the shaded area is 


|32n -3245| 

i i , , 
11.32 If we subtract the area of the square from the area of the circle, the overlapping area ‘cancels out 
and we are left with the difference between the nonoverlapping area of the circle and the nonoverlapping 


area of the square. This is exactly the quantity we seek! Therefore, the answer is (3?)n -2 = 


11.33 Let the center of the hexagon be point O. Connecting each vertex of the hexagon to O forms six 
equilateral triangles. The shaded piece of the diagram inside AAOF is the result of removing circular 
segment OF of OA and circular segment OA of OF from 4OAF. To find the area of circular segment OF, 
we subtract [OAF] from the area of sector OAF. Since AOAF is equilateral, [OAF] = (AF)? V3/4 = 9 v3 
and the area of sector OAF is (60°/360°)(OA?)n = 6n. Therefore, the area of circular segment OF of @A 
is 6n - 94/3. Similarly, the area of circular segment OA is also 67 — 9 V3, so the area of one of our shaded 
pieces is [AOF] — 2(6n - 9 V3) = 27 V3 - 127. Our total shaded region consists of six of these shaded 


pieces, so the desired area is | 162 V3 — 727 |. 


11.34 Let each side of the triangle have length s. The perimeter of the triangle is 3s. The circumradius 
of an equilateral triangle equals 2/3 an altitude of the triangle. Drawing an altitude of the triangle 
forms two 30-60-90 triangles, of which the altitude is the leg opposite the 60° angle and a side of 
triangle is the hypotenuse. Therefore, the altitude has length s V3/2, so the circumradius has length 
(2/3)(s V3/2) = s -V3/3. So, the area of the circumcircle is s27 /3. Since this must equal our perimeter, we 


have s*n/3 = 3s, or $ = 9/7, since s cannot be 0. Therefore, the radius of the circle is s ¥3/3 = 


11.35 We start by drawing our chords, AB and CD, and connecting their endpoints 4 B 
to the center of the circle, O. We draw XY perpendicular to both chords (since they 
are parallel) and passing through O, as shown. Since OX is part of a radius and 
ït is perpendicular to chord AB, it bisects AB. Similarly, Y is the midpoint of CD. 
Moreover, we have AOAB = AOCD by SSS, so corresponding altitudes OX and OY 
of these triangles have the same length. Therefore, we have AX = BX = OX = 
OY = CY = DY = x/2, and AAOX, ABOX, aCOY, and ADOY are all 45.45.99 P c 
triangles. Since LAOX = <BOX = DOY = /COY = 45°, we have ZCOD = ¿AOB = 90°. Therefore, 
LAOD + BOC = 360° ~ LAOB — ¿COD = 180°, Hence, sectors AOD and BOC together make a semicircle. 
The radius of this semucircle is AO = x 2/2, so its area is AO?n/2 = x*n/4, Each of AABO and ACDO 
has area (x)(x/2)/2 = x*/4, so the total area of the region between AB and CD is x?n/4 + 2(x?/4). We are 
given that this equals 2 + n, sọ we have x7 /4 + 2(x?/4) = 2+7. Therefore, x?(n + 2) =4(2+7),sox= B 


Note that we can also solve this problem by drawing BC and AD and noting that ABCD is a square. 
The area between AB and CD then is one-half the difference between the area of the circle and the area 
of the square (since two of the circular segments outside the Square are between the chords), plus the 
area of the square 


Challenge Problerns 


11.36 Let X be the intersection _of AC of ©B and BD of OC. Consider the 
region bound by AB, AX, and BX, We'll call this ‘funky region ABX’. As 
suggested by the diagram, four of these funky regions plus the desired area 
equals the whole square, so we can solve the problem if we find the area of 
funky region ABX. Funky ı region ABX equals sector ABC minus the region 
bound by BC, BX, and CX. Since BC, BX and CX are radii of congruent 
circles, 4BCX is equilateral. Therefore, the region bound by BC, BX, and 
CX has area [BCX] + 2(Area of circular segment CX of © B). The area of the 
circular segment is the difference between the area of sector CBX and the area of ACBX. Therefore, the 
area of the region bound by BC, BX, and CX is 


BONS | E a) nBC? - $] 48n — 36 V3. 


4 360° 4 


We subtract this from sector ABC to get the area of funky region ABX: 


90° \ 7 
(a) BC n — (487 — 36 V3) = 36 V3 - 127. 


The area of the shaded region equals the area of the square minus four of these funky regions, or 
[ABCD] - 4(36 V3 — 127) = | 144 + 487 — 144 V3 |, 


11.37 Let OX = x. To find the area of the region bound by AX, XD, and AD, B 

we subtract [AOX] from the area of sector AOD. Since ZAOD = 30°, the area of 

sector AOD is (30°/360°)(OD?)n = 71/12. To find the area of AAOX in terms of A 

x, we draw the altitude from A to OX as shown. Since ZAOY = 30°, we have 

AY = AO/2 = 1/2. Therefore, the area of AAOX is (OX)(AY)/2 = x/4 and the 

area of the region bound by AX, XD, and AD is n/12 - x/4. This plus the area D 
of LBOX must equal half the area of the quarter circle. The area of ABOX is O xY 

(BO)(OX)/2 = x/2 and the area of the quarter circle is 7/4 so we have 7/12 — x/4 + x/2 = (n/4)/2, so 

x/4 = 71/8- 7/12 = n/24. Therefore, x = [7/6], 
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CHAPTER 1 2 ————— 
eee and Angles 


Exercises for Section 12.1 


12.1.1 

(a) The given information tells us that the points are situated on the circle as Q 
shown at right. ZQPR is inscribed in OR, so its measure is QR/2 =| 61.5° |. 

(b) ZPQRis inscribed in PR, which has measure 360° — 201° = 159°. Therefore, 
PQR = PR/2 = le 

= == R 

(c) ZPRQ is inscribed in PQ, so ZPRQ = PQ/2 = 

(a) zPOQ = PO =[78° 

(e) Since PO = QO (radii of the circle), APOQ is isosceles with ZPQO = ZQPO. 
From 4PQO, we have ZPOQ + LPQO + QPO = 180°, so PQO = (180° - ZPOQ)/2 = 

(f) ¿POR = PR = (Make sure you see why the answer is not 201°.) 


121.2 Hf point T is on minor arc RS, then ZRTS is inscribed in major arc RS, which has measure 
360° — 50° = 310°. In this case, ZRTS = (310°)/2 = 155°. If Tis on major arc RS, then ZRTS is inscribed 


in munor are RS, so its measure is (50°)/2 = 25°, Therefore, our possibilities for ZRTS are 
12.1.3 
(a) From AEFG, we have ZEGF = 180° - ZEFG — ZGEF = [54°], 
(b) Since ZEFG is inscribed in EG, we have EG = 2EFG = [96°]. 
(c) Since ZEFG < 90°, we know that F is on major arc EG (instead of the shorter minor arc EC). In the 
previous part, we found that minor arc EG = 96°, so EFG = 360° — 96° = [264° | 
12.1.4 


(a) ZD is inscribed in the same arc as ZC. Since both equal AB/2, the two have equal measure. 
Therefore, ¿LD = ZACB =| 36° 


(b) AB = 22D = [72°] 
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(è) Since ZABD = AD/2 = (180° - AB)/2 = 54°, we have ZABF = 180° — ZABD = [126°], 

(d) From nght triangle AEDF, we have ZEFD = 90° - 2D = [54° | 

(e) CD = COD = ¿AOB = AB = [72°], 

(f) Combining ZABD = 54° from part (c) and ZEFD = 54° from part (d), we have ZABD = ZEFD. 
Therefore, EF || AB. (We also could have noted ZBAD = ZFED = 90°, so EF || AB.) 

(g) Since BO = AO, CO = DO, and ¿BOC = ZAOD, we have AAOD = ABOC by SAS Congruence. 
Therefore, corresponding lengths AD and BC are equal. 


12.1.5 


(a) Let AC = x and BC = y. Therefore, ZAOC = x, ¿BOC = y, and ZAOB = x + y. Isosceles triangles 
&OAB and AOBC give us LOBA = (180°—ZAOB)/2 = (180°-x-y)/2and ZOBC = (180°- ZBOC)/2 = 
(180° — y)/2. So, 

180°-y  180°-x-y_ x_ AC 

5 = 


¿ABC = OBC - ¿OBA = 7 T 


(b) Using our result from the first part, we have ¿BAC = BC/2 = y/2. Therefore, AABC gives us 
ZACB = 180° - ZABC — ZBAC = 180° — x/2 — y/2. Major arc AB has measure 360° - AC - CB = 
360° — x — y, so ZACB has measure one-half the measure of major arc AB. 


12.1.6 Let BC = x, so ¿COB = x and AC = 180° - BC = 180° - x. Therefore ZAOC = 180° — x. From 
isosceles triangle AAOC, we have ¿CAB = £CAO = (180° — LAOC)/2 = x/2 = BC/2. 


12.1.7 We consider two cases. The first is shown at left below, in which the arcs do not overlap. Since 
XW = ¥z, we have 4WZX = wx/2 = YŽ/2 = = LYWZ. Since ¿YWZ = = LWZX, we have WY || XZ. 
(Essentially the same proof holds if we relabel the points so that Y is on W2.) 


5, oer yx 


For our second case, suppose the arcs overlap as shown in the second diagram. Then, we have 


WY = WX - XY = Y2 - XY = XZ, From this point, we can follow essentially the same proof as in the 
first case to show that XY || WZ. 


12.1.8 Consider the circumcircle of ABCDEFGHIJKLMNO, Because the polygon is regular, each side 
subtends an arc of equal measure, re, Since there are 15 such little arcs, each has measure we 360°/15 = = 24°, 


ZACD is inscribed in n major arc AED, which consists of 12 of these little arcs (all but AB, BC, and CD). 
Therefore, ZACD = AED/2 = (12: 24°)/2 = [144° Similarly, ZADE is inscribed in an arc that consists of 


11 of these smaller arcs, so it has measure (11 - 24°)/2 = [132° | (Perhaps you'll agree that this is much 
easier than the method we used earlier!) 
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Exercises for Section 12.2 


1221 AD = 360° - AB- BC - CD = 134°. Therefore, LAED = (BC + AD)/2 = [118.5°} 
12.2.2 

(a) Since LYWZ = (F2 - XV)/2, we have 30.5° = (YZ - 32°)/2, so YZ = [93°] 

() Vz = 360° - 2 - Xv - XV = [157°] 


12.2.3 We have OR = PQ/2, RS = PQ/3, and SP = PO/A._T Therefore, we have 360° = PO + QR + 
RS + SP = = POI +2414), so 25PQ/12 = 360°. Thus, PQ = (12/25)(360°) = 172.8°. Therefore, 


LOTR = (R + P8)/2= (PO)? + PO/4)/2 = (3/8)(PO) = [648°]. 
1224 Wehave YZ = XYZ - XY = 117° — 75° = 42° and XW = 360° - YZW - XY = 112°. 
(a) We have ZYPZ = (XW - YZ)/2 = 
(b) We have 2YOZ = (XW + Y2)/2 = [77°] 
() exw = Xw/2 =[56°} 
(a) 2OWZ = ¥Z/2= 


12.2.5 Since ROS = RS/2, we have ¿POR = 180°-ZROS = 180°—RS/2. Also, note that OR+RS+OTS = 
360°, so RS/2 = 180° — OR/2 - OTS/2, from which we find 


POR = 180° - (0-9 OR -F ars) = seers 


Exercises for Section 12.3 


123.1 
(a) Let minor arc T = x. Therefore, major arc Ui has measure 2x. Together these make up the whole 
circle, so 3x = 360°, from which we find x = [120° | 
(b) As described in the text, ZUP) is half the difference between major arc UÌ and minor are U. 
Therefore, UP] = (240° — 120°)/2 = [60°], 
(c) TO is a radius and PT is tangent to the circle. Therefore, PIO = [90° } 


(d) Just as ¿PIO = 90°, we have ¿PUO = 90°, From PUOI we have ZIOU = 360° - ¿PIO — ¿IPU -= 
ZOUP = [120° | (We could also have noted ZIOU = UI = 120°.) 


(e) APIU is isosceles with ¿PIU = PUI = (180° ~ ZIPU)/2 = [60° | 
12.3.2 Since TX is tangent to ©O at X and OX is a radius of the circle, we have TX 1 OX. The 
Pythagorean Theorem then gives us TO = VTX? + OX? = V144 + 36 = 6¥5\. 
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aaaea aa 


12.3.3 We mimic our exploration of the specific case given in the text to” 
build our proof. If the chord is a diameter (such as AC in the diagram), 
then it forms a right angle with the tangent. Since the two arcs AC are 
semicircles, we have ZZAC = ABC/2, as required, 


Consider chord A AB, which is not a diameter. We have ZBAC = = BC/2, 
and AB = 180° - BC. Therefore, ZZAB = 90° — zBAC = 90° — BC/2 = = 
AB/2. Finally, the obtuse angle formed by chord d AB and the tangent 
has measure 180° — ZZAB = 180° - AB/2. Since ACB = 360° — AB, the obtuse angle between the chord 
and the tangent is also one-half the arc it intercepts. Therefore, the angle formed by a tangent and a 
chord with the point of tangency as an endpoint equals one-half the arc intercepted by the angle. 


12.3.4 Let minor arc YZ = x, SO major arc YZ = 360° — x and ZYXZ = (360° — x — x)/2. Since we are 
given ZYXZ = 51°, we have 51° = 180° — x, sox = [129° | 
12.3.5 


(a) As we draw our circle with diameter OP, we must draw two semicircles, one on either side of OP. 
Each of these semicircles connects a point outside @O to the center of OO. Therefore, each of these 
semicircles must hit ©O. Since each semicircle stays wholly on its ‘side’ of OB, the only points 
they have in common are O and P. Therefore, the two points where the semicircles hit QO must 
be different. 


(b) Suppose C and ©O met at three points. The only circle through the three points is the circumcircle 
of the triangle with these three points as vertices. Since both C and ©O go through the three 
points, each is the aforementioned circumcircle. This is clearly impossible because the two circles 
are different (O is on one circle but not the other). Therefore, C and ©O cannot meet at three 
different points. 

(c) Each of PAO and ZPBO is inscribed in a semicircle of circle C. Therefore, each is a right angle. 

(d) We showed in the text that if a line passes through a point ona circle such that it is perpendicular 
to the radius drawn to that point, then the line is tangent to the circle. In the previous part, we 
found that PA is perpendicular to radius OA of @O, so PA must be tangent to ©O. Similarly, PB 
must be tangent to ©O as well. 

(e) Since D is on ©O such that PD is tangent to ©O, we must have ¿PDO = 90°. The circumcircle of 
“PDO therefore is the circle with PO as diameter. This circle is C! Therefore, D must be on C. 

(f) From the previous part, we have found that if a point D is on ©O such that PD is tangent to ©O, 
then D must be on C. Since we have seen that the only points on C that are also on ©O are points 
A and B, we know that D must be A or B. In other words, PA and PB are the only lines through P 
that are tangent to OO. 
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12.3.6 

(a) Let the foot of the altitude from O to AB be X and the foot of the 
altitude from O to AD be Y. Since ©0 is tangent to both AB and AD, 
we have OX = OY and ZOXA = ZOYA = 90°. Since we also have 
OA = OA, we have AOXA = AOYA by HL Congruence. Therefore, 
we have OAX = ZOAY, so O is on the angle bisector of BAD. 
Similarly, O must be on the angle bisector of all four angles of the 
rhombus. Since the diagonals of a rhombus bisect the angles of 
a thombus, we conclude that O must be on both diagonals of the 
rhombus. 


Since ABCD is a rhombus, we know that AC 1 BD. Therefore, AAOB is a right triangle. Since 
ABCD is a parallelogram, AC and BD bisect each other at O. Therefore, AO = AC/2 = 12. From 
right triangle AOB, we have OB = 9. So, we have [AOB] = (9)(12)/2 = 54. We can now find the 
distance from O to AB. Let the foot of the altitude from O to AB be X. Since (AB)(OX)/2 = [ABO], 
we have OX = 2|ABO]/AB = 36/5. Therefore the area of OO is OX?n = [1296n/25|, (We could 
also use similar right triangles to find OX.) 


(b 


Exercises for Section 12.4 


12.41 [No]. To see this, pick three points A, B, and C, such that they don’t all lie on the same line. The 
circumcircle of ABC is the only circle through these three points. Now, if we pick any point D not on 
this circle, it's impossible for a circle to go through all four vertices of ABCD. We know this because 
there's only one circle through all three of A, B, and C, and point D is not on this circle. 


12.4.2 In the text we showed that the opposite angles of a cyclic quadrilateral must add to 180°. 


(a) The opposite angles of a parallelogram are equal. In a cyclic parallelogram, these angles add to 
180°. Therefore, each must measure 90°. Since all the angles of the parallelogram are 90°, the 
parallelogram is a rectangle. 


(b 


A shombus is a parallelogram. By the previous part, a cyclic rhombus is a rectangle. A rhombus 
that is also a rectangle is a square. 


Let the trapezoid be ABCD with AB || CD. Since ABCD is cyclic, we have ZA + ZC = 180°. Since 


AB || CD, we have ZB + ZC = 180°, Combining these gives ZA + ZC = B+ ZC, so ZA = ZB, which 
means the trapezoid is isosceles, 


a 


12.4.3 Since XM = YM = ZM, the circle with center M and radius XM passes through all three vertices 
of XYZ and is therefore the circumcircle of AXYZ. The midpoint of YZ is the center of the circle, so YZ 
is a diameter of this circle. Therefore, 2YXZ is inscribed in a semicircle, so ZY XZ = 180°/2 = 90°, 


12.4.4 Both ZACB and ZADB are inscribed in the same arc (AB) of the circle through the vertices of 
ABCD, so LACB = LADB. 


Section 12.4 
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12.4.5 Let the points where the circle touches the quadrilateral be W, X, Y, and 


Z, as shown. Because tangents from the same point to the same circle have the 
same length, we have AW = AZ, BW = BX, CY = CX, and DY = DZ. We assign x 
variables to these lengths as shown. We then have ra 
a+b = AB S 
b+e = BC 
c+d = CD 
d+a = AD 


Therefore, AB + CD = a + b +c + d = BC + AD, as desired. 


124.6 [No]. Consider a rectangle with length 100000 and width 1. Try drawing a circle that’s inscribed 
in that! 


12.4.7 We have tangents, and we're looking for a length, so we build 
right triangles by connecting O and P to each other and to A and 
B, respectively. Let T be the point where AB and OP meet. Since 
LATO = ¿PTB and ¿OAB = ¿PBA = 90°, we have AAOT ~ ABPT by 
AA Similarity. If we let OT = x, then we have PT = 36 — x. From 
our similarity we have OT/OA = PT/PB. Therefore, x/8 = (36 — x)/4. 
Solving this equation yields x = 24. Therefore, AT = VOT? - AO? = 


16 V2 and TB = VPT? — PB? = 8 V3, so AB = AT + TB = 


12.4.8 Let our right triangle be AABC with ZC = 90°, AB =c, AC =b,andBC=a. B 
Let our incircle have center ] and meet AC and BC at X and Y as shown. Since IX 
and IY are radii drawn to points of tangency, we have IX 1 AC and IY 1 BC. We 
also have IX = IY, ZC = 90°, and CX = CY. Therefore, AXCY and AXIY are 45- 
45-90 triangles with the same hypotenuse. Hence, they are congruent. Therefore, 
all the sides of IXCY are equal, as are all the angles. Therefore, IXCY is a square. c X A 
Hence, the inradius of AABC equals CX. In our final problem in the text, we proved that CX (the 
distance from a vertex to an adjacent point of tangency of the incircle) is s - c = (a + b —c)/2 (where s is 
the semiperimeter of the triangle). 


Y 


See if you can also solve this problem using the Pythagorean Theorem and the fact that the inradius 
of a triangle equals its area divided by its semiperimeter! 


12.4.9 By symmetry, the center of the middle circle is equidistant from the vertices B 
of the square. Therefore, this center is on both diagonals. The center of the little 
circle nearest A (point E in the diagram) is equidistant from AB and AD, so it is on 
the angle bisector of BAD, Diagonal AC bisects ZBAD, so it must pass through E. 
Similarly, AC must pass through G, the center of the little circle nearest C, Drawing 
altitudes from E and G to AB and CD, respectively, we form 45-45-90 triangles, C 
Letting the radius of each little circle be r, we have GX = EY = r, so AE = CG = r V2, 
We also have EG = 4r because this segment includes one radius of each of OE and @G, and the diameter 
of the center circle. Therefore, we have AC = 4r + 2r V2. Since we also have AC = AD V2 = 4 V3, we 


have 4r + 2r V2 = 4 V2, Therefore, we have r(2 + V2) = 2 V2, sor = (2 V2)/(2 + V2) = 2 V2- 2| 
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Exercises for Section 12.5 


12.5.1 Lel our starting lines be m and n, and their intersection point be Y. 
Since the circle must be tangent to both lines, its center must be equidistant 
from the lines. Therefore, the center of the circle must be on an angle bisector 
of one ol the angles formed by the lines. So, we start by constructing an angle ~ 
bisector. Then, we choose a point O on the angle bisector. We construct a line 
through O perpendicular to m. Let X be the point where this perpendicular 
hits m. Since OX 1 m, the circle with radius OX must be tangent to m. Since 


Ois on an angle bisector of lines m and n, it must also be a distance of OX from n. Therefore, the circle 
with radius OX and center O is tangent to as well. 


125.2 We know XY is tangent to ©O by construc- 
tion, because we construct this line by drawing a 
line through a point on @O that is perpendicular 
to the radius of ©O drawn to that point. Point Z 
in our construction is on the circle with diameter 
OP, so ZOZP is inscribed in a semicircle. Therefore, 
LOZP = 90°, so LXZP = 180° - ZOZP = 90°. Let the 
radius of OO be ro and the radius of OP be rp. Then, 
we have OZ = ro - rp by construction, so we have 
ZX = OX - OZ = rp. Therefore, if we take the point Ne 

Y on our tangent line through X such that XY = ZP > 

and Y ison the same side of XZ as P is, then we have XY = PZ and XY || PZ so XYPZ isa parallelogram. 
Furthermore, since 4YXZ = ZXZP = 90°, we see that XYPZ is a rectangle. Therefore, YP = XZ = rp, so 
Y is on OP, and ZPYX = 90°, so XY is tangent to OP. 


12.5.3 Our construction is shown below. 


We start by drawing OP, then draw radii OA and PB of our given circles such that each is perpen- 
dicular to OP. We then draw AB; we let point X be where this segment meets OP. Point X is also the 
point where our common tangent hits OP, as we'll prove on the next page. We then construct tangents 
from X to OO and OP using the construction described in the text for constructing a tangent to a circle 
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Review Problems 


from a point outside the circle, Let XY be one of the tangents to ©O and XZ be one of the tangents to OP. 
We choose these on opposite sides of OP, as shown. To prove that XZ is the common tangent to both 
circles, we must show that ZYXZ = 180°, i.e., that Y, X, and Z are collinear. 


Since ZOXA = ¿PXB and ZAOP = ZBPO, we have AXAO ~ AXBP by AA Similarity. Therefore, 
XO/XP = AO/BP = to/rp, where ro is the radius of ©O and rp is the radius of OP. Turning our attention 
to aXYO and aXZP, we see that ZXYO = ¿XZP = 90°, and OY/ZP = XO/XP = ro/rp, so AXYO ~ AXZP 
by HL Similarity. Therefore, 2YXO = ZXP, so LZXO = 180° - £ZXP = 180° - ZYXO. This tells us that 


LYXO+ £ZXO = 180°, so Y, X, and Z lie on a straight line. Therefore, ¥Z is our desired common internal 
tangent. 


Review Problems 


12.28 
(a) AC = 360° - 120° — 190° = 50°, so x = AC/2 = [25°] 
(b) 4J = 180° -= Z - ZH = 40°, so x = 2()) = [80° 
(c) Since RS = RT, we have RS = RT. Furthermore, ST = 2(ZR) = 80°, so adding all the arcs of the 
circle gives us x + x + 80° = 360°, sox = 280°/2 = 
(d) Since OA = OB = OC, we deduce that O is the center of the circle (why?). AB = 2(ZACB) = 20°, so 


ZAOB = AB = [20°] 


(e) Because WXYZ is a cyclic quadrilateral, we have .W+ZY = 180°. Therefore, x = 180°-120° = [60°]. 
(f) ZQPR and ZRSQ are inscribed in the same arc and are therefore equal. Hence, ZQPR = [20°] 


(a) pipi BC = DE, we have DÈ = BC = x. Therefore, CE = 360° — x — 31° — x = 329° — 2x. Since 
= (CE-BD)/2, we have 24° = (329° - 2x —31°)/2 = 149° — x. Therefore, x = 149° -24° = [125°], 


(b) Since LWZX = (WX + VY)/2, we have 90° = (155° + 2x)/2, from which we find x = 
(c) PS = 360° ~ 61° ~ 133° = 166°, so x = ZQ = (PS - PR)/2 = [525°] 


(d) Since minor arc G] equals x, major arc Gl equals 360° — x. Therefore, we have ¿GHI = (360° - x - 
x)/2 = 180° ~ x. Since ZGH] = 45°, we have x =| 135° | 


(e) ¿K= JL/2 = ZJLI = 43°, (Angles ZK and JL] are inscribed in the same arc.) Therefore, from A)KL, 
we have x = 180° ~ 43° - 31° = [106°], 
12.30 
(a) AB = 2(4ACB) = 
(b) BC = 180° - 116° = 64°, so ZBAC = BC/2 = [82°] 
(c) 2D = ZA = 32°. Since ABDC is isosceles with DB = DC, we have DBC = (180° — 32°)/2 =| 74° 
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1231 Since -BEC = (BC + AD)/2 and BC = 360° — 34° - 102° - 109° = 115°, we have ZBEC = (115° + 


}09")/2 = RECA 


» B X~ 1232 LetX be a point on m besides point B. Since AOBX is a right triangle, 


aan we have OX = VOB? + BX?. Therefore, OX > OB, so X must be outside 00. 
| \ This is true for all X on m besides point B, so m must meet @O in exactly one 
Ọ | point. 
O 
1233 Let our triangle be AABC with obtuse angle at ZC. Since ZC > 90°, itis c 


inscribed in an arc that is greater than 2(90°) = 180°. Therefore, the arc of the 
circumcircle connecting A to B that does not pass through C must be more 
than 180°. Hence, point C and the center of our circle must be on opposite B A 


sides of AB. Since the triangle lies entirely on the same side of AB as point C, 
this means that the circumcenter of the triangle cannot be inside the triangle. 


12.34 Since ZROS = 53°, minor arc RS = 53°. Therefore, major arc RS = 

360° - 53° = 307°, so ARTS = (major arc RS)/2 = [153.5° 

1235 Let P be on OT such that KP is tangent to the circle. Since TP is a radius drawn to this point 
of tangency, we have ZKPT = 90°. Since YT = 2, the radius of OT is 2, so TP = 2. Moreover, 
KT = KY + YT = 8, so the Pythagorean Theorem applied to AKPT gives us KP = VKT? - YT? =|2 vl 
12,36 


(a) Since AB is a diameter of OF, we have YA = AYB - YB = 180° - 134° = (46°) 

©) XF = (YB - YA)/2 = [44°] 

(c) LkYA = YA/2 =(23°} 
12.37 Since TA and TB are tangent to the circle, both <A and 4B are right angles. We can divide 
OATB into two right triangles by drawing OT, Since AT and BT are tangents to the same circle from 


the same point, we have AT = BT. We also have OA = OB and OT = OT, so AOAT = AOBT by SSS 
Congruence, Therefore, LAOT = ZBOT = (ZAOB)/2 = 60°, so both of our right triangles are 30-60- 


90 triangles, Since AT = 6, we have OA = AT/V3 = 2V3 and OT = 20A = [a v3] We also have 
¿ATB = LATO + /OTB = [eoe] (We also could have used the angles of AOBT to find this.) Finally, 
[OATB] = [OAT] + [OBT] = (OAXAT)/2 + (OB)(BT)/2 = 

1238 Since ZA = 50°, BD = 2(50°) = 100°, Since AD is a diameter, we have AB = 180° - BD = 80°. 


Therefore, AB is (80° /360°) = 2/9 of the whole circle, Since the circumference of the circle is ADr = 36n, 
the length of AB is (2/9)(36) = [87] 


12.39 The sides of a regular dodecagon divide its circumeircle into 12 equal arcs. Therefore, each of 
these small arcs has measure (360°/12) = 30°. 


(a) ZABC is inscribed in an arc that consists of 10 of these smaller arcs. Therefore, major arc AC has 
measure 10(30°) = 300°, so ZABC = (300°)/2 = 
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Review Problems 


®©) ¢ACD is inscribed in an arc that consists of 9 of these little arcs, so it has measure (9-30°)/2 = fi 35° 


(c) ZAD) is inscribed in an arc that consists of three of these little arcs (IK, KL, and [A), so it has 
measure (3 « 30°)/2 = [45°], 

(d) The acute angles between the chords each equal (AB + Fi)/2. Since AB = 30° and FJ consists of 
three of our little arcs of measure 30°, our angle has measure (30° + 3 - 30°)/2 =| 60° | 


(a) ZZWX = 180° - LVWZ = 99°. AWXZ then gives /VXZ = 180° - .WZX - ¿XWZ = [43°]. 
©) 2WYZ = W2/2 = zwxz = [43°] 
(c) Let XZ and WY meet at O. Right triangle AOZY gives us ZXZY = 90° - ZOYZ =| 47° |. 


(d) <WYX = WX/2 = /WZX = 38° and LWYZ = 43°, so ¿XYZ = WYX + LWYZ = [81°], (Is ita 
coincidence that XYZ = ZVWZ?) 

(e) Since WXYZ is a cyclic quadrilateral, we have WXY + ZWZY = 180°. Since ZWZY = ZWZX + 
LXZY = 85°, we have ZWXY = 180° - ZWZY = 


12.41 (Figure at left below.) Since ABCD has area 100, AB = 10. Since AABD is a 45-45-90 triangle, 
we have BD = 10 V2. Point O is the midpoint of BD, so OD = BD/2 = 5 V2. Finally, if we connect O 
to the points E and F, where the circle meets sides AB and CD of the square, we see that EFDA is a 
rectangle, so EF = AD = 10. Therefore, the radius of the circle inscribed in the square is 10/2 = 5, so 


DX = OD- ox =[5 42-5} 


KI i ; 
is X : fa 6 Z 


12.42 Label the points of tangency as shown at right above. Since YA = YB and ZA = ZC, we have 
YZ= YA+AZ = YB+ZC=[9} 


12.43 We have already shown in the text that there is a circle centered at the intersection of the angle 
bisectors of a triangle that is tangent to all three sides of the triangle. We must now show that this is the 
only such circle. Let ©J be a circle that is tangent to all three sides of AABC, Since I is tangent to all 
three sides of AABC, it is equidistant from the sides of AABC. Since ] is equidistant from AB and AC, 
lis on the angle bisector of ZBAC. Similarly, ] must be on the bisectors of ZCBA and 2ACB, Therefore, 
any circle that is tangent to all three sides of a triangle must be centered at the intersection of the angle 


bisectors of the triangle. Only one circle centered at this point is tangent to all three sides of the triangle, 
so each triangle has exactly one incircle, 


127 


CHAPTER 12 CIRCLES AND ANGLES 


12.44 We follow the same steps that allowed us to solve the similar 
problem in the text. We find the point X on BQ such that QX = PA = 3. 
Since <BOP = ZOPA = 90°, we have ¿BQP + ZQPA = 180°, so QB || PA. 
Since we also have AP = QX, we know that QPAX is a parallelogram. 
Since one of the angles of this parallelogram is 90°, we know QPAX 
is a rectangle. Since QPAX is a rectangle, we have AX = PQ and 
¿AXR = 90°. Therefore, we have AX? + XB? = AB?. Since BQ = 8 and 
OX = 3, we have BX = BQ- QX = 5. We also have AB = AC + CB = 11, 


so AX = VAB? - XB? = V96 =|4 V6 


Note that PQ = 2 \(AP)(BO) = 2 V24 = 4 V6. Is this a coincidence? 


12.45 Since the inner circle is tangent to all six sides of the hexagon, a radius of the 
inner circle is the altitude from the center to a side (OX in the figure). The circumcircle 
of the hexagon goes through all six vertices, so its radius is OB in the figure. The desired 
ratio of areas then is the square of the ratio of the radii. Since AOBC isosceles and OB 
and OC both bisect angles of the hexagon, we have ZOBC = OCB = 120°/2 = 60°. 
Therefore AOXB is a 30-60-90 triangle and we have OX/OB = 3/2. Because the ratio 
of the radii of the circles is -V3/2, the ratio of the areas of the circles (-¥3/2)? = 


Challenge Problems 


12.46 We have AB = 2(40°) = 80° and BC = 2(50°) = 100°. Therefore, ABC is a semicircle and AC isa 
diameter of the arcle. The angle formed by chord AC and tangent £ is therefore ABC/2 = 90°, as is the 
angle formed by AC and m. Since AC is perpendicular to both £ and m, we must have £ || m. 


12.47 Since ABCD is a parallelogram, we have ZA = CC. Since ZE and ZA are inscribed in the same arc 
(BD), we have ZE = ZA. Therefore, ZE = ZA = ZC, so AEDC is isosceles with ED = DC. 


12.48 Let the sides of the triangle be a, b, and c, where c is the hypotenuse. As we found in an Exercise, 
the inradius of the triangle is s — c , where s is the semiperimeter. Therefore, we have s —c = 5. Doubling 
this gives us 2s — 2c = 10, or p— 2c = where p is the perimeter of the triangle. 


12.49 Because QCD = <QCB, we have QB = QD. Similarly, <PAB = ¿PAD gives B 
us PB = PD. Therefore, we have QBP = QB + BP = QD + DP = QDP. Since QBP c 

and QDP together are the whole circle and the two arcs are equal, they must both Q 
be semicircular arcs. Because QBP = 180°, we know that PQ is a diameter. P 


12.50 ZEDF 1s inscribed ın EF of the narcle (where FF is the arc connecting E to F 

that does not include D). Therefore, ZEDF = EF/2. Since ZA is formed by two sides D 
of AABC that are tangent to the incircle, we have ZA = (EDF - EF)/2 = (360° — EF — EF)/2 = 180° - EF. 
Since A = 32°, we have EF = 180° ~ 4A = 148°. Therefore, LEDF = EF/2 = [74°] 


Challange Problems 


12.51 Since AX = AY, we have AX = AY. Therefore, BX = BXA - AX = 180° - x 
ay = BYA - AY = BY. So, we have ZXAB = BX/2 = BY/2 = LYAB. Let 
XY meet AB at M. Since AX = AY, ZXAB = ¿YAB and AM = AM, we have | 
aAXM = AAYM by SAS Congruence. Therefore, XM = YM and ZAMX = LAMY. A XM = 
Since ¿AMX + ZAMY = 180° also, we must have ZAMX = LAMY = 90°, so AB is N 

the perpendicular bisector of XY. 


12.52 Earlier, we found that YZ = YA+ZA = YB+ZC = 9. Let XC = x. Since XC Y 
and XB are tangents from the same point to the same circle, we have XB = XC = x. 

Now we can apply the Pythagorean Theorem to AXYZ: (x +3)? + (r+ 62 = 9% 3 
Therefore, 2x? + 18x — 36 = 0, sox = (-9+ 3 V17)/2. Since x clearly must be B 


positive, we have x = (-9 + 3 V17)/2, so XZ = 6 + x = | (3 + 3 V17)/2|, X C6 


12.53 We label the centers of the circles as shown, and build right angles by 
drawing radii from points of tangency, and by completing rectangle XIWV. / \ 
Since the area of the square on the left is 256, its side length is V256 = 16, so 
TV = 16/2 = 8. Similarly, the side length of the square on the right is 4, so 


IW = 2. Since VW equals the sum of the radii of the circles (make sure you A 
see why) and XV = TV - XV = TV -IW (since XIWV is a rectangle), we have \ AK 


TX = 6and XI = 10. Therefore, TI = VTX? + IX? = V136 = |2 V34\. 


N 


12.54 Let O be the center of our circle and AB be one of our tangents. Since AB 
is tangent to the circle at its midpoint, the radius from O to the midpoint of AB is 
perpendicular to AB. From right triangle OTB, we have OB = VOT? + TB? = V5. 
Similarly, OA = V5, and the endpoints of all of our tangent segments are V5 away 
from O. Therefore, the endpoints of our tangent segments trace out a circle with 
radius V5. The segments therefore fill out the region between this circle with radius 
5 and the oan circle, which has radius 2. So, the area of our desired region is 
(¥5)?n - (2)? = 


12.55 The two cases we must consider are shown below. 


A 


In both cases, since AP and AQ are diameters of their respective circles, both <ABP and ZABQ are 
inscribed in semicircles, so ABP = ZABQ = 90°. Therefore, AB . BP and AB L BQ, so both P and Q lie 
on the line through B that is perpendicular to AB. (Notice that this proof takes care of both cases.) 
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12.56 Since CE is the perpendicular bisector of radius AO, we have OY = OA/2 = A 
OC/2. Therefore, AOYC is a 30-60-90 triangle. Since COY = 60°, we have AC = 60°. ce Y Np 
Therefore, we have ¿CXA = AC/2 = 30°. From isosceles triangle AOCX (since OC Oo. (| 


and OX are radii), we have ZOCX = ZOXC = [30° |, 


12.57 Let AB touch the circle at Z. We are given BZ + AZ = 6. We also have BZ = BY 

and AZ = AX because tangents from the same point to the same circle are equal. X 
Therefore, we have CY + DX = (BC - BY) + (DA - AX) = BC + DA - BY - AX = 

7+9- BZ- AZ = 16- (AB) = 


12.58 The longest line of sight will be tangent to the smaller semicircle. One z y 
such line of sight is shown in the figure, YZ. Since OX is a radius of the smaller 

semicircle, it is perpendicular to tangent YZ. It is also part of a radius of the 

larger semicircle. Since OX is perpendicular to chord YZ of the larger semicircle 

it thus bisects the chord, so XY = XZ. We therefore have XZ = ZY/2 = 6. O 
Furthermore, from right triangle AOXZ, we have OZ? - OX? = XZ? = 36. The area of the room is the 
difference in the areas of the semicircles, or (OZ2)n/2 — (OX”)n/2 = (n/2)(OZ? - OX?) = [1877]. 


(Note also that since OX and OZ are fixed no matter which chord we choose of the larger semucircle 
that is tangent to the smaller, we can use the Pythagorean Theorem as above to show the length of such 
a tangent chord is fixed.) 


12.59 Let] be the incenter of AABC and X be the point where the incircle is tangent to AC. We have 
IX = IZ because they are both inradii, and we have AZ = AX because they are tangents to the same 
circle from the same point. Since we are given AZ = IZ, IXAZ is a rhombus. Furthermore, since the 
inaircle 1s tangent to AB at Z, we have IZ L AZ. Therefore, rhombus IXAZ is a square with ZA = 90°. 


12.60 Let the legs of the triangle have length a and b, and let the hypotenuse have length c. From the 
Pythagorean Theorem we have a? +b? = c?, or a? + b? —c? = 0. The quantity a? + b? — c? can only be even 
if either all three of a, b, and c are even, or if exactly one of them is even. Since this quantity must equal 
zero for our triangle, we know that either all three of a, b, and c are even, or if exactly one of them is 
even. As offered as Exercise 12.4.8 in the text, the inradius of our right triangle has length (a + b — c)/2. 
Since (a + b — c) is an even integer if all three of a, b, and c are even, or if exactly one of them is even, we 
know that our inradius must be an integer for any right triangle with integer side lengths. 


12.61 
(a) Since AyB = A\C, wehave 4A,AB = AyB/2 = AyC/2 = CAA). Therefore, A 
AA; bisects ¿BAC, so it must pass through the incenter of AABC. B; 


(b 


Let J be the pomt where AA, meets BıC;. We have £C,JA; = (AB) + 
AyBC;)/2 = (AB; + BC + BA})/2 = (AC/2+ BC/2+AB/2)/2 = (AC+BC4+ & 
AB)/4 = 360° /4 = 90°. Therefore, AA, 1 BC), 7C 


Following the logic in part (a), we can show that each of AAy, bB, and 
CC) passes through the incenter of AABC. Following the logic in part (b), 
we can show that each of these lines contain the altitudes of A,B,C, 


50 these lines must meet at the orthocenter of 4A,B,\C\. Therefore, the incenter of AABC is the 
orthocenter of 4A;ByC). 


(c 


p A 


Challenge Problems 


12.62 We start by drawing the circumcircle of AABC. Point D can be either inside, outside, or on this 
circle, We have shown in the text that if D is on the circle, then we have ZA + ZC = 180°. 


If D is inside the circumcircle of AABC above, as in the diagram at left above, we have ZA + ZC = 
BCY /2+BAX/2 = (BCY+BAX)/2 = (360°-XY)/2 = 180°-XY/2. Therefore, if Dis inside the circumcircle, 
then ZA + ZC < 180°. 

If D is outside the circumcircle, as in the diagram at right above, we have ZA + zC = BCX/2 +BAY/2 = 


(BCX + BAY)/2 = (360° + XY)/2 = 180° + XY/2. Therefore, if D is outside the circumcircle, then 
ZA + ZC > 180°. 


Since the only case in which we can possibly have ZA + ZC = 180° is when D is on the circumcircle 


of SABC, then if 4A + ¿C = 180°, we know that D is on the circumcircle of AABC, so ABCD is a cyclic 
quadrilateral. 


1203 Since BC = AC = DC = 10, the circle with center C and radius 10 goes through A, B, and D as 
shown at left below. Since AB = BC = AC, AABC is equilateral, so ZACB = 60°. Since ZACB = 60°, AB of 
our circle is also 60°. Since ZADB is inscribed in this arc, we have ZADB = AB 2= 
R 
T 
M 


D P Q 


A 


12.64 Ourdiagramisat right above. Since PQis a diameter, ZPTQ = 90°. Since MT and MQ are tangents 
from the same point to the same circle, we have MT = MQ. Therefore, we have ZMTQ = /MQT. From 
right tnangle QTR we have ZR = 90° - ZMQT. From right angle ZQTR, we have ZMTR = 90° — ¿MTQ = 
90° — LMQT = ZR. Therefore, AMTR is isosceles with MT = MR. We now have MR = MT = MQ, so M 
is the midpoint of RQ, 


CHAPTER 13. POWER OF A POINT 


CHAPTER 1 3 a ee 
E of a Point 


Exercises for Section 13.1 


13.1.1 


(a) The power of point C gives (CB)(CE) = (AC)(CD), so BC = (AC)(CD)/(CE) = 

(b) The power of point T gives us (TS)(TQ) = (TP)(TR), so we have (TQ)(9 - TQ) = 20. Therefore, 
we have TQ? - 9TQ + 20 = 0, so (TQ - 5)(TQ - 4) = 0, which gives us TQ = 4 or TQ = 5. Since 
TQ < TS and TS = 9 - TQ, we cannot have TQ = 5. Therefore, our answer is TQ = [4} 

(c) By the power of point V, we have (VY)(WV) = (VX)(VZ), so VY = (VX)(VZ)/VW = 9. Applying 
the Pythagorean Theorem to AYVZ gives YZ = VVY? + VZ? = 

13.1.2 

(2) The power of point A gives (AB)(AC) = (AD)(AE), so AE = (AB)(AC)/(AD) = 27. Therefore, 
DE = AE - AD = [23] 

(b) The power of point X gives XY? = (XW)(XZ), so XW = XY?/XZ = 16/3. Therefore, WZ = 


xz- XW =[20/3} 


13.1.3 The power of point Q gives (AQ)(BQ) = (XQ)(YQ). Therefore, YQ = 3, so XY = XQ+YQ= 


13.1.4 Since M is the midpoint of ST, we have SM = MT = 6. The power of point M gives (MS)(MT) = 
(MU)(MV). Let MU = x, so that MV = 15 - x. Therefore, we have 36 = x(15 — x), so x? — 15x + 36 =0 
from which we have (x ~ 12)(x - 3) = 0. So, the two possible values of UM are|3 and 12 


13.1.5 


(a) Since the radius of the circle is c and OX = b, we have CX = OC - OX = and XD = 
X0+OD=|b+e 


(b) The power of point X gives us (AX)(XB) = (CX)(XD). Since radius OC is perpendicular to chord 


AB, it bisects the chord, Therefore, AX = XB = a, and our Power of a Point relationship is 
a = (c~b)(c +b), Rearranging gives us a? + b? = c2, 


PE - Se 


Section 13.2 


(©) Suppose we havea right triangle ATUV with nght angle at U. We draw a circle 
with center T and radius TV. We extend VU to meet the circle again at point 
W, and extend FU to meet the circle at R and § as shown. Since radius TR is 
perpendicular to chord VW, we have VU = UW. We also have RU = TR-TU 
and US = TU + TS. The power of point U gives (VU)(UW) = (RU)(US), or 
VU? = (TR- TU)(TS+TU). Since TR = TS = TV (radii of the same circle), we 
have VU? = (TV-TU)(TV +TU). Rearranging this gives us TU2+ VU? = TV?, 
and we have proved the Pythagorean Theorem. 


13.1.6 The power of point A gives us (AW)(AX) = (AY)(AZ), or (AW)(AW+WX) = (AY)(AY+YZ). Since 
WX = YZ, we have (AW)(AW+YZ) = (AY)(AY+YZ), or AW?+(YZ)(AW) = AY?+(YZ)(AY). Rearranging 
gives AW?-AY? = (YZ)(AY)-(YZ)(AW). Therefore, we have (AW-AY)(AW+AY) = (-YZ)(AW-AY), or 
(AW-AY)(AW+AY) +(YZ)(AW—-AY) = 0. One more bit of factoring gives (AW-AY)(AW+AY+YZ) = 0. 
Dividing by AW + AY + YZ and rearranging gives AW = AY, as desired. 


Exercises for Section 13.2 


13.2.1 Let the radius of the circle be r and let BO meet the circle at X. The power of point B gives 
AB? = (BX)(BD), or 16 = (12 - 2r)(12). Solving for r, we find r = 16/3. Our area then is 772 = 2567/9 
13.2.2 
(a) The power of point P gives (PT)(PQ) = (PS)(PR), so PR = (PT)(PQ)/(PS) = 9. Therefore, the 
Pythagorean Theorem gives us QR = \/PQ? - PR? = 3-V7 and we have [PQR] = (PR)(QR)/2 = 


(b) Since ZR isa right angle, SQis a diameter of the circle. Therefore, ¿STQ is inscribed in a semicircle, 
so ZSTQ = 90°. We then have /STP = zPRQ = 90° and /TPS = ZQPR, so ASTP ~ AQRP by AA. 


Our similarity gives us ST/TP = QR/PR, so ST = (QR /PR)\(TP) = [v] (We could also have used 
the Pythagorean Theorem on ASTP.) 


(c) The Pythagorean Theorem gives us SQ = \/QR? + SR? = 2 V22. As we saw in the previous part, 
SQ is a diameter of the circle, so the circle’s radius is V22 and its area is (V22)?n = 

(d) From part (a), we have [PQR] = 27-¥7/2. Since ATOR and APQR share an altitude from R, we 
have [TQR]/|PQR] = TQ/PQ. Therefore, we have [TQR] = (TQ/PQ)|PRQ] =| 81 V7/8 


13.2.3 We have XA? = (XB)(XC) from the power of point X, Multiplying XB < XC by XB gives 
XB? < (XB)(XC), and multiplying XB < XC by XC gives (XB)(XC) < XC. Since (XB)(XC) = XA?, 
our two inequalities become XB? < XA? and XA? < XC?. Taking square roots gives the desired 
XB < XA < XC. 


13.2.4 The power of point A gives us (AW)(AX) = (AY)(AZ). Since AW = AY, we have AX = AZ, 
so WX = AX - AW = AZ- AY = YZ. Since AABC is equilateral, we have AB = AC. Therefore, 
BX = AB- AX = AC - AZ = CZ and BW = BX + XW = CZ + ZY = CY. Finally, we use the powers 
of points B and C to find: BQ? = (BX)(BW) = (CZ)(CY) = CQ?, so BQ = CQ. Point Q is therefore the 
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midpoint of BC 


Review Problems 


13.11 
(a) The power of point E gives (AE)(EC) = (BE)(ED), so EC = [28/3] 
(b) The power of point T gives (PT)(TR) = (QT)(TS), so 2x? = 24. Therefore, x = 2 V3, so PR = 3x= 


13.12 
(a) The power of point W gives (WX)(WY) = (WV)(WZ). Therefore, WZ = (WX)(WY)/WV = 6, so 
VZ=WZ-WV= 
i iv = = AD*/AB = 18. Therefore, BC = AC - AB = 
(b) The power of point A gives (AB)(AC) = AD?, so AC = AD?/ 
The Pythagorean Theorem applied to AACD gives us CD = VAC? + AD? = Vi8t+@ = 
OUR +12) = [6 V10 
(c) The power of point P gives (PS)(PT) = (PQ)(PR) = 48. Since PT = PS+2, we have PS? +2PS—48 = 0, 
so (PS — 6)(PS + 8) = 0. Since PS must be positive, we have PS = (6| 
13.13 By the power of point M we have (GM)(MH) = (IM)(MJ). Therefore, MJ = (GM)(MH)/IM = 
(12)(6)/2 = 36. Since GM 1 MJ, AGM] is a right triangle. Therefore GJ = \/GM? + MJ? = V12?+3@ - 
Vita +34 = [12 vi0] 
13.14 If P is inside ©O, then P is on AB and CD. Then, we would have PB = AB - PA = 6 and 
PD = CD - PC = 1. From Power of a Point we must have (PA)(PB) = (PC)(PD), but (PA)(PB) = 18 and 


(PC)(PD) = 4. Therefore, P must notbe inside OO. With A on PB and Con PD, we have PB = PA+AB = 2 
and PD = PC + CD = 9, so (PA)(PB) = 36 = (PC)(PD), as required by Power of a Point. 


13.15 The distance from you to the horizon is the length of a tangent segment. The distance from 
you to the surface of the Earth is the given distance, and the distance from you to the opposite end of 
the Earth (i.e., if you drew a line through yourself and the center of the Earth) is 8000 miles plus your 
distance from the surface of the Earth. Therefore we can use Power of a Point (applied to you!) to give: 


(Distance to horizon}? = (Your Distance from Earth)(8000 + Your Distance from Earth), 
) 


(a) We have x° = (1)(8001). Therefore, x is approximately 90 miles |. 
(b) We have x? = (6)(8006) = 48036. Therefore, x is approximately 220 miles 
(c) We have x? = (100)(81 00) = 810000, Therefore, x is approximately 900 miles 


13.16 The power of point Z gives (ZY)(ZX) = (ZW)(ZV), or ZY/ZW = ZV/ZX. Since ZY < ZW, we 
have ZY/ZW < 1. Since ZY/ZW = ZV/ZX, we have ZV/ZX < 1 also, so ZV < ZX. 


ot 


Challenge Problems 


13.17 The power of point P applied to the top circle gives PQ? = (PA)(PB), and applied to the bottom 
circle gives PR? = (PB)(PA), so we have PQ? = (PA)(PB) = PR?. Therefore, PQ = PR 


13.18 |Yes.| For example, we could have AX = XB = 6, CX = 4, and DX = 9. This would still give 
us (AX)(BX) = (CX)(DX), which Power of a Point requires. (To visualize this, consider a circle with 
diameter CD of length 13 bisecting a chord AB of length 12.) 


13.19 Power of a point requires that (AX)(BX) = (CX)(DX). Since AX = BX, they both must 
equal AB/2. Since CX = 2DX and CD = AB, we have CX = CD/3 = AB/3 and DX = 2CD/3 = 2AB/3. 
Therefore (AX)(BX) = AB?/4 and (CX)(DX) = 2AB?/9. These are clearly not the same, so the situation 
described in the problem is impossible. 


13.20 The power of point A gives (AC)(AB) = (AD)(AF). From the diagram, we have AB = 2AC and 
AF = 3AD, so we have (AC)(2AC) = (AD)(3AD). Therefore, AC?/AD? = 3/2. Taking the positive square 


root of both sides gives AC/AD = V372 =| V6/2 


13.21 Suppose that PB meets the circle at both B and C. From the power of point A, we have 
PA? = (PB)(PC). Since PA = PB, our equation becomes PA? = PC. Taking the square root of both sides 
gives PA = PC. Combined with PA = PB, this gives PB = PC. Since C is on PB, and P is not inside the 
circle, point C must be the same as point B. Therefore, BB cannot possibly meet the circle at a second 
point. 

13.22 Let PO meet the circle at X and Y, with X on PY. The power of point P gives (PA)(PB) = (PX)(PY). 
Since PX = PO -r and PY = PO + r, we have the desired (PA)(PB) = (PO -r)(PO +r) = PO? -r. If point 
P is inside the circle, we still have (PA)(PB) = (PX)(PY). However, when P is inside the circle, PX and 
PY are r — PO and r + PO, so our equation becomes (PA)(PB) = (r — PO)(r + PO) = r? — PO?, where the 
right hand side is just the negative of the right hand side when P is outside the circle. 


13.23 For any right triangle, we can draw a circle centered at the vertex of one of the acute angles and 
generate a diagram like the one given in the problem, by extending the hypotenuse to meet the circle 
a second time. Let our triangle be AXAO as in the problem. Let the radius of the circle be a, XA = b, 
XO = c, and let the circle meet x6 at B and C as shown in the problem. The power of point X gives 
XA? = (XB)(XC), or b? = (c — a)(c + a). A little algebra then gives the desired a2 +b? = œ. 


Challenge Problems 


13,24 Let the radius of the circle be r, let PO meet the circle at X, and let ray PO hit the circle past O at 
Y. Since PO = 2r and OB = r, the Pythagorean Theorem applied to APOB gives us PB = r V5. The power 
of point P gives us (PX)(PY) = (PA)(PB). Since OX = OY = r, we have PX = r and PY = 3r. Therefore 
(n(3r) = (PA)(r V5), so PA = 3r/-V5 = 3r V5/5. Finally, AB = PB - PA = 2r V5/5, so PA/AB = [3/2} 


(Note, we could also have solved this problem by extending BO to hit the circle again at T, then 
noted that APOB and ATAB are similar right triangles.) 


13.25 Power of a point requires (PX)(QX) = (RX)(SX), Therefore, we have (PX)(PQ- PX) = (RX)(RS - 
RX) = (RX)(PQ - RX). Expanding and rearranging gives RX? - PX? — PQ(RX — PX) = 0, or (RX - 
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PX)(RX + PX) — PQ(RX - PX) = 0. Therefore, (RX + PX — PQ)(RX - PX) = 0. So, we must have either 
RX = PX or RX + PX = PQ. Since PX + QX = PQ, the latter possibility is equivalent to RX = QX. Thus, 
RX must equal either PX or QX.) 


13.26 Power of a Point correctly applied to point P gives (PA)(PB) = (PC)(PD). Since PA = PB + AB 
and PC = PD+CD, we have (PB + AB)(PB) = (PD + CD)(PD), so PB? + (AB)(PB) = PD? + (CD)(PD). Since 
Jake still gets the nght answer using (AB)(PB) = (CD)(PD), this equation must be true for this problem 
Therefore, our correct Power of a Point relationship tells us that PB? = PD?, so PB = PD. Since PB = PD, 
our Power of a Point equation (PA)(PB) = (PC)(PD) tells us that PA = PC, so AB = PA - PB = PC - PD = 
CD. 


13.27 The power of point C is (CB)(CA) = 28(52). We found in Problem 13.22 that since C is outside 
the circle; the power of point C equals CO? — r?. Therefore, we have CO? = 28(52) + 15? = 1681 = 412 
so CO = [ai], (We can also solve this problem by letting M be the midpoint of AB and considering right 
triangles AOAM and 4OCM.) 


13.28 


(a) From Problem 13.22, if point P is outside both circles, the power of P with respect to C is OP? =p 
and with respect to C2 is OP? — t. Since 7; # r2, these powers cannot be the same. 


(b) Similar to the first part, if P is inside both circles, we must have r? - OP? = rå - OP?, which is 
impossible because r; # r2. 


(c) If Pis inside C; and outside C2, our powers are r} - OP? and OP? — r. We find that these are equal 
when OP = \/(r} +13)/2. Therefore, the points that are on the circle with center O and radius 
OP = 4/(r} + r2)/2 have the same power with respect to both circles. 


13.29 Let the point where XP hits the circumcircle of AXYZ be Q. We will show that Q is W. The 
power of point P with respect to our circle gives us (QP)(PX) = (YP)(PZ), so QP = (YP)(PZ)/PX. Since 
we also know that W is on XP past point P such that WP = (YP)(PZ)/PX (from the given equation), we 
know that W and Q are the same point, because there is only one point past P on XP that is a distance 
of (YP)(PZ)/PX from point P. Therefore, the circumcircle of AXYZ goes through W. 


13.30 Let T be the point of intersection of the three chords. The power of point T with respect to C) 
gives us (PT)(TQ) = (AT)(TB), and the power of T with respect to C2 gives us (RT)(TS) = (AT)(TB). 
Therefore, (PT)(TQ) = (RT)(TS), so by the previous problem, the four points P, Q, R, and S$ lie on a circle, 


13.31 Construct a segment PS with length a, then extend the segment past S to T such that ST = b, 
We therefore have a segment of length a + b. Find the midpoint M of this segment and construct the 
circle with center M and radius MP. Then, we construct a line perpendicular to PT through S. Let the 
points where this line hits our circle be X and Y. Since XY is a chord perpendicular to diameter PT 
of the circle, the diameter must bisect the chord. Therefore, XS = SY. The power of point S gives us 
(XS)(YS) = (PS)(TS), so we have XS? = ab, or XS = Vab. 


13.32 Since ZAPB = AB/2 = ¿ACB and ZPAC = PC/2 = CBP, we have APBQ ~ ACAQ by AA 
Similarity. Therefore, CQ/PQ = AC/PB. Similarly, we have APCQ ~ ABAQ, from which we have 
BQ/PQ = AB/PC. Adding these and noting, that CQ + BQ = BC, we have AC/PB + AB/PC = (CQ + 
BQ)/PQ = BC/PQ. Since “ABC is equilateral, we have AB = BC = AC, so we can divide our equation 
by AC to get the desired 1/PQ = 1/PB+1/PC. 


— eee SSS 


Challenge Problems 


18.33 


(a) Since ZABE = AC/2 = ¿CDE and BEA = /CED, we have 4AEB ~ &CED by AA. The ratio 
of the areas of these triangles is therefore the square of the ratio of corresponding sides, or 
|ABE)/[CDE) = (AB/CD)’. 

(b) We have ZABC = ZADC and ¿BPC = ZDPA, so ABPC ~ ADPA by AA. The ratio of the areas of 
these triangles equals the square of the ratio of corresponding sides, or [PBC]/[PAD] = (PC/PA)’. 

(c) The power of point P gives (PC)(PD) = (PA)(PB), so PD = (PA)(PB)/PC = 5, so CD = PD- PC =1. 
Since APAE and AAEB share an altitude from E, we have [PAE}/[AEB] = PA/AB = 1/4. Similarly, 
|PEC]/[CDE] = PC/CD = 4. Dividing [PEC]/[CDE] = 4 by the relationship we found in part (a), 
|ABE]/|CDE] = (AB/CD)? = 64, we have [PEC]/[ABE] = 1/16. Therefore, 


[PAEC] _ [PAE] + [PEC] _ [PAE] , [PEC)_1. 1 5 


[BAE] [BAE]  [BAE) * [BAE] 4° 16 | 16 


13.34 Since BD/BA = BE/BC and ¿DBE = ZABC, we have AABC ~ ADBE by 
AA Similarity. Therefore, ABDE is equilateral, so we have DE = EB = DB = AD. 
Extend DE past D and E to meet the circle at points G and F as shown. The power of 
point D gives us (DG)(DF) = (AD)(DB). By symmetry, we have DG = EF, and we 
found earlier that AD = DB = DE. Therefore, our power of a point relationship 
becomes (EF)(DF) = DE?, or DE/EF = DF/DE. Since DF = DE + EF, we have 
DE/EF = DF/DE = (DE + EF)/DE = 1+ EF/DE. Letting x = DE/EF, we have 
x= 1+1/x,s0x* -x — 1 = 0, from which we find x = (1 + V5)/2. Since our ratio F 


must be positive, we have x = | (1 + V5)/2 | (Notice that our answer is the golden ratio!) 


13.35 The power of point F gives (FR)(FG) = IF*, so FG = IF? /FR = 49. Therefore, RG = FG — FR = 31. 
The power of point O then gives us (IO)(ON) = (OR)(OG). Since OR + OG = GR = 31, we have 
OG = 31 - OR, so we have (OR)(31 — OR) = (IO)(ON) = 240. Therefore, we have OR? — 310R +240 = 0, 
so (OR — 15)(OR — 16) = 0. Since OR > GO and OR = 15 gives GO = 16, we discard this solution to our 
equation. Therefore, our answer is OR = [16] 


13.36 
(a) From the power of point P we have BP = (CP)(DP)/(AP) = 4. We then 


connect O to the midpoints of AB and CD. We call these points M and N 
as shown. Since OM is part of a radius that bisects chord AB, we must 
have OM 1 AB. Similarly, ON 1 CD. Therefore, MPNO is a rectangle. 
Since AM = AB/2 = 7/2, we have PM = MA - AP = 1/2. Similarly, we 
find NP = CN - CP = CD/2 - CP = 2. Since OP is a diagonal of rectangle 


MPNO, we have OP = MN = VMP? + NP? = V17/2. 


We extend OP to meet the circle at X and Y, with X closer to P. The power 
of point P gives us (XP)(PY) = (AP)(PB). Letting our radius be r, this 


means (r ~ V17/2)(r + VI7/2) = 12, so r? ~ 17/4 = 12. Therefore, r = 


(b 
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Three-Dimensional Geometry 


Exercises for Section 14.1 


14.1.1 By definition, if line m is perpendicular to plane P at X, it is perpendicular to every line in P 
through X. Therefore, m and k must be perpendicular. 


14.1.2 Since ABCD is a square, DA = AB = 5. Because DA is perpendicular to plane ABP and AP isa 
line in plane ABP that passes through A, ¿DAP is a right angle. Therefore, by the Pythagorean Theorem, 


PD? = DA? + PA? = 5? +3? = 34, so PD = [v34] 


14.1.3 Let Q be any point on line m, and R be the foot of the perpendicular from P P 

to m. Then triangle PQR is a right triangle with hypotenuse PQ and right angle at R. 

Therefore, PQ is always greater than or equal to PR. The answer is the foot of 

the perpendicular from P to m is the closest point on m to P. R Q 


14.1.4 Let Q be any point on plane P, and R be the foot of the perpendicular x m 

from X to P. Since P L m at point R, we must have RQ L m. Therefore, N 

tnangle XQK is a right triangle with hypotenuse XQ and right angle at R, so 

XR < XQ when Q and R are different points. Since all points in P besides R R\ 

must be more than XR from X, the foot of the perpendicular from X to P is L Re 
the point in P closest to X. 


14.1.5 [Yes] We lack the tools to prove this now, but here’s an intuitive explanation. Let O be the point 
where m intersects P, Because M and P are perpendicular and both pass through O, there is a line in M 
through O that is perpendicular to P. (This is the statement we can't yet prove. It’s intuitively obvious, 
but proving it rigorously is beyond the scope of this book.) Similarly, since N and P are perpendicular 
and both pass through O, there is a line in M through O that is perpendicular to P. Since there is only 
one line through O perpendicular to P, the aforementioned lines in M and N must be the same line. 
This line is in both M and W, so it must be line m. Therefore, m is perpendicular to P. 


Exercises for Section 14.2 


14.2.1 Ina prism, any cross-section parallel to the bases is congruent to the bases, 
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14.2.2 


(a) The volume is 2-5-3 V2 = [30 v3] 

(b) The total surface area is (2-5 + 5- 3 V2 + 3 V2. 2) =|204 42 V2|. 

(c) Each space diagonal is has length V2 +524 (3 V2} =| v47|, 

(d) Since 2 <3 V3 <5, the longest face diagonals are those in the faces with dimensions 3 V2 and 5. 


Therefore, the answer is /(3 V2)? + 5? = [va] 


14.2.3 Let the third side be a, Then we have a? + 3? + 8? = 10%, so a = 3 V3. Therefore, the volume is 
3438-3-8 =|72 V3.. 


14.2.4 Recall that in a cube of side length s, the space diagonal is s V3. Solving s V3 = 6, we get s = 2 V3. 


Therefore, the volume is $è = (2 V3} = |24 V3 


14.2.5 A space diagonal always has a pair of two opposite vertices as its endpoints. Since a cube has 
eight vertices, there are four pairs of opposite vertices, making a total of space diagonals. 


14.26 Let the original dimensions of the prism be I, w, and h, so the new dimensions are 21, 2w, and 2h. 


The original surface area is 2(lw +lh + wh), and the new surface area is 2|(2l)(2w) + (2I)(2h) + (2w)(2h)] = 
B(w + Ih + wh) = 4 - 2(tw + Ih + wh), so the surface area is multiplied by a factor of p! 


The original volume is lwh, and the new volume is 2l - 2w - 2h = 8lwh, so the volume is multiplied by 
a factor of [8l 


More generally, if each dimension is multiplied by a factor of k, then the surface area is multiplied 
by a factor of k°, and the volume increases by a factor of K. Can you prove this? 


14.2.7 
(2) Segment BD is a diagonal of rectangle ABCD, so BD = VAB? + BC: = VZ 4.32 = [5] 
(b) Since ABGH is a square, AB = BG. Because AB is perpendicular to face BCGF, we have AB 1 BG. 


Therefore, we can apply the Pythagorean Theorem to AABG to find AG = VAB? + BG? = 

We also could have solved the problem by finding the dimensions of the prism. Since BCG is 
a right triangle with right angle at C, we have CG? = BG? - BC? = AB? - BC? = 42-3? = 7. 
Therefore, the height between bases ABCD and EFGH of the rectangular prism is V7. Now that 
we have all three dimensions of the rectangular prism, we find that the length of space diagonal 


AG is V4? +3? + ( V7} =[av3] 
(c) Note that FD is just another space diagonal, so FD = AG = fava] 
(d) The volume is (AB)(BC)(CG) = (4)(3)(-¥7) = [1277] 


14.2.8 The total surface area of the two boxes is 2(4:6 + 6:8 +8-4)+2(2:3+3-5+5:2) = 270, Now we 
subtract twice the area of overlap to get the final surface area, This is because the area of overlap must be 
subtracted once from the big box and once from the small box. The largest area of overlap cannot exceed 
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3.5 = 15, which is the largest area among all six faces of the smaller box. Bridget also will not paint the 
face that rests on the ground, so she places the first box with one of its two 6 x 8 faces on the ground. 
This reduces the amount she must paint by (6)(8) = 48. Therefore, she is left with 270 — 2 - 15- 48 = |192 
to paint. 


Exercises for Section 14.3 


14.3.1 
(a) Let F be the foot of the altitude from E to base ABCD. Because ABCD is E 
a square of side length 4, AF = 2 V2. Since AFE is a right triangle with 
right angle at F, the length of altitude EF is equal to VAE? - AF? = 
V8 - (2 V2} = [2 V14], 
(b) Let G be the foot of the altitude from E to AB in isosceles triangle AEB. 
We know AG = 2, so the slant height EG is equal to VEA? - AG? = A 


Ve? —22 = |2 V15| We also could have used right triangle AEFG to 
find EG. 


(c) The volume of the pyramid is 


1 
3 IABCD]-EF = 5 -4?-2Vid = eau 


(d) Because the pyramid is regular, the total surface area of the pyramid is 


[ABCD] + 4[ABE) = 4? +4 (3 -4-2 VT5) =|16 +16 V15|. 


14.3.2 lf BC = 8, then the length of diagonal CE would be 8 V2, which would make OC = 4 VZ. Since 
triangle AOC has a right angle at O, the length of AC must be at least the length of OC. However, AC = 5, 
which is less than 4 V32, so the pyramid could not have BC = 8 and AC =5. 


14.3.3 The slant height is V3? + 4? = 5, so the surface area is 6? + 4(6 -5/2) = 96 in?. The volume is 
6° 4/3 = 48, The ratio of the number of square inches in the surface area to the number of cubic inches 
in the volume is therefore 48/96 = (1/2) 


14.3.4 


(a) One of the faces of the shaded piece is a right triangle with legs 3 and 4. Looking at this triangle 
as the base, the height is then 2. The volume is then 4(} 3: 4)(2) = [4]. 


(b) The sum of the six edges is 24+ 3444 V22 432 + V3? +4? + Va? 42? = |14 + VIa +2 V5 


14.3.5 First, in each case, the solid is a tetrahedron with base STU and height 4. The area of triangle 
STU is (ST)(TU)/2 = 8, so the volume of each solid is [STU](4)/3 = {32/3 | Now we will find the surface 
areas, 
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(a) Triangles STU and STW are right triangles with legs 4 and 4, so their areas are 1/2° 4-4 = 8 
Tnangle WSU is a right triangle with legs WS and SU. We know that WS = 4 and SU isa diagonal 
of square STUV, so SU = 4 V2. Therefore, the area of triangle WSU is 4(4-V2)/2 = 8 V2. Triangle 
UTW is congruent to triangle WSU, so it also has area 8 V2. Therefore, the total surface area is 


8+84+8V2+8 v2 =|16 + 16 V2) 


By the same calculations as in part (a), triangles STU, STX, and TUX are right triangles with legs 
4 and 4, so their areas are all 8. Triangle SUX has sides SU, SX, and UX. Note that these are the 
diagonals of squares STUV, STXW, and TUYX, which are congruent, so they all have the same 
length, namely 4 V2. Therefore, triangle SUX is equilateral with side length 4 V2, so its area is 


(4 V2} V3/4 = 8 V3. The total surface area is then 8+ 8 + 8 + 8 V3 = |24 + 8 V3 


(c) By the same calculations as in parts (a) and (b), triangle STU has area 8, triangles STZ and TUZ have 
area 8 V2, and triangle SUZ has area 8 V3. Therefore, the total surface area is 8+8 ¥2+8 V2+8 V3 = 


8+16V¥2+8 V3! 


Exercises for Section 14.4 


g 


14.4.1 The quantity ends up being [2]in all cases. This is not a coincidence. For a very tough challenge, 
see if you can prove that this quantity equals 2 for all polyhedra (such as hexagonal prisms or pentagonal 
pyramids, etc.) 


14.4.2 Each vertex of the origina] octahedron is turned into a square face, which has 4 vertices. There- 
fore, the new number of vertices is 4 - 6 = The number of faces is increased by 6, since each vertex 
js turned into a face. Portions of the original faces are still there, so there are now 8+ 6 = faces. The 
number of edges is increased by 4 - 6 since the 6 new squares contribute 4 edges each, and a portion of 
each original edge stil] exists. The number of edges is then 12 + 24 = 


14.4.3 

(a) Let M and N be the midpoints of BC and CD, respectively. Then 
AM isa median of triangle ABC. Note that O is the centroid of tri- 
angle ABC, and we know that the centroid of a triangle divides the 
median into the ratio AO/OM = 2/1, so AO/AM = 2/3. Similarly, 
AP/AN = 2/3. Therefore, triangle AOP is similar to triangle AMN 

with ratio 2/3 (by SAS Similarity). We conclude that OP = 2MN/3. 
Since M is the midpoint of BC and N is the midpoint of CD in 

BCD, we have ACMN ~ ACBD, so MN = BD/2. BD is a diagonal 

of square BCDE, so BD = V2, which gives us MN = BD/2 = v2/2. 


Therefore, OP = 2MN/3 = v2/3 |, 


Solution 1: The centers of the eight faces of a regular octahedron are the vertices of a cube. OP is 
an edge of this cube, and OQ isa space diagonal of it. Therefore, OQ = OP V3 = 
Solution 2: Let X be the center of the octahedron. Consider tetrahedron XABC. Since X is the 


tt) 


2 
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center of square BCDE, we have BX = CX = V2/2, since BX and CX are both half of a diagonal 
of BCDE. Similarly, AX = V2/2. Since AX is perpendicular to the plane of BCDE, the volume of 
ABCX is [BXC\(AX)/3 = (BX - CX/2)(AX)/3 = V2/24. 

Let Z be the foot of the altitude from X to face ABC. Since X is the center of the octahedron, 
we have XA = XB = XC. Therefore, AXZA = AXZB = AXZC by HL Congruence, so ZA = 
ZB = ZC. Hence, Z is point O, the center of AABC. Since SABC is an equilateral triangle 
with side length 1, we have [ABC] = 1? V3/4 = V3/4. Therefore, the volume of XABC equals 
|ABC\(XO)/3 = (XOX V3/12). Since we already know that the volume of ABCX is ¥2/24, we have 
(XO)(-¥3/12) = V2/24, so XO = V6/6. 

Since faces ABC and DEF are parallel (why?), the line through O perpendicular to ABC must 
also be perpendicular to DEF. Therefore, OX hits ADEF at the foot of the altitude from X to plane 
DEF. Just as the foot of the altitude from X to ABC is the circumcenter of AABC, so is the foot 
of the altitude from X to DEF the circumcenter of ADEF. Thus, OX hits plane DEF at Q, and 


XQ = XO = V6/6. Finally, we have OQ = 20X = 

As in the first solution in the previous part, we note that the centers of the faces of the octahedron 
are vertices of a cube. OP is an edge of this cube, and PQ is a face diagonal of the cube. From our 
cube, we see that OP 1 PO, so [OPQ] = (OP)(PQ)/2 = (OP)(OP V2)/2 = | V2/9 | See if you can 


figure out how to prove OP 1 PQ without noting that the centers of the faces of the octahedron 
are vertices of a cube! 


Review Problems 


14.13 


(a) 
(b) 


(c) 


(a) 


Each face of a cube is a square. Since the face diagonal is 4, the edge length is 4/V2 = |2 V2 


Ina cube, a space diagonal is V3 times as long as an edge. Since the edge is 2 V2, the space diagonal 
is2-v2- V5 =|2-V6| 


Since the edge length is 2 VŽ, each of the six square faces has area (2 V2)? = 8. The total surface 
area is then 8- 6 = [28], 


The volume is (2 V2} = 


14.14 Since TS is perpendicular to plane TUYX, we know that YT | TS, Therefore, ¿YTS is a right 
angle. Similarly, all other angles of ZYTS are right, Thus, ZYTS is a [rectangle } 


14.15 
(a) 
() 
© 


Let the third side be a, Then 3? + 7? + a? = (3 VI3)?, so a = | V59 | 
The volume is 3-7- V59 =|21 V59}, 
The total surface area is 2(3 -7 +7- V59 + V59: 3) = |42 + 20 V59 |. 
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14.16 Let cube A have side length s. Its space diagonals therefore have length s V3, so the edges of B 
have length s V3. 


(a) The surface area of B is 6(s V3)? = 18s? and the surface area of A is 6s?. Therefore, the desired 
ratio is [1/3]. We also could note that the two cubes are similar. Since their corresponding sides 
have ratio 1/-V3, their corresponding surface areas have ratio (1/73)? = 1/3. 

(b) The volume of A is $è and that of 8 is (s V3)? = 3s? V3. Therefore, the desired ratio is 1/(3 V3) = 
[v57] We also could have noted that the cubes are similar, so the ratio of their volumes is 
(1/V3)3 = 1/8 V3) = V3/9. 

14.17 


(a) Let O be the center of base WXYZ. Since O is the midpoint of diagonal YW of the square, we have 
YO = YW/2 = XY V2/2 = 5V2. Since ZYOV = 90°, YO = 5V3, and YV = 13 V3, we know that 
AYOV is a 5-12-13 right triangle. Therefore, OV =|12 V2 |. 


(b) Let M be the midpoint of YZ. We then have MO = 5, so we have MV = VMO? + OV? = | V313 


(c) The total surface area of the pyramid is the sum of the areas of the four triangular faces and the 
area of the square base. Each of the triangular faces has base length 10 and height V313, so our 


total surface area is 4(10)(V313)/2 + 10? =| 100 + 20 V313 
(d) The base has area 100, and the height of the pyramid is 12 V3, so our volume is (100)(12 ¥2)/3 = 


io 


14.18 
(a) Note that triangle MBN is a right triangle with legs BM = BA/2 = 4 and BN = BC/2 = 5, so 
MN = VZ +5 = 


(b) Segment MO connects the midpoints of opposite sides of rectangle ABCD, so MO = BC = 


(c) The solid can be viewed as a right prism with base MNOP and height BF. Since MNOP is formed 
by connecting the midpoints of rectangle ABCD, MNOP has an area half that of ABCD. (Make 
sure you see why!) Therefore, the volume of MNOPQRST is 


1 1 
[MNOP] BF = 5[ABCD] - BF = SAB. BC. BF = 


14.19 In each case, we count the number of faces of the original figure. This gives us the number of 
vertices of the new figure, since there’s one vertex of the new figure on each face of the old figure. A 
count of the vertices of the old figure gives us the number of faces of the new figure (make sure you see 
why). We've used symmetry a great deal in our solutions below — see if you can write proofs without 
using symmetry! (Specifically, prove that the faces we claim are regular polygons are in fact regular 
polygons.) 


(a) There are 6 faces on a cube, so our new figure has 6 vertices, By symmetry, we can see that each 
face of our new figure is an equilateral triangle, so the new figure is a regular octahedron | 
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(b) There are 8 faces on an octahedron, so our new figure has 8 vertices. By symmetry, we can see that 
each of the faces of our new figure is a square, and we see that the new figure is a [cube i 


(c) There are 4 faces on an tetrahedron, so our new figure has 4 vertices. By symmetry, we can see 
that each of the faces of our new figure is an equilateral triangle, and we see that the new figure 1s 


regular tetrahedron | 


w 


(d) There are 12 faces on a dodecahedron, so our new figure has 12 vertices. By symmetry, we can see 
that each of the faces of our new figure is an equilateral triangle, and we see that the new figure is 


a | regular icosahedron |. 


(e) There are 20 faces on an icosahedron, so our new figure has 20 vertices. By symmetry, we can 
see that cach of the faces of our new figure is a pentagon, and we see that the new figure is a 


regular dodecahedron 
14.20 
(2) Note that AC, CF, and FA are face diagonals of the cube, so AC = CF = FA = 8 V2. Hence, triangle 
ACF is an equilateral triangle, and its area is (8 v2)? 3/4 =|32 v3 


(b) Triangle ACG has a right angle at C, so its area is (AC)(CG)/2 = (8 ¥2)(8)/2 = | 32 V2 |. 


14.21 There are six edges on each of the two bases and 6 edges connecting corresponding points on the 
bases. Therefore, there are 6 + 2(6) = [18] edges total. 


14.22 Faces 1,2,3 and 4 share a vertex. Call these four faces together the ‘top’ of the octahedron, so the 
other four faces share the ‘bottom’ vertex. We can see that faces 2 and 4 share an edge with face 1 and 
face 3 does not, so we only have to find which of the bottom four faces shares an edge with face 1. Each 
of the bottom faces shares one edge with one of the top faces. Faces 6 and 3 are adjacent in our given 
diagram, as are faces 5 and 4. Just as face 4 folds to be adjacent to face 1, face 7 folds to be adjacent to 
face 2. Therefore, face 8 is left as the ‘bottom’ face that shares an edge with face 1. The the sum of the 
numbers on the faces adjacent to face 1 is 2 +4 + 8 = 


14.23 
(a) Let H be the foot of the perpendicular from G to base ABCDEF. G 
Because the pyramid is right, H is the center of the hexagon. Because 
ABCDEF is a regular hexagon of side length 6, AH = 6. Since AGHA 
is a right triangle with hypotenuse AG = 6 V3 and leg AH = 6, its 
other leg GH is equal to VAG? — AH? = \/(6 V3)? - 62 = V108- 36 = 


V= 6v2. V 
Now we need the base area. The regular hexagonal base canbe F c 


divided into six equilateral triangles of side length 6, so the base 
area is 6(6° 3/4) = 54 V3. Then the volume of the pyramid is 


1 1 
3 ` [ABCDEF\(GH) = 5 54 V3: 6 V2 = [108 vē] 


(b) Let P be the foot of the perpendicular from G to AB. Then P is also the midpoint of AB, so AP = 
AB/2 = 3. Furthermore, triangle APG has a right angle at P, so GP? = AG?— AP? = (6 ¥3)2-3* = 99, 


A. iP B 
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so GP = V99 = 3 V11, The area of triangle ABG is then (AB)(PG)/2 = 9 V11. Therefore, the total 
surface area is 54 V3 + 6-9 V11 = |54 V3 +54 VTT |. 


14.24 A regular tetrahedron has four equilateral triangles as its faces. Therefore, 
the total surface area of our regular tetrahedron is 4(9? 3/4) =|81 V3|, 


For the volume, we follow the steps we took in finding the volume of a 
tetrahedron with side length 6 in the text. Let ABCD be our tetrahedron, M 
be the midpoint of CD, and G be the foot of the altitude from A to face BCD. 
As described in the text, G is the centroid of ABCD. Since ABCM is a 30-60-90 
triangle, we have BM = CM v3 = CD v3/2 = 93/2. Since G is the centroid 
of ABCD, we have BG = 2BM/3 = 3V3. From right triangle AABG, we have 


AG = VAB? - BG? = V81 — 27 = 3 V6. Therefore, the volume of ABCD is ([BCD])(AG)/3 = | 243 V2/4 


14.25 Solution 1: Each face of the original cube has area 16 in*; however, when we paint, 1 in? of each 
face is covered, so we use 15 in? on each face, for a total of 6(15) = 90 in?. We miss one of the six faces 
of each of the little cubes when we paint, so the six little cubes consume a total of 6(5) = 30 in? of paint. 


Therefore, we use a total of 90 + 30 = in’, 


Solution 2: If we painted them before gluing, we would use 6(4”) = 96 in? for the large cube and 
6(6) = 36 in? total for the little cubes. However, when we glue faces, we cover up 2 in? that we don’t have 
to paint for each little cube we glue on (1 square inch for the little cube, 1 for the big cube). Therefore, 


the total area we paint is 96 + 36 — 6(2) = in?. 


14.26 

(a) Let G’ be the foot of the perpendicular from W to base XYZ. Triangles Ww 
WG’X, WG'Y, and WG’Z are right triangles, so G’X = VWX? — G'W2, G'Y = X 
VWY? — G'W?, and G’Z = VWZ? - G’W2. We are given WX = WY = WZ, so 
G'X = G'Y = G’Z. Therefore, G’ is the center of equilateral triangle XYZ. We z 
are also given that G is the center of AXYZ, so G’ = G. In other words, G is M 
the foot of the altitude from W to base XYZ. 

(b) Since WX = WY, median WM of isosceles AWXY is also an altitude. There- Y 
fore, WM? = WX? — XM? = 18? — (9/2)? = 1215/4, so WM = VI2I5/4 = 
9 V15/2 


(c) ZM is the median to base XY in equilateral triangle XYZ, so it is also an altitude. From 30-60-90 


triangle XZM, we have ZM = ( ¥3/2)(XZ) =| 9 V3/2 |. 


Since G is the centroid of XYZ, G divides median ZM such that ZG/GM = 2/1. Hence, GZ = 
2ZM/3 = 3 V3. Triangle WGZ is a right triangle with hypotenuse WZ = 18 and one leg GZ = 3 V3. 
Thus, WG = VWZ? ~ GZ? = \/18? - (3 V3)? = V297 = 3 V33. The volume of WXYZ is then 


(d 


= 
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14.27 We can view sucha solid as a triangular pyramid. The base is a right isosceles triangle with legs 
6, and the height is also 6. Its volume is then (67/2)(6)/3 = [36] 


14.28 
(a) From right triangle AKPN, we have PN = VKN? - KP? = 6 V2. From right M 
triangle AKPM, we have PM = VKM?— KP? = 4V2. Finally, from right 


triangle APNM, we have MN = VPN? + PM? = [2-26] 


Since AKPM is right, we have [KPM] = (KP)(PM)/2 = 14 V2. Since PN is part 
of line n, it is perpendicular to both k and m. It is therefore perpendicular K 
to plane KPM, so the height from N to face KPM of tetrahedron KPMN has 
length NP = 6 V2. Therefore, our volume is ([KPM])(NP)/3 = [56]. 
(c) Let the midpoint of MN be Q. Since AMPN is a right triangle, the length of the median to the 
hypotenuse equals half the length of the hypotenuse, Therefore, PQ = MN/2 = V26. Right 


triangle AKPQ gives KQ = ,/KP? + PQ? = V49 + 26 =|5 V3 |. 


14.29 From the given side equalities, we have AMNO = AOPM by SSS Congruence. Since ZMPO and 
¿MNO are corresponding angles of these triangles, we have ZMNO = ZMPO. 


(b 


14.30 LetA and F be two opposite vertices of the octahedron, and let B, C, D, and 
E be the remaining vertices as shown. Note that square pyramid ABCDE forms 
one half of the octahedron. 


Let O be the center of the octahedron, which is also the center of square 
BCDE. Then the height AO of square pyramid ABCDE is equal to half of AF. 
In turn, AF is a diagonal of square ABFD that has side length s, so AF = s V2. 
Therefore, AO = AF/2 = s V2/2. The volume of square pyramid ABCDE is then 


[BCDE](AO)/3 = sê ¥2/6, so the volume of the octahedron is 2(s? V2/6) = 


Challenge Problems 


14,31 
(a) Let P be the foot of the perpendicular from G to EF. Then triangle GFP is a 30-60-90 triangle with 
hypotenuse FG = 6 and ZPFG = 60°, so PG = (-¥3/2)(FG) = 3 V3. Parallelogram EFGH then has 
base EF = 8 and height PG = 3 V3, so it has area EF - PG = 8:3 V3 = [2443], 


(b) Because the solid is a nght prism, the lateral faces are all rectangles. Therefore, the lateral surface 
area is egua] to the perimeter of the base EFGH times the height, which is (8 + 6 + 8 + 6) +9 = 252. 
The area of each base of the prism is 24 V3 (from part (a)), so the total surface area is 2:24 ¥3+25 


252 + 48 V3 _ 


(c) The volume is [EFGH] -9 = |216 V3], 


Challenge Problems 


14.32 Let the circumcenter of AWXY be O, so that OW = OX = OY. By LL Congruence, we have 
AVWOỌO è AVXO = AVYO, so VW = VX = VY. 


14.33 We first find the total volume of the eight ‘corners’ that are part of the cube but not part of the 
desired figure. We can then subtract this result from the volume of the cube to get our answer. Let A 
be one of the vertices of the cube and let M, N, and O be midpoints of the three edges of the cube that 
have A as an endpoint. Then, we have AM = AN = AO = 5. Since AM is perpendicular to face ANO of 
tetrahedron AMNO, the volume of AMNO is [ANO](AM)/3 = ((AN)(AO)/2)(AM)/3 = 125/6. Similarly, 
each of the eight corner tetrahedrons has volume 125/6, so the desired volume is 10°—8(125/6) = [2500/3 } 


14.34 Each of the 12 pentagons has 5 sides and each of the 20 hexagons has 6 sides, for a total of 
(12)(5) + (20)(6) = 180 edges. At each seam, two of these edges meet, so the total number of seams is 


180/2 = [90] 


14.35 Each of the squares has 4 edges and each of the triangles has 3. If we add 
up the total number of edges by adding the number of sides in each polygon, we 
count each edge of the folded-up solid twice, since two polygons meet at each edge. 
Therefore, there are [5(4) + 10(3)]/2 = edges on the folded up solid. The folded 
up solid is a regular pentagonal prism with a regular pentagonal pyramid glued onto 
each of the pyramids as shown at right. (To see this, start by ignoring the triangles. 
Each square face of the folded up solid will have two other squares adjacent to opposite edges. This 
gives us the sides of the pentagonal prism. There are 5 triangles that share a vertex on either side of the 
„squares; these form the two pyramids.) The two pentagons contribute 5 vertices each, and the vertex 
points of the two pyramids contribute another two vertices, for a total of 2(5)+2 = [12] vertices. 


14.36 Let s be the edge length of the cube. Then the octahedron is a regular octahedron of edge length 
s/-V2. (Make sure you see why!) We found in Problem 14.30 that the volume of a regular octahedron of 
edge length s is $° V2/3, so the volume of our octahedron with edge length s/ V2 is 


Since the volume of the cube is $3, the desired ratio of volumes is [6]. 


14.37 We unfold the tetrahedron as shown. The insect’s starting point is M, A M 

the midpoint of AB, and it walks to N, the midpoint of CD. Our shortest 

path is the line segment MN. Since AABD and AABC are equilateral, we have 

ZADE = ¿DBC and ZABD = /BDC. Therefore, AB || CD and AD || BC, so ABCD 

is a parallelogram. Since AM = AB/2 = CD/2 = ND and AM || ND, AMND is ; C 
a parallelogram. Therefore, MN = AD = fa} = 4 


14.38 


(a) Since WU is a space diagonal of the prism, we have WU = V324 42412 = 


(b) Consider triangle WZU. We have WZ = XY = 12, and ZU = VUY? + ZY? = VIX 4 WX = 
V4? + 32 = 5. Since WZ is perpendicular to plane VUZY, we hvae WZ 1 ZU. Therefore, WZU is 
a right triangle with legs 5 and 12. Therefore, [WZU] = (5)(12)/2 = 30. The distance h from Z to 
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WU is the altitude from Z to base WU in triangle WZU. Since the area of AWZU is 30, we have 
13h/2 = 30, so h = {60/13} 


Solid TWXY can be viewed as a triangular pyramid with base WXY and height TX. Its volume is 


therefore i 1 3:12 
y W TX =g -4 =[24]. 

Solution 1: Pyramid VSUYW has base SUYW and apex V. We can calculate the volume of this 
pyramid by taking the volume of the triangular prism SUVWYZ and subtracting the volume of 
the triangular pyramid WZVY. The triangular prism SUVWYZ is half of the rectangular prism 
STUVWXYZ, so its volume is (3)(4)(12)/2 = 72. Triangular pyramid WZVY has base WZY and 
height VZ, so its volume is [WZY|(VZ)/3 = [(3)(12)/2](4)/3 = 24. Therefore, the volume of 
pyramid VSUYW is 72 - 24 = [48], 

Solution 2: The height from V to SUYW equals the altitude from V to SU. Letting this height 
be h, we have [SUV] = (SV)(VU)/2 = (SU)(h)/2, so h = (SV)(VU)/SU. Therefore, our volume is 
(SUYW](h/3) = (SW)(SU)[(SV)(VU)/(SU)]/3 = (SW)(SV)(VU)/3 = [48] 

WXZU is a triangular pyramid with base WXZ and apex U. The area of the base is [WXZ] = 
12-3/2 = 18. The height is the distance from U to face WXZ, which is equal to UY, and 
UY = TX = 4. Therefore, the volume is [WXZ](UY)/3 = (18)(4)/3 = 


14.39 Solution 1: All three of these planes pass through the line x = y = z, so this question is equivalent 
to asking into how many regions is space divided by three planes that pass through the same line. 
Clearly the first two planes divide space into four regions. The next plane does not pass through two of 
these regions, and divides each of the other two regions in two. Therefore, there are [6] regions. 


(e 


Solution 2: Each order of x, y, z corresponds to a different region of the cheese after the cuts. (Make 
sure you see why! For example, a point with x < y will be on the opposite side of the plane x = y from 
a point with y < x.) Since there are 3-2-1 = 6 ways to order x, y, and z (3 ways to choose the highest, 
then 2 ways to choose the next, and only 1 way to choose the last), there are [6 regions. 


14.40 Let P be the plane. There are several cases. 


Plane P contams three or more edges of the cube. In this case, P must be one of the faces. There are six 
planes for this case. 


Plane P contains exactly two edges of the cube. The only way for this to happen occurs when P contains 
two opposite edges of the cube. There are twelve edges in a cube, making six pairs of opposite edges. 
There are six planes for this case. 


Plane P contams exactly one edge of the cube. There are no planes that pass through three or more 
vertices of a cube, but only pass through exactly one edge. 


Plane P contains no edge of the cube. In this case, P must contain three vertices adjacent to some vertex. 
Since a cube has eight vertices, there are eight planes for this case. 


The answer is then 6 + 6 + 8 = [20]. 


14.41 We find the volume of triangular pyramid BACF in two ways. Looking at the solid as a triangular 
pyramid with base ABC and height BF, we get [BACF] = [ABC]. BF/3 = (127/2)(12)/3 = 288, 
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Another way of looking at BACF is using triangle ACF as a base. The height h from B to base 
ACT is the distance we are seek. Triangle ACF is equilateral with side length 12 V2, so its area is 
(12 V2)? V3/4 = 72 V3. Therefore, the volume of BACF is [ACF]h/3 = 24h V3. Since we know the volume 
of BACF is 288, we have 24h V3 = 288, so h = [ava] 


14.42 Let the three dimensions of the box be a, b, and c. We are given a + b+c = 140/4 = 35 and 
a+b? +c? = 217. Then the surface area is 2(ab + be + ca) = (a + b + c)? — (a? + b? + c2) = 35? - 212 = [784], 


14.43 The remainder of wedge A has the same triangular base as wedge A, but a height between the 
triangular bases of 12 - 6/4 = 21/2. Hence, the ratio of the volume of the remainder of A to the original 
wedge is the ratio of the heights between their triangular bases. This ratio is (21/2)/12 = 7/8. 


The height of the wedge removed from B is (6/4)/6 = 1/4 of the height of wedge B. The horizontal 
base of the wedge removed from B is a rectangle with one side equal in length to the corresponding 
side of the rectangle that is the horizontal base of wedge B. The other side of the horizontal base of 
the removed wedge has 1/4 the length of the corresponding side of the horizontal base of wedge B (for 
the same reason the height of the removed wedge is 1/4 the height of B). Therefore, the volume of the 
removed piece is (1/4)? = 1/16 the volume of B, which means the ratio of the remainder of B to the 
original wedge is 15/16. 


Since wedges A and B originally were identical, our desired ratio is (7/8)/(15/16) = 


a 


/1 
14.44 Intuitively, it is obvious that MNOPQRST is a prism with square bases MNOP and QRST. We'll 
prove this explicitly before finding the volume. Since M and N are the midpoints of AB and AC, we 
have AM/AB = AN/AC = 1/2 and ¿MAN = BAC, so AAMN ~ AABC. Therefore, MN || BC and 
MN = BC/2 = 1/2. Similarly, NO || CD and NO = CD/2 = 1/2. Since BC 1 CD, we have MN 1 NO. 
Similarly, we can show that all four angles of MNOP are 90°, and each has side of MNOP has side length 
1/2. Similarly, QRST is a square with side length 1/2. 


Since M and Q are midpoints of BA and BF of AABF, we have MQ || AF and MQ = AF/2 = 2/2 
(AF = V2 because it is a diagonal of square ACFE.) Since MQ || AF and AF is perpendicular to plane 
BCDE, we know MQ is perpendicular to plane BCDE. Since BCDE is parallel to MNOP, we know that 
MQ is perpendicular to face MNOP of prism MNOPQRST. Similarly, each of MQ, NR, OS and PT is 
perpendicular to both MNOP and QRST. Therefore, MNOPORST is a rectangular prism. 


The volume of rectangular prism MNOPQRST is IMNOP|(MQ) = (1/2)?( -¥2/2) = 


1445 To calculate the lengths of space diagonals FL and EK, we first need to calcula 


piace akc! te the lengths of 
diagonals FH and EG of parallelogram EFGH. 


Let P be foot of the perpendicular from G to EF. Triangle GFP is a 30-60-90 triangle, so FP = FG/2 = 3 
and PG = (-¥3/2)(FG) = 3-3. Then EP = EF - FP =8-3=5, Triangle EPG has a right angle at P, so 
EG? = EP? + PG? = 5? + (3 V3)? = 52, so EG = 2 VIS. 


Similarly, let Q be foot of the perpendicular from H to EF, extended. Then by SAS, triangle HEQ is 
congruent to triangle GFP, so it has the same dimensions; in particular, EQ = FP = 3, so FQ = FE + EQ = 
11. Triangle FQH has a right angle at Q, so FH? = FQ? + QH? = 11? + (3 V35}? = 148, so FH = 2 V37. 


Now, to calculate the length of FL, consider triangle FHL. Triangle FHL has a right angle at H, so 
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PL? = FH? + HL? = (2 V37)? 4.92 = 229, so FL = v| Similarly, to calculate the length of EK, consider 
triangle EGK. Triangle FGK has a right angle at G, so EK? = EG? + GK? = (2V13) + 9? = 133, so 


EK = 
14.46 


(a) 


RER! 


Solution 1: We consider the cross-section contain- 
ing the centers of the squares that form the bases of 
the frustum, the apex of the original pyramid, and 
the midpoints of opposite sides of the bases. Since 
BCDE is a square, MN = BE = 6. Since altitude 
AO of triangle AMN is 9 and the smaller base is 3 
units from the larger, the altitude from A to base 
PQ is 9- 3 = 6 Since AAMN ~ AAQP (because 
PQ || MN), the ratio of corresponding sides PQ/MN 
equals the ratio of the altitudes to these sides. There- 
fore, PQ = (MN)(2/3) = 4. The volume of the small 
upper pyramid then is (47)(6)/3 = 32, and the vol- 
ume of the original pyramid is (67)(9)/3 = 108, so 
the volume of the frustum is 108 - 32 = [76] 


Solution 2: The part we cut off is another right square pyramid that is similar to the original right 
square pyramid. Hence, the ratio of their volumes is the cube of the ratio of corresponding lengths. 
The ratio of their heights is 6/9 = 2/3, so the ratio of their volumes is (2/3)° = 8/27. This means 
that the frustum has a volume of 1 — 8/27 = 19/27 times the volume of the original pyramid, so its 
volume is (19/27)[ BCDE](AO)/3 = [76]. 


Triangle AOM has a right angle at O, OM = 6/2 = 3, and we are given AO = 9, so AM? = 
AO? + OM? = 3? + 9? = 90. Therefore, AM = V90 = 3 V10. Let X and Y be the points where the 
plane meets AB and AC, respectively. From SAPQ ~ AANM, we have AQ/AM = AZ/AO = 2/3. 
Therefore, AQ = (2/3)AM = 2 V10 and QM = AM - AQ = V10. 

__ Since XY || BC, we have ZAXY = LABC and ZAYX = ZACB, so AAXY ~ AABC. AQ and 
AM, are corresponding altitudes of these triangles, so we have XY/BC = AQ/AM = 2/3. Hence, 
XY = (2/3)BC = 4. We can now find the area of each slanted face of the frustum. Each such face 
is a trapezoid with bases of length 4 and 6, and height V10. Therefore, each such face has area 
(4 + 6)(-V10)/2 = 5 V10. The two other faces of the frustum are squares with areas 4? = 16 and 


6? = 36. Therefore, the total surface area of the frustum is 16 + 36 + 4(5 V10) = |52 + 20 VIO 
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14.47 The two new solids are identical. We could find the surface 
area of each face of solid MNOPCD at left, but we have a slicker 
solution. Because the two new solids are identical, the surface area 
of each equals half the surface area of ABCD plus the area of the 
new’ face, MNOP. By symmetry, MNOP is a square. Since M 
and N are the midpoints of sides AC and AD of AADC, we have 
MN || CD and MN = CD/2 = 1. Therefore, [MNOP] = 1. Since the 
surface area of ABCD is 4[ABC] and AABC is an equilateral triangle 
of side length 2, the surface area of ABCD is 4(2? V3/4) = 4 V3. As 
noted earlier, the surface area of MNOPCD is [MNOP] plus half 


the surface area of ABCD. Therefore, the desired surface area is 1 + (4 V3)/2 =|1+ 2V3 


151 


CHAPTER 15, CURVED SURFACES 


CHAPTER 1 S eee 
| —_ — Curved Surfaces 


Exercises for Section 15.1 


15.1.1 
(2) The volume of the cylinder is given by nr°h = n -8° -4 =|2567 
(b) The lateral surface area of the cylinder is given by 27rh = 27 -8-4 = [ean], 
(c) The total surface area of the cylinder is given by 2nrh+ 277° = 27-8-4+2n-8? = 64n +1287 = 


15.1.2 Let rbe the radius of the cylinder. Then the height of the cylinder is 2r, so the total surface area 
of the cylinder is 2nrh + 27r? = 27r - 2r + 271? = 6nr? = 1507. Therefore, r = 5. The volume of the 
cylinder is arh = 7-5? -10 =[2507|, 


15.13 
(2) Since AC is perpendicular to the bases, it is the height of the cylinder. By the Pythagorean Theorem, 
AC = VAB- BC = VT- =|4¥3| 
(b) The area of the base is 7 - BC? = 167, so the volume of the cylinder is 167 - 4 V3= [san] 


15.14 Letrbe the radius, and h be the height. The lateral surface area is 2nrh, and the sum of the areas 
of the bases is 277°, so 2nrh = 2nr*. So, r = h and the ratio of the radius to the height is [1]. 


15.1.5 Since AB = 4, the radius r of the cylinder is 2. Since AE = 8 is the distance between the bases of 
the cylinder, the height h of the cylinder is 8. The volume of the cylinder is nh = n 2? -8 =|327| 


15.1.6 | Yes | we can arrange 7 cylinders such that each touches the other 6. See diagram below. 


Section 15.2 


et et SSS assess? 


Exercises for Section 15.2 


15.2.1 The volume of the cone is given by 4h = n: 22-5 = a The height, radius, and slant 
height make a right triangle, with the slant height as the hypotenuse. Since the height is 5 and the radius 
is 2, the slant height is V2? + 5? = V29. Therefore, the total surface area is nr? + nrl = 1-22 4+7-2-V29= 
|(4. +2 V29)7 | 

15.2.2 Let] be the slant height. Since 67] = 547, we have | = [9] The height, radius, and slant height 
make a right triangle, with the slant height as the hypotenuse. Since the radius is 6 and the slant height 
is 9, the height is V9? - 62 = [3v5] The volume of the cone is {zrh = jn-6-3 V5 =| 367 v5 | 

15.23 


(a) A circle with radius 4 has circumference 27 - 4 = 87, and the circumference of the base of the cone 
is the arc length of one quarter of this circle, or } - 8m = 27. Therefore, the radius r of the base is 
1. The slant height / is the radius of the quarter-circle, so] = 4. Hence, the lateral surface area is 
arl = [az]. We also could have noted that the area of the sector is the lateral surface area of the 
cone, which is (1/4)(7)(42) = 4n. 

(b) The height, radius, and slant height make a right triangle, with the slant height as the hypotenuse. 
Since the radius r = 1 and the slant height / = 4, the height h is equal to Vi? — r? = V15. Therefore, 


the volume of the cone is 37h = 4n-1?- Vi5 = 


15.2.4 Let the radius and height of cone B be r and h, respectively. Then cone A has radius 2r and 
height h/2, so its volume is }7(2r)? G) = ĝnr’h, and the volume of cone B is inr?h. Hence, the ratio is 


15.2.5 Let the vertex of the cone be V, the center of the base be O, the radius of the base of the cone 
be r and let X be a point on the circumference of the base. Since the cone is right, we have OV 1 OX. 
Therefore, the Pythagorean Theorem gives VX = VVO? + OX? = VVO?4 72. There’s nothing special 
about X; V is similarly VVO? + r? away from every point on the circumference of the base. 


15.2.6 Letr,h, and ] be the radius, height, and slant height of the cone, respectively. These three lengths 
make a right triangle, with the slant height as the hypotenuse, so ? = 1? +h? > 72, so! > r. Thus, it is not 
possible for the slant height | to be smaller than the radius r. 


15.27 The smaller cone and the bigger cone are similar, This means that the ratio of their volumes 
equals the cube of the ratio of their corresponding lengths. The ratio of their corresponding lengths can 
be found by looking at the ratio of their heights. This ratio is 6/9 = 2/3, so the ratio of their volumes is 
(2/3)? = 8/27. We then multiply this by the volume of the bigger cone to find the volume of the smaller 
cone. 


15.2.8 


(a) Because AB || YZ, triangle VAB is similar to triangle VZY with ratio AB/ZY = ry/ro. 
(b) Let d be the distance from: V to 8). Since triangle VAB is similar to triangle VZY with ratio 7/72, 
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i 1 aÀ bioi ' 
their heights are also in this ratio. Hence, 3, = ot Solving for d gives 


js rih , 
ls 


(c) The volume of the cone with vertex V and base 8; is 


15>, 1l 2 nh 1 rh 

Snid = Sni —— =|an- l 

371 g% y ha e 3” H= 
1 3( ryh ) 1, ( nh h(r2 - fal) 1 h 
=n (—— th} == — =|5 ? 
3072 2-7} i ga T2-71) * 2-71) 3 2-7) 


le) The volume of the frustum is the difference between the answers in parts (c) and (d), which is 


3 3 = a 
s PON ja dge te bq ha hg SE ED, 8 ta ee ep 
3 t-ùr 38 wom Ə maT 3 2-1) 3 


Exercises for Section 15.3 


15.3.1 Let r be the radius of the sphere. We are given $mr? = 367, so r = 3. Hence, the surface area of 
the sphere is 4nr? = | 367} 
15.3.2 


(a) Let r be the radius of the sphere. Then the radius and the height of the cylinder are r and 
2r, respectively. Hence, the volume of the sphere is $77, and the volume of the cylinder is 


nr” -2r = 2nr’. The ratio of the volume of the sphere to the volume of the cylinder is [2/3} 


(b) The surface area of sphere is 4nr?. The lateral surface area of the cylinder is 2mr-2r = 4nr’. 
Therefore, the ratio of the surface area of the sphere to the lateral surface area of the cylinder is 


15.3.3 The volume of the cone is {nr°h = 4m- 1? -4 = 47/3. Let r be the radius of the sphere. Because 
the volume of the sphere equals that of the cone, we have 4779 = $n, so r = fa} 


15.3.4 Inthe solution, we prove that every point where the plane meets the sphere is the same distance, 
namely XA, from X, where X is the foot of the perpendicular from the center of the sphere to the plane. 
AJ this proves is that every point in the intersection of plane P and the sphere is on the circle in P with 
center X and radius XA. lt does not show that the intersection is the entire circle — it could just be an 
arc of the circle. To show that every point on the circle is in the intersection, consider point B on the 
circle in P with center X and radius XA. Then, since XB = XA, XO = XO, and ZOXA = ZOXB, we have 
GOXA = LOXB. Thus, OB = OA since they are corresponding lengths of these triangles. Since OA is 
the radius of the sphere and OB = OA, we know that B is on the sphere as well. Hence, B is on the 
intersection of P and the sphere. This proof holds for any point on the circle in P with center X and 
radius XA, so the intersection is the entire circle. 
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15.3.5 Let rbe the radius of the sphere. We build a right triangle with a radius 
of the sphere as hypotenuse, a radius of the circle left in the surface of the ice as 
a Jeg, and the segment connecting the center of the ball to the center of this circle 
as the other leg. Since the hole is 8 cm deep, the center of the ball was r — 8 cm 
from the plane containing the surface of the lake. Since the hole is 24 cm across, 
its radius is 12 cm. Applying the Pythagorean Theorem gives (r — 8} + 12? = 7?. 
Solving gives r = |13 


15.3.6 


(a) We first show that it is impossible for OT to not be perpen- 
dicular to TX. 1f OT is not perpendicular to TX, then T is 
not the foot of the perpendicular from O to P. Let T’ be 
the foot of perpendicular from O to plane P. Then TOT’ 
is a right triangle with hypotenuse OT, so OT’ < OT. 
Thus, the point T’ on plane P is in the interior of sphere 
S. Consider point Y on the circle in plane P with center T’ + x 
and radius T’T. Since T'Y = T'T and OT’ 1 T'Y (because p 
OT’ + P), we have OY? = T'Y? + T'O? from right triangle 
AT'OY. Right triangle AT'OT gives us OT? = T'T? + T'O?. Since T'Y = T'T, we therefore have 
OY? = OT?, so OY = OT. This means Y is on S. Therefore, the whole circle in P with center T’ and 
radius TT is on the surface of S. This means that if we do not have OT 1 P, then plane P must 
meet the sphere at more than one point. Therefore, our assumption that OT is not perpendicular 
to TX cannot be true if P is tangent to S. 


We now show that if OT 1 P, then P is tangent to S. Let Z be a point in P besides T. Since 
OT L P, we know that AOTZ isa right triangle. Therefore, OZ? = OT? + TZ2, so OZ > OT. Hence, 
Z is outside S, so all points in P besides T are outside S. We conclude that P is tangent to S. 


(b 


S 


Let r1, 72 be the radii of Sy, S2 respectively. Then O,T = 1; and O2T = rz. There are three cases. 
Case 1: OyT + O2T < 0102. This case is impossible because it violates the Triangle Inequality. 


Case 2: OyT + O2T = 0102. This case implies O4, T, O; are collinear. In other words, 0 passes 
through T. 

Case 3: OyT + O2T > 0102. Since O)T + OT > 0; 02, 
we know that T is not on 0103. Therefore, we can 
find some point R such that ©; 0) is the perpendicular 
bisector of RT. To find point R, we draw altitude TX 
from T to O;O, then we draw RX such that RX = TX 
and RX 1 0,02, Since O1X = O;X, TXO) = LRXO,y, 
and RX = TX, we have ATO,X = 4RO})X. Therefore, 
TO, = ROj, so R is on sphere Sj. Similarly, we have 
AQ2TX = 402RX, so OT = OoR and R is on Sd. 
Therefore, if OT + TO? > O;Ox, it is impossible for 
the spheres to be tangent because there is a second point at which the spheres meet. (In fact, 
there’s a whole circle of points at which the spheres meet.) 


Since only Case 2 is valid, we conclude that OT + OT = 0,03, so 0,07 passes through T. 
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(© Let), 7a be the radii of S1, Sz respectively, with r2 < ri. Then O,T = 1;,O2T = 12. There are three 
cases 


Case 1: O}O> + OT < O;T. This case is impossible because it violates the triangle inequality. 


Case 2: O02 + O2T = O;T. This case implies O), O2, T are collinear. In other words, 5; O2 passes 
through T. 


Case 3: O;0> + OT > O;T. As with Case 3 in part (b), we can 
show that there is another point on both spheres. Specifically, since 


Ty 
0,0: + OoT > O;T, we know that T is not on 5,03. As before, 
we take the point R such that 010) is the perpendicular bisector 
of TR. To find point R, we draw altitude TX from T to 5502, then H 
we draw RX such that RX = TX and RX 1 Ö102. As before, we NZ 
can show ATO)X = ARO}X, so R is on sphere S;. Similarly, we 
have AO2TX = AQ>RX, so O2T = OR and R is on S2. Therefore, R 
if 0102 + O2T > OT, it is impossible for the spheres to be tangent 


because there is a second point at which the spheres meet. (In fact, 
there's a whole circle of points at which the spheres meet.) 


Since only Case 2 is valid, we conclude that O;02 + OT = O;T, so 5,0: passes through T. 


15.3.7 Let the cube be ABCDEFGH as shown, let O be the midpoint of diagonal A 
AG, and let N be the midpoint of face diagonal EG. Since OG/AG = NG/GE and 
LAGE = ZOGN, we have AAGE ~ AOGN by SAS Similarity. Therefore, ON || AE, 
and ON = AE/2. Since AE is perpendicular to face EFGH and ON || AE, we know 
that ON is perpendicular to EFGH. Therefore, we conclude O is midway between 
faces ABCD and EFGH. Similarly, we can show that O is midway between each 
pair of opposite faces of the cube. Since ADGF, ACGE, and ABGH are rectangles, 
the midpoint of AG is also the midpoint of space diagonals BH, CE, and DF. 


Since O is the midpoint of all four of the space diagonals, and all of these diagonals have the same 
length, we conclude that the sphere with center O and diameter equal to the length of the diagonal of 
the cube must pass through all 8 vertices of the cube. Therefore, each space diagonal is a diameter of 
the sphere that passes through all 8 vertices of the cube. 


We must also show that all other points on the surface of the cube are inside this sphere. Point 
N is the midpoint of EG, which is the hypotenuse of both AEHG and AEFG. Because these triangles 
are right triangles, the circle with this hypotenuse as diameter is the circumcircle of both triangles. 
Therefore, square EFGH is entirely on or inside the circle with center N and diameter EG. This circle is 
a cross-section of our sphere, so EFGH is entirely on or inside the sphere. Similarly, no point on any of 
the other faces can be outside the sphere, so the cube is inscribed in the sphere. i 


(We could also use a symmetry approach - the solution above is intended to show how to solve the 
problem with the fundamental concepts we have learned in the book.) 


Section 15.4 
TION N00 


Exercises for Section 15.4 


15.4.1 Let a, b, and c be the dimensions of the rectangular prism. Then 


be = 24, 
ca = 32, 
ab = 36. 


Multiplying all three equations gives a*b?c? = 24 - 32 - 36, so abe = V27648 = 96 V3. Dividing this by 
bc = 24 gives a = (abc)/(bc) = (96 V3)/24 = 4-V3. Similarly, dividing abc = 96 V3 by ca = 32 gives 
b = 3-3, and dividing it by ab = 36 gives c = 8 V3/3. Therefore, the dimensions of the rectangular prism 


are |8 V3/3,3 V3, and 4 V3|. 


15.4.2 Let Ebe the midpoint of BC. In AABC, median AE passes through centroid G. In ABCD, median 
DE passes through centroid H. Since the centroid of a triangle divides its medians into a ratio of 2 : 1 
as described in the text, we have EG/EA = EH/ED = 1/3. Hence, by SAS Similarity we know AGEH is 
similar to AAED with ratio 1/3. Therefore, GH = AD/3 =[8/3}, 


A Z 


c x 
Figure 15.1: Diagram for Problem 15.4.2 Figure 15.2: Diagram for Problem 15.4.3 


15.4.3 


(2) Note that WN is a median in equilateral triangle WYZ, so it is also an altitude. Since ZWYN = 60°, 
AWYN is a 30-60-90 triangle, so WN = WY( ¥3/2) = 2 V3. By an analogous argument on triangle 
XYZ, we have XN = 2 V3, MN is therefore the median to base WX in isosceles triangle WNX. 
Therefore, MN 1 WX. 

(b) MN is the median to base WX in isosceles triangle WNX. Therefore, it is also an altitude. Since 
WN = 2 V3and WM = WX/2 = 2, weuse the Pythagorean Theorem to find MN = VWN? - WM? = 


2V2\. 


15.4.4 The radius of the can is the same as the radius of a ball. (Make sure you see why!) By taking a 
cross-section of the can including the axis of the can, we see that the height of the can equals the sum of 


the diameters of the three balls, or 3(4) = 12. Therefore, the can’s volume is (12)(22)n =| 487 in? |. 


15.4.5 We saw our general technique in the text when Adam was crawling on the surface of a cube. 
Here, however, we have six ‘unfolding’ options for Annie to consider. Fortunately, they come in 
equivalent pairs, so we only have to consider three of them. First, she could walk across face ABCD, 
then across face BCGF. (This is equivalent to crossing ADHE, then EHGF.) Second, she could walk 


157 


CHAPTER 15. CURVED SURFACES 


across face ABFE, then across face BCGF (equivalent to ADHE-DCGH). Third, she could cross ABCD, 
then DOGH (equivalent to ABFE-EFGH). We could also view each in terms of the edge Annie crosses on 
her journey. The resulting unfoldings for these three options are shown below. 


A D 


X A B (i 
C 
. A D H 
F G E F G B C G 
Figure 15.3: ABCD-BCGF Figure 15.4: ABFE-BCGF Figure 15.5: ABCD-DHGC 


On the left above, Annie’s optimal path is diagonal AG of rectangle AFGD. Since AF = AB + BF = 12 
and FG = 6, we have AG = VAF? + FG? = 6 V5. In the center above, Annie's best path is diagonal AG 
of rectangle ACGE. Since AC = 10 and CG = AE = 8, we have AG = VAC? + CG? = 2 V41. On the right 
above, Annie's best path is diagonal AG of rectangle ABGH. Since BG = BC + CG = 14 and AB = 4, 
we have AG = VAB? + BG? = 2-53. This is greater than 2 V41, so this is not the shortest path. Since 


2441 < 6 V5 (which we can see by squaring both), Annie’s shortest path has length | 2 vail. 
15.4.6 


(a) We can show that the two spheres intersect by showing that there is a point on both spheres. We 
know that there exists a right triangle with sides of length 6, 8, and 10. We place this triangle so 
that OP is its hypotenuse, and point A is the vertex of the right angle such that AO = 6 and PA = 8. 
Since point A is 6 units from O, it is on S. Similarly, A is 8 units from P, so it ison 7. Therefore, A 
is on both spheres, so the spheres intersect. 

(b) Since X is on S, XO is a radius of S, so XO = [6], Similarly, XP is a 
radius of T, so XP = 


(c) AXOP is a |right triangle | because its sides are 6, 8, and 10, and As 


6? + 8? = 107, 
(d) The area of triangle XOP equals both (XO)(XP)/2 = (6)(8)/2 = 24 
and (OP)(XY)/2 = 5XY. Therefore, XY = [24/5] 


(e) Since ZOXP = LOYX = 90° and ZYOX = 90° — ZOXY = ZOXP - ¿OXY = ZYXP we have AOXY ~ 
4OPX by AA Similarity, Therefore, we have OY/OX = OX/OP, so OY = OX?/OP =| 18/5|. 


(f) There's nothing special about X except that it is on both spheres. The arguments above hold for 
any point that is on both spheres. Specifically, the foot of the altitude from Z to OP is the point on 
OP that is 18/5 from point O, This is point Y. Also as above, we have ZY = XY = 24/5, 


By part (f), any point Z that lies on both spheres must satisfy ZY = 24/5 and ZY 1 YO. Since 
Y is fixed, this means that Z lies on a circle centered at Y with radius 24/5 that is in the plane 
through Y perpendicular to OP, We show that this entire circle is the intersection of $ and T 
by letting W be a point on the circle and showing that W is on both spheres. Since W is on the 
st and OP is perpendicular to the plane containing the circle, we have WY 1 OP. Therefore, 

= VWY?+ OY? and WP = VWY? + YP?, Since WY equals the radius of the circle, we 


~~ 


(g 
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have WY = XY, so WO = VXY? + OY? = XO. Since WO = XO, W is on sphere S. Similarly, 
WP = VXY? + YP? = XP, so W is onT. 


(h) The radius is 24/5, so the area of the circle is 7(24/5)* =| 5767/25 |, 


15.4.7 


(a) Since M and N are midpoints of sides FG and HG of AFGH, we have MN = FH/2 = BA! 
(b) AM is a space diagonal of a rectangular prism with dimensions FB, FE, and FM. Therefore, 
AM = VFB? + FE? + FM? = V6? +62 +32 = [9]. 


(c) We know AM = 9. By a similar argument, AN = 9. Hence, AAMN is an isosceles triangle. We also 
know MN = 3 V2. Let P be the midpoint of MN. Then triangle APM has a right angle at P, and 
MP = MN/2 = 3 V2/2, so AP? = AM? — MP? = 9? - (3-2/2)? = 153/2, so AP = V153/2 = 3 V17/2. 
Therefore, the area of triangle AMN is 


1 1 17 _|9vV17 
Juw-aP=}.sv8-34[% -27| 


(d) The solid AEMN is a triangular pyramid with base MEN and height AE. Since [MEN] = [EFGH] - 
[EFM] - [MGN] - [EHN] = (EH)? - (EF)(FM)/2 - (MG)(GN)/2 - (EH)(HN)/2 = 27/2, the volume 
of AEMN is [MEN](AE)/3 = [27], 


15.4.8 lf we unroll the shortest possible rope, we get the hypotenuse of a right triangle whose legs are the 
height of the cylinder and four times the circumference of the cylinder (since we must ‘spin the cylinder’ 


4 times to unroll the rope). Hence, the length of the rope is at least V12 + (4-2)? = V208 = |4 V13 | 


Md eh 15.4.9 As shown in the diagram, the edges from the base to vertex of 
each pyramid meet and form a square midway between the two bases, 
because the two pyramids are congruent and all corresponding edges 

are parallel. Since they meet halfway between the bases, the plane 
containing the square where the sides intersect divides in half each of 
the slanted edges from a base to vertex, such as AB, of the original 
pyramids. Therefore, the slanted edges of the little pyramids with the 
Square of intersection as a base have length 6. Each triangular face of 
one of these little pyramids is similar to a triangular face of the large 

c pyramid, with sides of length 1/2 those of the triangular face of the 

large pyramid, For example, AE/AC = AD/AB = 1/2 and LEAD = ¿CAB gives us AADE ~ AABC, so 

ED = BC/2 = 6. Thus, we find that all eight faces of our desired intersection are equilateral triangles, so 

the region is a regular octahedron of side length s = 6. As we have shown in Problem 14.30, the volume 


of an octahedron with side length s is $? ¥2/3. Therefore, our desired volume is ¥£ = 
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Review Problems 


15.20 Let the radius of the sphere be r, The volume of the sphere is 477? /3 and the surface area is 47tr”, 
so we have 4717/3 = 4nr? Solving, we find r = [3] 

15.21 

The height, radius, and slant height make a right triangle, with the slant height as the hypotenuse, 
Since the height is 5 and the slant height is 7, the radius is V7? - 5? = V24 = 2 V6. Therefore, the 
volume of the cone is Invh = in (2 V6)? 5 = [4077] 


(b) The total surface area of the cone is m7] + mr? =n- 2V6-7+4+ n(2 v6)? =|(24 +14 V6) |, 


15.22 The sphere has radius r = 4. Therefore, the surface area of the sphere is 4nr? =| 64n |, and the 
2567 
> I 


{a 


volume of the sphere is įnr = 


15.23 
(a) The volume of the cylinder is mr*h = n: 3? - 6 = |547 |, 
(b) The lateral surface area of the cylinder is 2nrh = 27 -3-6 = [367]. 
(c) The total surface area of the cylinder is 2nrh + 2nr* = 367 + 27 - 3? = [547]. 

15.24 Since the edges of the cube have length 8, the a space diagonal has length 8 V3. Therefore, the 


radius of our sphere is 4 V3, so its volume is (4/3)n(4 V3)? = |2567 V3 | 


15.25 Let the radius of cone B be r and let h be the height of the cone, so its volume is 7r2h/3. The 
radius of cylinder A is 3r and its height is h/2, so its volume is 7(3r)*(h/2) = 9mr2h/2. The ratio of the 
volume of A to the volume of cone B is [97r?h/2]/[nr?h/3] =|27/2|. 


15.26 Diagonal ED of ABCD is a diameter of a base of the cylinder, Hence, the radius of the cylinder 
is BD/2 = 9 Y2/2. The height of the cylinder is the edge length of the cube, which is 9. Therefore, the 


volume of the cylinder is 97 (9 vz/2) = 


15.27 Solution 1; Since the sector has area (40°/360°)(92m) = 97, the lateral surface area of the cone 
formed when the sector is rolled up will be 97. Therefore, if r is the radius of the cone and | its slant 
height, we have nil = 9n., The radius of our sector will be the slant height of the cone when the sector is 
rolled up (since the vertex of the cone is equidistant from all the points on the circumference of the base). 
Therefore, the slant height of our cone is 9, which means our radius is r = (9n)/(Im) = 1. Since the height 
(i), slant height (1), and radius (r) of a cone together form the sides of a right trangle with the slant height 


as hypotenuse, we have h = V2 -72 = 45. Therefore, the volume of the cone is 177h/3 = | 4n V5/3 
Solution 2; As before, the slant height of our cone is 9. After rolling up the sector, the arc of the 


sector will be the circumference of the base of the cone. Therefore, the circumference of the cone is 
(40° /360°)(187) = 27, so the radius is 1, We then find the height and volume as in the previous solution. 


Review Problerns 
ee OUIEIS 


15.28 Let O be the center of the sphere, X be the center of the circle, and Y be a point on the circle that 
is the intersection of the plane and the sphere. We are given that OX = 8 and XY = 6 (since XY is a 
radius of a circle with area 367). As shown in the text, the segment connecting the center of a sphere 
to the center of a circular cross-section of the sphere is perpendicular to the plane of the cross-section. 
Therefore, we have OY = VOX? + XY? = 10, so the volume of the sphere is 4n(OY*)/3 =| 40007/3 |, 


15.29 Since each sphere is tangent to the ‘top’ and the ‘bottom’ of the 
box, the height of the box equals the length of the diameter of one of the N 
spheres, 8. We take a cross-section of the box that includes the centers 
of the spheres, the point of tangency of the spheres, and three of the 
points on each ball where the ball touches the box. The result is shown 
at right. We see that another dimension of the box (besides the height 
we already found) equals a diameter of a sphere, and the final dimension equals two times a diameter 


of the sphere. Therefore, the dimensions of the box are 8, 8 and 16, so its volume is (8)(8)(16) = 


15.30 Because the axis of the cylinder is parallel to our cross-section, two of the 
sides of our square are heights of the cylinder. Therefore, the height of the cylinder 
is 6, since the side length of the square is V36 = 6. Let AB be a chord on one of 
the bases of the cylinder such that AB is one of the sides of our square. Therefore, 
AB = 6. Since the axis is 4 units from the plane of the cross-section, the center of 
this base, point O in the diagram, is 4 units from AB. We draw the perpendicular 
segment from O to AB, meeting AB at M. We thus have OM = 4. Since OM is part of 
a radius that is perpendicular to chord AB, it must bisect AB. Therefore, AM = 3 and 
OA = VOM? + AM? = 5. Our cylinder has radius 5 and height 6, so it has volume 7(5?)(6) = 1507} 


15.31 The two pieces are a frustum and a smaller cone. We can find the dimensions of the smaller 
cone as described in the similar problem in the text, or we can note that the smaller cone is similar to 
the original cone. The height of the original cone is given as 12 and the height of the smaller cone is 
12- 8 = 4. Therefore, the ratio of a length of the small cone to the corresponding length in the original 
cone is 1/3. Since the radius of the original cone is 9, the radius of the smaller cone is 3. Since the height 
of the small cone is 4 and its radius is 3, its slant height is V4? + 3? = 5. Therefore, the lateral area of the 


small cone is n(3)(5) = 157 and the area of its base is 3?n = 9n, so the surface area of the small cone is 
[247] . 


To find the area of the other piece, we note that it has bases of radii 3 and 9, which have areas 97 
and 817, respectively. These two together have area 907. To find the area of the curved surface of the 
other piece, we first find the area of the curved surface of the original cone, Since the slant height of the 
smaller cone is 5, the slant height of the original cone is 3(5) = 15, Therefore, the lateral surface area of 
the origina] cone is m(9)(15) = 1357. Since 157 of this area is ‘lost’ to the smaller cone, the remaining 
curved surface has area 135n ~ 15m = 1207. We add this to the areas of the bases for a total surface area 
of 1207 + 907 = [2107] (We also could have noted that the curved area of the original cone must be 
3? = 9 times that of the smaller cone because the cones are similar.) 
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15.32 To see thal the center of the cube is the center of the sphere, we take a 
cross-section parallel to one pair of opposite faces of the cube that passes through 
the center of the cube. Since this plane is mid-way between opposite faces of the 
cube, it bisects the four edges of the cube that connect these two faces. Therefore, 
the four vertices of the cross-section are four of the points through which the 
sphere in the problem passes. This cross-section of the cube is a square whose 
sides equal the side length of the cube, and the center of the square is the center 
of the cube. Each diagonal of the square has length 8 V2, so the center of this 
square is 4 V2 from the vertices of the square, which in turn are four of the midpoints of the edges of the 
cube through which S must pass. Similarly, the center of the cube is 4 V2 from all 12 of the midpounts 


of the edges, so the sphere has radius 4 V2 and therefore has volume 4nr3/3 =|5127 y2/3 |. 


15.33 We start with a cross-section including the axis of the cone. The A 

resulting cross-section of the cone is an isosceles triangle. The midpoint of 

the base of this tnangle is the center of the cone. The sphere is tangent to 

the curved surface all the way around the cone, and to the base at the center 

of the base. So, the resulting cross-section of the sphere is a circle that is 

tangent to all three sides of the triangle. Letting O be the center of the base, B c 
we have OB = 9 because it is a radius of the cone, and AO = 12 because it is oO 

the height of the cone. Therefore, we have AB = AC = V9? + 12? = 15, and the semiperimeter of AABC 
is (15 + 15 + 18)/2 = 24. The area of AABC is (BC)(AO)/2 = 108. Therefore, the inradius of AABC is 
[ABC]/(24) = a (Note: it is a coincidence that the radius of the sphere is half the radius of the cone. 
This will not always be the case!) 


We could also have drawn a radius of the sphere to the point of tangency with AB and used similar 
triangles to find the radius. See if you can work out that approach on your own. 


15.34 
(2) Let H be the foot of altitude from D to ABC. Since DA = DB = DC, p 

triangles DHA, DHB, and DHC are congruent right triangles by HL. Hence, 4 
HA = HB = HC, so H is the circumcenter of equilateral triangle ABC. The 
circumcenter of ABC is also the centroid and orthocenter of ABC. We can Cc 
find AH by noting that it is 2/3 the length of median AM. Since AM is also 
an altitude and ZACB = 60°, we know that AACM is a 30-60-90 triangle. M 
Therefore, AM = AC( V3/2) = 3 V3 and AH = (2/3)(AM) = 2 V3. Finally, 


right tnangle AADH gives us DH = VAD? - AH? = [2v6], 
Equilatera] triangle ABC has area 6? V3/4 = 9 V3. Therefore, the volume of tetrahedron ABCD is 
(DH)(LABC))/3 = |18 V2 | 


(b 


(c) The sphere 1s tangent to all four faces, so each perpendicular from O to a face of the tetrahedron 
is a radius of the sphere. Therefore, O is r away from each face of the tetrahedron. 


(d) We can view OABC as a triangular pyramid with base AABC, The height of this pyramid is the 
distance from O to AABC, which is r, Therefore, the volume of tetrahedron OABC is (r)X([ABC])/3 = 
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(e) Since O is equidistant to all four faces and all four faces have equal areas, the volumes of OABD, 


OACD, and OBCD are equal to that of OABC, | 3r V3 |. 


(A The four solids have a combined volume equal to that of ABCD, so 18 V2 = 4-3 V3r. Solving for r 


15.35 Let O be the center of the base, so O is the midpoint of XY. Therefore, height AO of the cone is 
also a median of AXAY. Since we are given that AO = XY/2, we know that the length of median AO 
equals half the side to which it is drawn. Therefore, AXAY must be a night triangle with right angle at 
¿XAY. 


Challenge Problems 


15.36 


(a) Let X be the point where S is tangent to the base of C. Since S is tangent to the base of C, VX must 
be perpendicular to the base. Because the cone is right, the center of the base, point O, is the foot 
of the perpendicular from the cone’s vertex, V, to the base. Therefore, X is O, and our sphere is 
tangent to the base at the center of the base. Therefore, the radius of the sphere equals the height 
of the cone, [el 


Let P be the foot of the perpendicular from X to OV and let Z be the point V 
where VX hits the base. We are given VO = OZ = 6, so right triangle VOZ is 
a 45-45-90 triangle. Since XP and ZO are both perpendicular to OV, we have 
XP || ZO. Therefore, AVXP is a 45-45-90 triangle and VX = 6 (since it is a 


g 


X 
radius of the sphere), and we have VP = XP = VX/ V2 =|3 2|, P 
(c) From part (b), every point at which the sphere hits the curved surface of the O z 


cone is 3 V2 away from P, the point on OV such that VP = 3 V2. Conversely, 
we can show that every point on the cross-section of the cone that is the intersection of the curved 
surface of C and the plane through P perpendicular to OV is 6 units from V (and therefore on S). 
Therefore, the intersection of S and the curved surface of C is a circle. 


(d) The radius of this circle is 3 V2, so the area of the circle is n(3 V2)? = [187]. 


15.37 Since the heights of the cylinder and the prism are the same, the ratio of their 
volumes equals the ratio of the areas of their bases. Each base of our prism is a regular 
hexagon. We dissect the regular hexagon into equilateral triangles. As shown in the 
diagram, the radius of the circle equals the height of one of these triangles. If we let 
the side length of the regular hexagon be s, the radius of the circle is s ¥3/2. The area 
of the hexagon then is 3s? V3/2 and the area of the circle is n(s V3/2)? = 3ns2/4. The ratio of the area of 


the circle to the area of the hexagon is (3715?/4)/(3s? 3/2) = 1/(2 V3) = [n576] 


15.38 Let O be the center of the ice cream scoop as shown at left below. Also, let A be the vertex 
of the cone, and Jet B be a point on the circumference of the base of the cone. Let C be the foot of 
the perpendicular from B to OA. Since OB = 2, BC = V3, and ZBCO = 90°, we know that ABCO is 
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a 30-60-80 triangle, so ZBOA = 60°. Since BA is tangent to the scoop, we have BA L OB. Therefore, 
ABOA and AABC are a 30-60-90 triangles, as well. Therefore, AC = V3BC = 3. Hence, the volume of 
the cone is 2x - ( V3)? -3 = 3n. The volume of the ice cream is jn ee 3n, Therefore, Dennis ate 


5 2 A 2 3 ‘ 
327/3- 37 = | 237/3 amy | of ice cream. 
ed 


15.39 When we form our dodecahedron, we get the picture shown at right above. Shown are a couple 
strategies to figure out where A and B are on the dodecahedron. One way is to track an ‘equator’ of the 
dodecahedron, as shown in bold. Another is to number some of the faces, where face 1 is the ‘front’ 
face of the dodecahedron, and point A is a vertex of faces 2 and 6. We can now more easily see that the 
shortest path along the edges our ant can take is [3] edges long. 


15.40 Let the planes be P; and P, and the centers of the circles be C, and C2, respectively. Let the 
center of the sphere be O. We have OC; L Py and P; || P2, so OC] L P2 as well. The line through O 
that is perpendicular to P} meets P, at C2, the center of the intersection of Pa and the sphere. Therefore, 
OG passes through C> 


Let X be a point on the circumference of OC; and Y be a point on the circumference of ©C2. Since 
OX = OY, GX = GY, and ¿XC10 = ZYC,0 = 90°, we have AXC10 = AYGO by HL Congruence. 
Therefore, OC; = OC2, so O is the midpoint of C)C3. 


15.41 Let Q,R,S be the feet of altitudes from O to m,Py,Pa, 
respectively. Then OQ is a diagonal of rectangle ORQS, and OQ = 
VOR? + OS? = V4? +6? = 2-V13. On the other hand, OO is the 
median from O to AB in isosceles triangle AOB. Since OA = OB = 
9 and OQ = 2 V13, AB = 2 VOB? - OQ? =|2 V29 |, 


15.42 Let Zbe the point such that ZX is a diameter of the cylinder. 
Then AXYZ is a right triangle, with a right angle at Z. Since XY = 
12 and ZX = 8, YZ = VXY?-XZ = Vi2-® = V80 = 45. 


Hence, the volume of the cylinder is nr?h = 7 -4?+4 V5 = | 64n g 
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15.43 We unroll the inside and outside of the cylinder separately, and place these 
unrolled pieces so the sides representing the ‘top rim’ of the cylinder coincide, as shown 
at right, Arnav starts at Z and must walk to X. We can find the length of this path 
by constructing right triangle AXYZ, Because X and Z are originally diametrically 
opposite, YZ must be half the circumference of the glass, or 27. Since X and Z are 
halfway up the glass, they must each be 8/2 = 4 from the rim, so XT = TY = 4. 


Therefore, we have XZ = VXY2 + YZ? =| V64 + 472 |, 


15.44 If we unroll the outer handrail, we get the hypotenuse of a right triangle whose legs are the 
height of the staircase and the length of the 270° arc. These have lengths 10 and (3/4) - 27 - 3 = 97/2, 
respectively. Then the length of the handrail is 


EE 


15.45 Let rbe the radius of the cylinder, so the height of the cylinder 
is 2r. Let O be the center of the base of the cylinder (and cone), and let 
A be the vertex of the cone. Let B be a point on the circumference of the 
base of the cone, and let P be the point where AB touches the cylinder. 
Finally, let C and D be the feet of the altitudes from P to AO and OB, 
respectively. 


Then OD = r,so BD = 5-r. Also, OC = 2r and PDOCisa rectangle, 
so PD = OC = 2r. Since PD || AO, we have BPD = ¿BAO and 
¿BDP = ZBOA, so ABDP ~ ABOA. From this similarity, we have BD/DP = BO/OA, so (5 - r)/2r = 5/12. 


Solving for r yields r = |30/11 


15.46 Solution 1: Let s be the side length of the tetrahedron, M be the midpoint Q 

of PQ, N be the midpoint of RS, and G be the centroid of APQR. Since MN = M 

MN, RN = SN, and RM = SM (corresponding medians of congruent faces of P 

the tetrahedron), we have AMNR = AMNS. Therefore, ZMNR = ZMNS. Since £ 

LMINR + LMNS = 180°, we have ZMNR = ZMNS = 90°. Similarly, ZQMR = 90°. S 
From 30-60-90 triangle AMQR, we have MR = MQ V3 = (QR/2) V3 = s V3/2. We 

also have NR = RS/2 = s/2, and from right triangle AMNR, we have MN? + NR? = 

MR’. Therefore, we have 36 + s?/4 = 3s?/4, so s? = 72 ands = 6 V2. We can now R 
find the volume of the tetrahedron in one of several ways. Here are two of them. 


Method 1: Connect S to the centroid of face APQR. As described in the text, SG is an altitude of 
the tetrahedron. Since G is the centroid of APOR, we have GR = (2/3)MR = s ¥3/3 = 246. From 
right triangle RSG, we have SG = VSR? — GR? = ¥72—24 = 4 V3. Therefore, the volume of PQRS is 
(SGXIPQR])/3 = (4 -V3)[(6 V2)? V3/4)/3 = [72] 


Method 2; In the text, we found that the volume of a regular tetrahedron with side length 6 has 
volume 18 V2. All regular tetrahedra are similar. Since the tetrahedron of this problem has a side length 
that is (6 2)/6 = v2 longer, its volume is ( ¥2)3 = 2V2 the volume of our side length 6 tetrahedron. 
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Therefore, our volume is (18 V2)(2 VJ) = [72| Can you use this method to develop a formula for the 
volume of a regular tetrahedron with side length s? 


Solution 2: Let the six edges of the tetrahedron be the face diagonals of a cube, P A 
as shown. MN then connects the centers of opposite faces, so each edge of the cube RA 
À Vai 


has length MN = 6. Therefore, the cube has volume 6° = 216. We find the volume of 
PORS by subtracting the volumes of the corners we have to cut off the cube to make C 
PORS. There are four such comers, and each has volume equal to that of pyramid 
PAQS. Since PA = AQ = AS = 6, the volume of PAQS is [PAQ)(AS)/3 = 6°/6 = 36. 
Therefore, the volume of PQRS is 216 — 4(36) = [72]. 


15.47 Let P and Q be the centers of the quarter-circles AB and BC as shown in 
the diagram, and let O be the center of the sphere that fits snugly in the wire 
frame. As described in Section 15.3, OP is perpendicular to the plane contain- 
ing quarter-circle AB. Similarly, OQ is perpendicular to the plane containing 
quarter-circle BC. Therefore, OP 1 BP and OQ 1 BQ. Furthermore, BP and 
BQ are each perpendicular to BB, and hence form the dihedral angle between 
planes ADB and BDC. Therefore, BP 1 BQ and we see that OPBQ is a rectangle. 
Since BP = BQ, the rectangle is a square with side length BP = 3. Since B is on 
the surface of the sphere, OB is a radius of the sphere. Therefore, our desired 


radius is OB = BP v2 =(3 v3] 


15.48 We start with a cross-section containing the axis of the cones, as shown. 


D 
A 
Our region of intersection is a pair of cones that share a base. This base has 
radius BE. Since BE, AD, and CF are all perpendicular to DF, they are all parallel. 
Therefore, we have AADF ~ ABEF and ACFD ~ ABED, so BE/AD = EF/DF and B 
BE/CF = DE/DF. Adding these gives BE/AD + BE/CF = (EF + DE)/DF = 1, so 
S P 


BE = 1/(1/AD+1/CF). (You might remember this from Problem 5.17 in the similar 
triangles chapter.) We are given AD = 4 and CF = 6, so BE = 12/5. The total 


volume of the two cones then is (BE*)(DE)n/3+ (BE*)(EF)n/3 = [(BE?)(7)/3)(DE + 
EF) = |(BE?)(n)/3)(DF) = 


15.49 
(a) Let] denote the center of the sphere. Consider tetrahedron [JABC]. The height 


D 
JA of this tetrahedron is the distance from ] to base ABC, which is just r. The area 
of the base ABC is Ky, so A 
1 
[JABC] = 3 Kar. 7 
Similarly, 
B 


BCD) = akin {ACD} = 5Kor, [JABD] = 5Kor 


Hence, V = [ABCD] = [ABC] + [IBCD] + ACD] + [ABD] = }Kar + LKar + Akar + Kir = 
(Ki + Ky + Ka + K,)r. Therefore, r = KEKR: ` ` 
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(b) In Problem 14.26, we found the volume of the tetrahedron to be 243 Vi1/4. Since triangle XYZ is 
equilateral, we have [XYZ] = 9° V3/4 = 81 V3/4. Let M be the midpoint of XY. Then XM = 9/2, 
WX = 18, and ZWMX = 90°. By the Pythagorean Theorem, WM = 4/182 - (9/2)? = Vi215/4 = 
9 V15/2. Therefore, 

1, 9vi5_ 81-vi5 


eh eae ed 


2 2 4 


Since AWYZ = AWXZ = AWXY by SSS, we have [WYZ] = [WXZ] = [WXY] = 81 V15/4. Then by 
part (a), the radius of the sphere inscribed in tetrahedron WXYZ is 


[WXY] = XY: WM = 


pe 328V VT __ 9V VIB V3_| 9 Vi05 - 3 v3 
~ 81V3/4+3:81 VI5/4  V34+3VI5 354 v3 3vi5- 13 44 


15.50 Assume that 74 < r2. We follow the same strategy as in Problem 
15.2.8, namely extending the curved surface of the frustum to a point V, 
and consider the frustum as the portion left over when a small cone C) is 
removed from a large cone C2. Let B and D be the centers of the bases and 
let A and C be points on the bases, as shown, such that BA and DC are radii 
of the bases and AC is part of the slant height of the large cone. Let the 
slant height of the large cone be l2 and the slant height of the small cone be 
l. Therefore, h - h = l. 


The area of the curved surface of the frustum is the difference of the 
areas of the curved surfaces of the cones, or arzh — nrl. Since AB and CD 
are both perpendicular to VD, we have AB || CD. Therefore, ZABV = ¿CDV 
and ZBAV = ZDCV, so AABV ~ ACDV. These similar triangles give us 
AB/AV = CD/CV, so r/h = r2/l. Therefore, r) = hro/l,, Substituting this into our expression for 
the area of the curved surface of the frustum gives mr9lp — nr, h = n(ral2 — Broly) = nar(Ġ/h - È/h) = 
n(r2/Io)(5 - B) = n(ra/12)( = h)a +h) = nrf + h)/l2] = mral(1 + h/h) = nl(rz + r2h/h) = nlr + 7). 


To find the total surface area of the frustum, we must include the areas of the bases, so our desired 
area is|n(ry +12)I + nr + nri | 


15.51 Let O be the center of the larger ball, and let P, Q, and R be the feet of the perpendiculars from 
O to the two walls and the floor, respectively. Let O' be the center of the smaller ball, and let P’, Q’, and 
J be the feet of the perpendiculars from O' to the two walls and the floor, respectively. Finally, let T be 
the point of tangency between the two balls, and let X be the corner. 


Let y be the radius of the smaller ball, Note that OX is a diagonal of a cube with side length 1 (whose 
vertices also include P, Q, and R), so OX = V3, Similarly, O'X isa diagonal of a cube with side length r 
(whose vertices also include P', Q', and R’), so O'X = V3r. 


Since T is the point of tangency between the two balls, points O, T, and O' are collinear, so OO’ = 


OT+TO'=1+7r. But OO' = OX -O'X = y3- Vir, so 1+r = V5- Wr. Solving for r gives 
r=(V3-1)/(V3+ 1) = h-~] (Can you prove that O, O’, and X are collinear?) 
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CHAPTER 1 6 
Poe More Things Change... 


Exercises for Section 16.1 


16.1.1 ABCDEF in the diagram is a regular hexagon. Since ¿CDE = LFAB, Cc B 

CD = FA, and DE = AB, we have ACDE = AFAB. Therefore, FB = CE. Because iA 
¿FAB = 120°, we have ZFBA = ZBFA = (180° — ZFAB)/2 = 30°. Therefore, 

¿CBF = ¿CBA — ¿FBA = 90°. Similarly, ZBCE = 90°. Since ZBCE + ¿CBF = 180°, D A 


we have BF || CE. Because BF = CE and PF || CE, the same translation that maps 
E to C maps F to B. 


E F 
Exercises for Section 16.2 
16.2.1 
(a) The octagon is regular ZABC = 135° and AB = BC, so a clockwise rotation B_A 
about B maps A to C. é H 


(b) Since ABCD is isosceles with BC = CD, we have ZCBD = (180° - 2BCD)/2 = 
22.5°. Similarly, ABH = 22.5°, Therefore, HBD = ZABC-ZABH-ZCBD = 90°. P G 
Isosceles triangles AHAB and ABCD are congruent by SAS, so we have HB = BD. 
Similarly, we can show that all the angles of BDFH are 90° and all the sides are 


equal in length. Therefore, BDFH is a square, so a rotation about B maps H to D. 


16.2.2 Since B’ is the image upon rotating B 90° around A, we have AB’ = AB = 5 and ZBAB’ = 90°. 
Therefore, BB’ = VBA? + BA? = 


16.2.3 Because AOC = 180° (since O is on AC), it is impossible for the image of A upon a 90° rotation 
about O to be point C. Therefore the image of A must be either B or D. Let the image upon rotation 
be B. (The proof when the image is D is the same.) Because the image of A upon 90° rotation about 
O is B, we have OA = OB and OA . OB. Furthermore, the image of B under this rotation is given as 
C (it cannot be D because BOD = 180°), the image of C is D and the image of D is A. Therefore, we 
have OA = OB = OC = OD and AC 1 BD, We thus find that AAOB, ABOC, ACOD, and ADOA are all 
congruent isosceles right triangles. Therefore, AB = BC = CD = DA and each angle of ABCD is the sum 


168 


Section 16.3 


of two 45° angles, or 90°, Hence, ABCD must be a square. 
16.2.4 


(a) Because plane BCD is perpendicular to the line about which we 


b 


are rotating, its image is in the same plane as BCD. Therefore, 
to determine the image of rotating BCD about the altitude from 
A, we look at the result of rotating BCD 60° about the foot of the 
altitude from A. As we have seen earlier in the text, the foot of 
the altitude from A to BCD is the center of ABCD because ABCD 
is a regular tetrahedron. Let this be point O and the image of 
BCD be B'C'D'. Therefore, ¿B'OB = ¿C'OC = ¿D'OD = 60°. 
Since we also have ¿BOC = BOD = ¿DOC = 120°, we have 
¢COB’ = ¿DOC = <BOD' = 60°. Therefore, we see that BB’CC’DD' is a regular hexagon, since sts 
vertices are equally spaced about a circle with center O and radius OB. 


The intersection of BCD and B’C’D’ is also a regular hexagon. We can see this quickly by using 
the aforementioned circle. Let PQRSTU be the hexagon formed by the intersection points of the 
two triangles. We have ZCQR = (CC’ + BB’)/2 = 60°. Similarly, we can show that our outer six 
little triangles are congruent equilateral triangles. We can also use our arcs to show that each angle 
of PORSTU is 120°: ZPQR = (BDC + B‘C)/2 = 120°. Therefore, the sides of PORSTU are all equal 
and the angles of PQRSTU are all equal, so PORSTU is a regular hexagon. Hence, our region of 
intersection is a regular hexagonal pyramid. 


As we found in Problem 14.10 of the textbook, the altitude of the tetrahedron is 2-V6. Since 
the small outer triangles of the previous part are all congruent, each side of the hexagonal base 
is 1/3 the side length of the tetrahedron. Therefore, the base is a regular hexagon with side 
length 2, and thus has area 3(2)? 3/2 = 63. Therefore, the volume of the intersection region is 


(2¥8)(6-V3)/3 = 


Exercises for Section 16.3 


16.3.1 For each of the following parts, we search for lines of symmetry using the fact that a reflection 
over a line of symmetry of a polygon must map each vertex of the polygon to a vertex of the polygon. 


(a) 


(b 


(c) 


Let ABCD be the rectangle. The line connecting the midpoints of AB and CD isa line of symmetry 
(mapping A to B), as is the line connecting the midpoints of AD and BC (mapping A to D). There 
are no other lines of symmetry (we can’t map A to itself or to C and still successfully map the 
whole rectangle to itself). Therefore, a rectangle that is not a square has | 2 | lines of symmetry. 
Each of the diagonals of a rhombus is part of a line of symmetry of the rhombus, If the rhombus 
is not a square, then it has no other lines of symmetry. Therefore, such a rhombus has [2] lines of 
symmetry. 

A parallelogram that is not a rectangle or a rhombus has [o] lines of symmetry. We can see this 


by considering reflections that map A to each vertex of parallelogram of ABCD. In each case, the 
image of ABCD is not ABCD. 
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(d) There are [5] hnes of symmetry of a regular pentagon: one through each vertex and the midpoint 
of the side opposite the vertex. 

(e) There are lines of symmetry of a regular dodecagon, one through each of the six pairs of 
opposite vertices and one through each of the six pairs of midpoints of opposite sides. 

(f) There are [7] lines of symmetry of a regular n-gon. Let the polygon be A} A2-:- An. For eachi from 
2 ton, the perpendicular bisector of A;A; is a line of symmetry. In addition to these n — 1 lines of 
symmetry, there is also a line of symmetry through A; and either the opposite vertex (if n is even) 
or the opposite side (if n is odd). 


16.3.2 Since DA’ is the image of DA, and AD 1 CD, we have D L CD g C p 
as well, so ZADA’ = 180° and AA’ = AD + A'D = 2AD = [8]. AAA'B is 
a = triangle with legs AA’ and AB. Therefore, A'B = VA'A? + AB? = 


A A 
16.3.3 Let X be on k and Y be on m such that Y is the image of Xupon "ly K x 
reflection over l. Therefore, XY is perpendicular to £. Let Z be the 
point where XY meets £. Since Y is the image of X upon reflection over t T Q 
{, we have XZ = YZ. We also have ZXZO = ZYZO (where O is the Z 
point where k and £ meet) and OZ = OZ, so AXZO = AYZO by SAS. y y 


Therefore, XOZ = £YOZ, so £ bisects ZXOY. Because TOV = ¿XOZ k 
and £YOZ = ZUOT, we have ZTOV = ZUOT, so { bisects ZUOV as well. Therefore, { bisects a pair of 
the angles between k and m. 


16.3.4 


(a) Suppose £  m as shown at left below, and X, Y, and Z are as described in the problem. 
Y’ is the image of Y upon reflection over m. Since € 1 m, XY 1 £, XZ 1 m, and YY" ok m, we 
have XZ || £ || YY’ and XY || m. Since XSQY is a rectangle, we have XS = YQ. Since ZS = XS 
and Y’Q = QY, we have ZX = Y'Y. Since XZ = YY’ and XZ || YY’, we know that XZY’Y is a 
parallelogram. Since ¿X = 90°, XZY'Y is a rectangle. Therefore, ZY’ = XY and ZY’ || XY and 
ZRPX and RY’YP are both rectangles. Hence, ZY’ 1 £ and ZR = XP = PY = RY’, so Y’ is the 
image of Z upon reflection over £ in addition to being the image of Y over m. 


YZ m 


A 
(b) [No] Ife and m are not perpendicular, the the reflection of Y over m cannot be the same point as 
the reflection of Z over £. An example is shown at right above. 
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16.3.5 


(a) 


g 


A 


The image of the square base must be itself, and the image of the apex of the pyramid must also 
be itself. Therefore, the planes of symmetry are those that pass through the apex of the pyramid 
and a line of symmetry of the base. As we saw earlier, there are [4] lines of symmetry of a square, 
and each gives us a different plane of symmetry of the pyramid. 

There is a plane of symmetry for each pair of faces of the prism: the plane mid-way between those 
faces. There are no other planes of symmetry of a rectangular prism that does not have a square 
as a face (see if you can prove why!). Therefore, there are [3 | planes of symmetry of such a prism. 


) First, we note that it is impossible for a plane of symmetry of a tetrahedron to pass through 1 or 


3 vertices, since then there will be an odd number of vertices left to reflect through the plane. We 
couldn't then pair off the remaining vertices to be images of each other. 


Clearly, no plane can go through all 4 vertices. Letting our tetrahedron be ABCD, if a reflection 
through a plane maps A to B, then that plane must be perpendicular to AB and pass through the 
midpoint of AB. Therefore, this plane consists of all points equidistant from A and B, so it must 
contain C and D. Hence, all planes of symmetry pass through two of the vertices of the tetrahedron 
and the midpoint of the segment connecting the other two vertices. There are [e] ways to choose 
the edge that is bisected by the plane, so there are 6 planes of symmetry of a regular tetrahedron. 


There are two types of planes of symmetry of a cube. First, there are planes that are parallel to 
one pair of bases and cut the cube in half. There are 3 such planes - one for each pair of opposite 
faces of the cube. Second, there are planes that contain opposite edges of a cube (and therefore 
intersect on pair of opposite faces along diagonals of those faces). There is one of these planes for 
each pair of opposite edges. Since there are 6 such pairs of edges (there are 12 edges on a cube), 
there are 6 such planes. Therefore, we have a total of 3 + 6 = [9 planes of symmetry of a cube. 


The image of the vertex of the cone must be itself, and the image of the base of the cone must be 
itself. Therefore, the plane of symmetry must pass through the vertex and be perpendicular to 
the base, so it must pass through the center of the base as well as the vertex of the cone. Since the 
plane contains both the vertex of the cone and the center of the cone’s base, it must contain the 
axis of the cone. 


Exercises for Section 16.4 


16.4.1 


(a) 
(b) 


(c) 


Because X’Y’ is the image of XY under a dilation with scale factor 4, we have X’Y’ = 4XY = m! 
Triangle XYZ is a 3-4-5 right triangle with legs XY and YZ, so AX’ YZ’ is a right triangle with 
legs X'Y' and Y'Z', We already found that X'Y' = 12, and we have Y'Z’ = 4YZ = 16, so 
X'Y'Z!] = (X'Y")(Y'Z/)/2 = (12)(16)/2 = [96] 

[No] To see why, let O be the center of the dilation, Then, we have OX" = 40X, and X is on OX’, 


Therefore, we have XX' = OX! - OX = 30X, but we don't know anything about OX! So, we can't 
determine XX’, 
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under a dilation with center O and scale factor 5, we have OQ = 50P, 


4.2 Becaus is the ze of P 
1642 BeouseQistheimageo OP. Since PQ = 20, we have OP +20 = 50P, 


and point Pison OO. Therefore, we have OP+PQ = OQ = 5 
from which we find OP = 
16.4.3 We found in the text that if A’ and B' are the images of A and B, respectively, under a dilation 
with scale factor k, then we have A’B’/AB = k. Therefore, since A’, B', and C’ are the images of A, B, and 
C, under a dilation with scale factor k, we have 

AB AC BC y 

AB AC BC ~ 


Therefore, we have AABC ~ AA'B'C' by SSS Similarity. 


16.4.4 

(a) Because A’ and X’ are the images of A and X, respectively, under the same 
dilation, we have A’X’ || AX. Since O is the center of this dilation, points 
O, X, and X’ are collinear. Combining this with the fact that AX || A’X’, we 
find that ZOXA = £OX’A’. 

In the same way, we find that BX || B’X’, so LOXB = £OX’B’. 

Because X is on AB, we have ZAXB = 180°. Using the results of part (a), 
we also have 


(b 


ZAXB = LAXO + LOXB = 4A'X'O + LOX’B' = £A’X'B’. 


Therefore, we have ZA’X’B’ = ZAXB = 180°, which means that X’ is on A’B’. So, the image of 
each point on AB under the dilation is a point on A’B’. 


(c) All we have shown so far is that the image of each point on AB is a point on AB’. We haven't 
shown that the image upon dilating AB is the entire segment A’B’. It could just be part of the 
segment. To show that it is the whole segment, we have to show that each point on A’B’ is the 
image of some point on AB under the dilation. To do so, we essentially reverse our steps from 
above. 

Let Y’ be a point on A'B’. Then, let Y be the point on OY’ such that 
OY = KOY’. In other words, Y’ is the image of Y under the dilation. We 
wish to show that Y is on AB. Since A’ and Y’ are the images of A and Y, 
respectively, under the dilation, we have AY || A'Y”. Therefore, we have O 
4A'Y'O = ZAYO. Similarly, we find ZB'Y'O = ZBYO. Because Y’ is on 
A'B’, we have ZA'Y'B' = 180°. Moreover, we have 


180° = ZA'Y'B' = ZA'Y'O + <B'Y'O = LAYO + ¿BYO = ZAYB. 
Since ZAYB = 180°, point Y is on AB. Therefore, every point on A’B’ is the image of some point 


on AB under the dilation. Combining this with our previous observation that the image of each 
point on AB is a point on A’B’, we find that A'B’ is the image of AB under the dilation. 
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Exercises for Section 16.5 


16.5.1 The center of the circle is also the center of the rectangle, since the midpoint of 

each diagonal is also the midpoint of the hypotenuse of a right triangle inscribed in the = 
circle. We connect this center to each of the four vertices of the rhombus, thus dividing our D<] 
original rectangles into four smaller rectangles. Each side of the rhombus is a diagonal of 

one of these rectangles. The other diagonal of each of these rectangles is a radius of the circle. Since the 
diagonals of a rectangle are equal in length, the sides of the rhombus must therefore have length equal 
to the radius of the circle. Thus, the perimeter of the rhombus is 4(4) = feet. 


16.5.2 Because ABCD is a rectangle, we have AB || DC, so ZEDA = ZFAB and ZDEF = ZFBA. We also 
have AB = CD = DE, so AFDE = AFAB by SAS Congruence. Therefore, FA = FD, so DA = 2FD. The 
area of the rectangle is (CD)(AD) = (DE)(2FD) = 2(DE)(DF). We are given that (DE)(DF)/2 = 4 because 
the area of right triangle AFDE is 4, so we have [ABCD] = 2(DE)(DF) = 


Notice that we could have quickly arrived at this numerical answer by letting DE = 4 and FD = 2; 
then, we have CD = 4, FA = 2, DA = 4, so [ABCD] = 16. This doesn’t prove that the area is 16 for all 
possible arrangements, but it gives us a quick check. 


16.5.3 Since the arcs have radius 5, we have BD = 10. We draw BD, then ‘complete’ 
rectangle BDEF by moving sectors BOC and COD into sectors BFA and DEA. Our 
rearranged figure is a rectangle with dimensions BD = 10 and DE = 5, and its area is 
the same as the original area, so our answer is (BD)(DE) = [50]. 


16.5.4 Let O be the center of the square. O is the midpoint of diagonal BD, and the 
midpoint of MN, which 1 connects the midpoints of the opposite sides of the square. 
Therefore, the image of BN upon 180° rotation about O is DM. Furthermore, the image of AC upon this 
rotation is CA, so the image of the intersection of BN and AC (point Y) is the intersection of DM and CA 
(these are the images of BN and AC), which is point X. Therefore, DNYX is the image of BMXY upon 
180° rotation about the center of the square. 


16.5.5 We can at least get a quick answer by letting ABCD be a rectangle. Then, BC = AD = 7, and 
AB = CD. Since BC = AB + CD, we have AB = CD = BC/2 = 3.5, so (AB)(CD) = 


To prove this is the case for all trapezoids that fit the problem, we let AB be the A B 
shorter base of the trapezoid and draw altitude BX to CD. Then, ADXBis a rectangle, 
so BX = 7 and XD = AB. Therefore, CX = CD - AB. From right triangle ABXC we 
have BX? + CX? = BC?, so (AB + CD}? = (CD- AB)? +49. Expanding and rearranging, 
we have 4(AB)(CD) = 49, so (AB)(CD) = [12.25] D x C 


Exercises for Section 16.6 


16.6.1 Since A’ and Q’ are the images of A and Q, respectively, under the same translation, we have 
AA’ = QQ’ and AA’ || QO’, so AA'Q'Qisa parallelogram. To construct Q', we construct a line through Q 
paralle) to AA’, then draw a line through A’ parallel to AQ. We take the point where these lines intersect 
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to be our Q'. Since OQ’ || AA’ and Q’A’ || QA, AA’Q'Q is a parallelogram. Therefore QQ’ || AA’ and 
QQ’ = AA’, so Q' is the image of Q under the same translation that maps A to A’. 
16.6.2 The image of P upon reflection over ¢ is the point P’ on the other side of £ such that £ is 
perpendicular to PP’ and bisects the segment. We first construct the line through P that is perpendicular 
to d. Let this line meet f at X. We then draw a circle with center X and radius XP. Let the other point 
(besides P) where this circle hits XP be P’. Since we have P’X = XP and PP’ 1 £, we have found our 
desired image. 

After following this procedure with enough points, you may start to suspect that the result of a 
composition of two reflections is a rotation. Your suspicion is correct. Can you prove it? 


Review Problems 


16.22 The octagon is shown at left below. Since HCDG is a rectangle (why?), we have HC || GD and 
HC = GD. The same translation that maps G to D also maps H to 


B A RLP 
s o 
c 
T Z 
g u 
E F VW Z 


16.23 Our dodecagon and its circumcircle are shown at right above. We include the circumcircle 
because in each part we seek an angle that is formed by connecting the vertices of the polygon. Each 
such angle is inscribed in an arc of the circumcircle, and we can easily find the measure of each of these 
arcs because each arc between successive vertices of the dodecagon is 360°/12 = 30°. 


(a) The angle ¿VUT isan angle of the regular dodecagon, so it has measure ZVUT = 180° —(360°/12) = 


(b) The angle ¿XUR cuts off 6 small arcs of the circumcircle, so its measure is (6 - 30°)/2 = We 
might also have noted that this is one of the angles of square XURO. 


(c) ZWUS cuts off 8 small arcs of the circumcircle, so it has measure (8 -30°)/2 = We might also 
have noted that this is one of the angles of regular hexagon WUSQOY. 


(d) ZYUQ cuts off 4 small arcs of the circumcircle, so it has measure (4 - 30°)/2 = We might also 
have noticed that this is one of the angles of equilateral triangle AUQY. 


(e) ZZUP cuts off 2 small arcs of the circumcircle, so it has measure (2 -30°)/2 = 
16.24 The only lines of symmetry are those lines that pass through a pair of midpoints of opposite 


sides. There are four pairs of opposite sides, so there are |4 | lines of symmetry. Make sure you see both 
why these are lines of symmetry, and why there are no other lines of symmetry. 


Review Problerns 


16.25 


(a) [Yes | AGH] is isosceles with GH = GI. Therefore, the altitude from G to H] is also the perpendicular 
bisector of HI, so the reflection of H over this altitude is J. Since G is on this altitude, the image 
of G upon reflection over this altitude is itself. Hence, the image of GH upon reflection over the 
altitude is G]. 

(b) [No]. Suppose XYBA is a parallelogram that is not a rectangle. Then, we have XY = AB. However, 
the reflection that maps X to A (the reflection over the perpendicular bisector of AX) does not map 
Y to B. Nor does the reflection that maps X to B map Y to A. 


16.26 


(a) [Yes]. Since AD = BC, ¿C = ZD, and CM = DM, we have AADM = aBCM by B C 
SAS Congruence. Therefore, we have AM = BM, so a rotation of LAMB (in the M 
appropriate direction) maps A to B. 


b) [No] Since AM = VAD? + DM? > VDM? = DM = CM, we know that AM > CM. ^ 


The image of A upon any rotation about M must be the same distance from M as A is, so C cannot 
be the image of A upon some rotation about M. 


D 


(c) Yes}. The reflection over the perpendicular bisector of AM maps M to A. 


16.27 The two unshaded pieces of the central square can be combined to form a square that is 1/4 
the central square. There are four shaded pieces that are outside the central square. Each of these 
is congruent to one of the unshaded pieces of the central square. Hence, two of these pieces can be 
combined to form one of the aforementioned squares that is 1/4 the central square, while the other two 
of these pieces can be used to ‘complete’ the central square. The area of the central square is 1, so our 
shaded area is 1+ 1/4 = [5/4] 


16.28 


(a) If a point is reflected over a line that passes through that point, the image is the point itself. 
Therefore, W’ = W and E’ = E. 


(b) Since ¿QWE = ZQ’WE = 120°, we have QWQ’ = 360°-QWE- Q QR 
/Q'WE = 
(c) Webuild aright triangle by drawing TT’. We find ET by drawing y w : 
the altitude from R to X, and noting that ARTX is a 30-60-90 
triangle. Therefore, TX = RT 3/2 = 3 V3, so TT’ = 4XT = T fi 
12 V3, Finally, we have YT’ = VP'T? + YT? = | 6 V13 
16.29 


(a) H line f is a line of symmetry of AABC, then there must be the same number of vertices on each 
side of the line. Therefore, there must be an even number of vertices of AABC that are not on the 
line. Since the triangle has an odd number of vertices, this means that one of the vertices must be 
on f if l is a line of symmetry. 

(b) Let the triangle be AABC. As we saw in the previous part, the line of symmetry must go through 
a vertex of the triangle. Call the vertex that the line of symmetry passes through vertex A. Then, 
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AM is the image of AC upon reflection over £. Hence, AB = AC, so it is impossible for AABC to be 


scalene 
16.30 


(a) Because R is the image of S under a dilation with center T and scale factor 3, we have TR = 375. 
Therefore, we have TS = TR/3 = [6], 

(b) Because E is the image of D under a dilation with center O and scale factor -3, we have EO = 300. 
However, because the scale factor is negative, point O is on ED, so EO + OD = ED. Since ED = 9 
and EO = 30D, we have 30D + OD = 9, from which we find OD = [9/4] 

(c) Because X is the image of Y under a dilation with center A and scale factor 0.25, we have AX = 

" 0.25AY. Furthermore, because the scale factor is between 0 and 1, point X is on AY. Therefore, we 
have AX + XY = AY. Since XY = 20 and AX = 0.25AY, we have 0.25AY + 20 = AY, from which 
we find AY = [80/3 


16.31 Because OO’ is the image of ©O under a dilation with scale factor 4, the radius of OO’ is 4 times 
the radius of OO. Therefore, the area of OO’ is 4? = 16 times the area of ©O. So, the area of ©O is 
(48n)/16 = [37]. 


16.32 The shortest path from A to the wall then to B will have the B 
same Jength as the path from A to the wall, then to the image of B A 

upon reflection over the wall. Let B’ be the image of B upon reflection 300 m 500 m 
over the wall. The shortest path from A to B’ is a straight line. To 
find AB’, we build right triangle AAXB’ as shown. We have B’A = 


VBX? + AX? =| 400 V13 m|, ho 


16.33 Because B is the image of A upon reflection over £, we have AB 1 £. Since 
we also have £ L m, we have AB || m. Because C is the image of B upon reflection 
over m, we have BC 1 m. Since AB || m and BC L m, we have BC 1 AB, so 
LABC = 90°. 


Let AB meet £ at P and BC meet m at Q. Because B is the image of A upon 
reflection over £, we have AP = BP. Similarly, BQ = QC. We have AXPA = AXPB 
by SAS Congruence, so XA = XB, Similarly, we have AXQB = AXQC. Therefore, XB = XC, so 
XA = XB = XC. 


From our tnangle congruences, we have ZBXQ = ZQXC and ZAXP = ZBXP. Therefore, we have 
LAXC = LAXP + /BXP + LBXQ + LCXQ = 2(4BXP + ZBXQ) = 2(90°) = 180°, so ZAXC is a straight angle. 


We could also have argued that because AABC ~ AXQC by SAS Similarity (BC/QC = AB/XQ = 2 
and ¿B = /XQC), we have AC/XC = AB/XQ = 2. Therefore, AC = 2XC = XC + XA, so by the Triangle 
Inequality, X must be on AC. 


We also could have solved this problem by noting that BX is the image of AX upon reflection over f, so 
AXP = /BXP. Similarly, 2BXQ = £CXQ. Since <BXP + /BXQ = 90°, we have ZAXC = ZAXB + /BXC = 
2(<BXP + BXQ) = 180°. Therefore, ZAXC is a straight angle. 


16.34 Because the shaded area equals the remaining uncovered area of the paper and the shaded area 
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Review Problems 


equals the area where that shaded region used to be, the shaded area must be 1/3 the area of the whole 
square, The shaded area plus the original Jocation of the shaded triangle is therefore a square that has 


area 2/3 the onginal square, or 2(6)/3 = 4. Therefore, the side length of this square is 2, so AA’ = |2 v2 


16.35 Because a rotation about A maps X to Y, we have AX = AY. Since a rotation about X maps A to 
Y, we have XA = XY. Therefore, AY = AX = XY, so AAXY is equilateral. 


16.36 


(a) [Yes], The image of A must bea point A’ such that ZAOA’ = 180°. Since O is inside the quadrilateral 
(and therefore not ona side), the image of A cannot be B or D. Therefore, the image of A is C, and, 
similarly, the image of B is D. Hence, we have AO = OC and BO = OD, and AOC and BOD are 
straight lines. Therefore, AAOB = ACOD by SAS Congruence, so ZOAB = ZOCD, which gives us 
AB || CD. Similarly, we can show that AD || BC, so ABCD is a parallelogram. 


Alternatively, we could note that the diagonals of ABCD bisect each other, so ABCD is a 
parallelogram. 


(b) | No. | The image of any parallelogram upon a rotation of 180° is itself, because the diagonals of a 
parallelogram bisect each other. Therefore, ABCD need not be a rectangle. 


(c) [No. | Since ABCD need not be a rectangle, it need not be a square either. 


16.37 Our given information tells us that ZABC = 90°, BA = BC, ADC = 90°, and AD = DC. We also 
know from the directions of the rotations than D and A are not the same point. Therefore, AADC and 
ABAC are both isosceles right triangles. Since they have the same hypotenuse, they are congruent by 
ASA. Therefore, all the sides of ABCD are equal, so ABCD is a rhombus. Since one of the angles of this 
rhombus is right, ABCD is a square. 


16.38 Since ZA = ZC = 60°, we know BD divides the rhombus into two equilateral triangles. Therefore, 
the image of A upon a 60° clockwise rotation about B is D, and the image of D upon this rotation is C. 
Thus, the image of AD is DC. Since ZPBQ = 60°, the image of P must be on BO. Since P is on AD, the 
image of P must be on CD. Therefore, the image of P is Q, so PB = BQ. Since zPBQ = 60° and PB = BQ, 
we know that APBQ is equilateral, so 2BPQ = ZPQB = [60°], 


16.39 Since AB? + BC? = AC?, AABC is a right triangle with hypotenuse AC. 


(a) This cone has radius BC = 4 and height AB = 3, so its volume is 17 -42-3 = [167| 


(b) This cone has radius AB = 3 and height BC = 4, so its volume is 3n-3?-4=[127| 


(c) This solid is a combination of two cones. Both have radius equal to BX, 
the distance from B to AC. Since [ABC] = (AB)(BC)/2 = (AC)(BX)/2, we 
have BX = (AB)(BC)/AC = 12/5. 


Let hy, hz be the heights of the two cones, Then hy + hz = AC =5, so 
the volume of this solid is 


Th. seo a aa Dee 1 /12\? 487 
= | = == ge —} -5=|/— 
z7BX h + z7BX hy 37 BX (ly + hy) 37 ( =) 5 5 I 


(We could also have used similar triangles or the Pythagorean Theorem 
to find the heights of each cone.) 
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16.40 Because X’ and Y’ are the images of X and Y, respectively, under y 

à dilation about O with scale factor k, we have x 
ox oY H ©) 
Ox oy '" 


(Note that we use |k] instead of just k so our proof covers both dilations 

with negative scale factors and dilations with positive scale factors.) Since Xx’ 

XX and YY’ both pass through O, we have ¿XOY = 2X'OY’. Therefore, 

we have AXOY ~ aX'OY’ by SAS Similarity, which gives us X’Y’/XY = OX'/OX = |k|. Moreover, we 
have ZOXY = ZOX’Y’, so XY || XY’. 


Challenge Problems 


16.41 [Yes]. Let M' be the image of M under the rotation. Therefore, M’ is on the image of AB. Since 
CD is this image, we know that M’ is on CD. Because M is equidistant from A and B (as the midpoint 
of AB), we know that the image of M must be equidistant from C and D. Therefore, M’ is on CD such 
that CM’ = DM’, which means M’ is the midpoint of CD. We are told that AB and CD have the same 
midpoint, so M’ and M are the same point. This means that M is a fixed point of the rotation. But if a 


rotation is not the identity, then the only fixed point of the rotation is the rotation’s center. Therefore, M 
must be the center of the rotation. 


16.42 The image of AOC upon reflection over XY is BOD. Since ZBAD = 90°, BD = 90°. Therefore, 


2BOD is inscribed in a 360° - 90° = 270° arc (if we draw the whole circle of which BD is a part), so its 
measure is (270°)/2 = 135°. So, our answer is ZAOC = /BOD =| 135° |, 


16,43 
(a) Let the perpendicular bisectors of HI and GH meet at O. Therefore, OG = OH = I H 
Ol. Since I] = GH, IO = GO, and LOI] = ZHI] - ¿H10 = ZIHG - ZIHO = QZ G 
4OKG = LOGH, we have A01] = AOGH by SAS Congruence. Therefore, 
0J = OH = O! = OG. Similarly, we can go around the octagon, showing that y N 
each vertex of the octagon is the same distance from O. M 
(b) From quadrilateral OIHG, we have ZIOG = 360° - ZOIH - ZIHG - ZOGH = 


360° - OH] - 135° — ZOHG = 360° - 135° - (ZOH] + ZOHG) = 360° - 2(135°) = 90°. Similarly, we 
can show that JOH = 90°, ZKO] = 90°, etc. Combined with the fact that O is equidistant from the 


vertices of the octagon, this tells us that GHIJKLMN maps to itself under a 90° rotation about its 
center. 


16.44 Point A is 6 units in the negative direction from the line x = 8. Its image upon reflection over 
x = 8 is therefore 6 units in the positive direction from x = 8, or (14, 4), Similarly, the image of B is (10, 4) 
and the image of C is (12,10). The sum of the x-coordinates of these images is [36]. Note that the original 


sum of the x-coordinates is 12 and (12 + 36)/2 = 24 = 3-8. (Remember, we reflected the three points 
over x = 8.) Is this a coincidence? 
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Challenge Problerns 


16.45 The center of the incircle of an equilateral triangle is also the centroid and 
the center of the circumcircle, Because the circumcircle is the image of the incircle, 
the scale factor equals the ratio of the circumradius to the inradius. Therefore, 
we seek the ratio AO/OY in the diagram at right. Because AY and CX are also 
medians, point O is the centroid of AABC. So, we have AO/OY = [2] 


16.46 Solution 1: We draw perpendiculars from B to AO and CO, thus forming BA 
square BXOY. Let Z be the foot of the perpendicular from B to AC. Since AB = Lo 
AB, ¿BZA = <BXA, and ZZBA = ¿XAB (each is half one of the interior angles C&Z 


7 


of the octagon), we have AABX = ABAZ by AAS Congruence. Since [BXOY] = 

[ABCO] - 2[ABX], [AOC] = [ABCO] - 2[ABZ], and [ABX] = [ABZ], we have 

[BXOY] = [AOC]. Therefore, OX? = (OA)(OC)/2 = OA?/2. Hence, we have D 

OA = OX V2. Since [BOA]/[BOX] = OA/OX = V2, we have [ABCO]/[BXOY] = wy 
(2{BOA])/(2[BOX]) = V2. We already showed that [BXOY] = [AOC], so we have E F 
[ABCO] = [AOC] V2. Since [ABCO] = [ABCDEFGH]/4 and [AOC] = [ACEG}/4, we have the desired 
[ABCDEFGH] = [ACEG] v2. 


H 
G 


Solution 2: Let Z be the intersection of AC and BF. Since BF is an axis of symmetry of octagon 
ABCDEFG, AC is perpendicular to BF, and Z is the midpoint of AC. Then [BOC] = (OB)(CZ)/2 = 
(OB)(AC)/4. Triangle AOC is 45-45-90, so AC = V2OA. Since OB = OA = AC/V2, we have (OB)(AC)/4 = 
(V2/8)AC?. Therefore, [ABCDEFG] = 8[BOC] = AC? V2 = [ACEG] V2. 


16.47 The two shortest paths possible are shown in the diagram. The path shown by 

the solid lines covers a total horizontal distance of 1 + 6+1 = 8 and vertical distance of 

5+5 = 10, for a total path length of V8? + 10? = V164 = 2 V41. The dashed path covers 

a horizontal distance of 4 and a vertical distance of 5+2 +245 = 14, for a total path N A 

length of V4? + 14? = V212 = 2 V53. Therefore, the shortest path has length | 2 V41 |. A B 

16.48 

(a) Because A’B’ = |k|AB, where k + 1, we do not have A’B’ = AB, so A'B'BA is not a parallelogram. 

(Note that we use |k| instead of just k so our proof covers both dilations with negative scale factors 
and dilations with positive scale factors.) However, we do have AB || A’B’, so we cannot have 
AA’ || BB’ as well. Therefore, aa and BB intersect 


(b) Because AB || A’B’, we have ¿PAB = /PA’B’ and ZPBA = 4PB'A', so APAB ~ APA'B' by AA 
Similarity. Notice that our proof so far addresses both possibilities shown below. 


A 
Bt 
2 A 
à P 
B 
B A’ 
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W Becnuse APAB = APA'B’, we have 


AB” PA™ PB 


In the case at left above, we have A’ on PA and B' on PB along with PA’/PA = PB'/PB, so there is 
a dilation about P that maps A to A’ and B to B’. In the case at right above, P is on both AA’ and 
BB’, and we have PA'/PA = PB’/PB, so there is a dilation about P with a negative scale factor that 
maps A to A’ and B to B’. 


16.49 Since N and D are the images of M and C, respectively upon the same 90° rotation about the 
center of the square, DN is the image of CM under a 90° rotation about the center of the square. We 
showed in the text that if lines m and m’ are such that one is the image of a rotation of f 6 degrees of 
the other, then the angle between the two is 0. Therefore, the angle between DN and CM is 90°, so 
DN 1. CM, 


16.50 As with the reflection problems we have already solved, we B 
want to aim the cue ball at the reflection of B. However, we have a 
little wrinkle here: the center of the ball cannot reach the rail of the 
table. When the ball bounces off the rail, the center of the ball will be 
1 inch away from the rail. Therefore, if we shoot the ball such that 
the center of the ball passes over B, the path of the center of the ball 
goes from A to a point 1 inch from the rail, then to B. Hence, to find 
the shortest path, we reflect B over the line that is one inch closer to 
B than the rai] is. Let B’ be the image of this reflection. 


Let Y be the foot of the perpendicular from A to BB’. Since BB’ 
is perpendicular to both the rail and to AY, the rail and AY are parallel. Since B is 3 units farther from 
the rail than A is, we have YB = 3, Since AB = 5, we have AY = 4 from right triangle AAYB. Since 
B'X = BX =9- 1 = 8, we have B'Y = BX + XY = 13. Because ZX || AY, we have AB/XZ ~ AB'YA, so 
ZX/AY = B'X/B'Y = 8/13. Therefore, ZX = (AY)(8/13) = [32/13] ZX is our desired distance, since the 
point where the ball touches the rail when the ball bounces is just as far from BB’ as the center of the 
ball is at that time, (Make sure you see why!) 


16,51 We let A be (0,4), B be the point on our path on the x-axis, C be the C.D! y=6 
point on the line y = 6, and D be (18,4), Let D’ be the reflection of D over A D 

the line y = 6, Wherever B is along the line y = 0, the shortest path that í 

goes from B to the line y = 6, then to point D, must meet the line y = 6 at p n y=0 
the point where BD’ hits the line y = 6. Let D” be the image of D’ upon “pr 


reflection over y = 0, Wherever B is, the shortest path from A to the line 
y = 0 then to D' (which equals the path from A to B to C to D), must meet the line y = 0 at the point 
where AD” meets the line y = 0, 


The reflection of D over y = 6 is (18,8) and the reflection of this point over y = 0 is (18,-8). 
Therefore, point D” is 18 units to the right of A and 12 units below it, so our shortest path has length 


Vis? +122 =|6 V13|, 
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16.52 Let my path hit BC at E and BD at F. Wherever I hit BC, I should then walk 
towards the image of A upon reflection over BB. We let this image be A’, and we 
see that wherever E is, the point F that minimizes my path length is the intersection 
of EA’ and BD, since FA = FA’. Now we must minimize EA + EA’. We know how 
to do this: we reflect A’ over BC to get point A”. Since EA’ = EA”, the Triangle 
Inequality gives us AA” < AE + EA” = AE +EA' = AE+EF+FA’ = AE + EF + FA, 
with AA” = AE+EF+FA ìf and only if E is on AA”. Therefore, AE+EF+FA > AA”, i B 

so the length of my shortest path is AA”, which occurs when E is on AA”. So, A” 

where AA” hits BC is our desired point E. We can thus construct my shortest path by constructing the 
reflection of A over BD, then constructing the image of that image point upon reflection over Be. 


16.53 We can divide the region inside the octahedron into six regions based on which vertex of the 
octahedron the points are closest to. We want the volume of the region that corresponds to A. By 
symmetry, all six of these regions must have the same volume, so the volume of the region that is closest 


to A is 360/6 = 


16.54 A 60° clockwise rotation about R maps A to Q and P to B. Therefore, this rotation maps AP to 
QB, so AP = QB. Similarly, a 60° rotation counterclockwise about Q maps AP to RN, so AP = RN. (We 
could also have proved AARP = AQRB and APQA = ANQR to show that AP = BQ = RN.) 


16.55 Let O be the center of the circle, P be the center of rotation, r be the radius of the circle, A be a 
point on ©O, and O' and A’ be the images of O and A, respectively, under our rotation about P. We 
therefore have OPO’ = ZAPA', OP = O'P, and AP = A’P, so AOPA = AO'PA’ by SAS Congruence. 
Therefore, O'A’ = OA = r, so the image of A must be on a circle with center O' and radius r. 


Going backwards, let B’ be a point on ©O' with radius r. Let B the point such that B’ is the image 
of B under our rotation. Therefore, ZBPB’ = ZOPO’, BP = B’P, and OP = O'P, so AOPB = AO’PB’. We 
thus have OB = O'B’ = r, so for each point B’ on QO’, there is a point on OO such that the image of that 
point under our rotation is B’. Therefore, the image of a circle under rotation is a circle. 
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Exercises for Section 17.1 


17.11 The slope of the line is (9 - 5)/[-5 — (-2)] = -4/3, so a point-slope equation of the line is 
y—5 = (-4/3)[x - (-2)]. Multiplying both sides by 3 then expanding both sides gives 3y — 15 = —4x — 8. 
Rearranging this gives us | 4x + 3y = 7|, 


17.1.2 First, we find the equation of the line. Using the given slope and point, a point-slope equation 
of the line is v- 2 = 4(x + 7). Rearranging this gives 4x - y = —30. Letting x = 0 in this equation gives 
1 


y = 30, so | (0, 30) | is the y-intercept. Letting y = 0 gives x = —15/2, so (- 0) is the x-intercept. 


17.1.3 Applying the distance formula gives us 
Va+ 4? + (0-3) =5. 
Squaring both sides and expanding the left side gives 
a + 8a +25 = 25. 
Rearranging this equation gives a? + 8a = 0. Factoring gives us a(a + 8) = 0, so [a= 00ra = -8], 


17.1.4 [No]. Because (x2 ~ x1} = (x; ~ x2)? and (y2 - y1}? = (y) — y2)}?, it doesn’t matter in which order 
we label the points (x, yj) and (x2, y2). 


17.1.5 


(a 


We have PQ = J(-B+ 5)? + (8-22 = V9 +36 = [3v5] 
(b) The midpoint of PQ is (=*, 3#) = (-#,5) = (-63,5) | 


(c) Let T be (a,b). Then, the midpoint of PT is (45°, 47). Since this must be the same as Q, which 
is (8,8), we have (a ~ 5)/2 = —8 and (b + 2)/2 = 8, Solving these equations for a and b gives us 


(a,b) = | (—11,14)}. 


17.1.6 Putting 4x — 3y + 14 = 0 in slope-intercept form gives us y = 4x + 4. The slope of the graph of 
this equation is å. Therefore, the slope of k is =}. Because k has slope —3 and passes through (-3,2), a 
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point-slope form of the equation whose graph is k is y- 2 = Fla +3). Multiplying both sides by 4 then 
rearranging gives |x + 4y = -1 


17.1.7 Suppose (x1, y1) and (x2, y2) are on the graph of y = mx + b. Then, we have y; = mx; +b and 
y2 = mA? + b. So, the slope of the line through (x1, y1) and (x2, y2) is 
Y2-VYi _ my +b- (mx; + b) _ m(x- x) 


= = =m, 


X2 X] xj =X] X=% 


as desired. 


17.1.8 Suppose the slopes of k and ¢ in the diagram at right have 
product —1. Since the product of these slopes is defined, neither of the 
lines is vertical. We draw two right triangles with legs parallel to the 
axes, as shown. Then, the slope of k is -DA/DP and the slope of £ is 
BE/PE. Because the product of the slopes of k and £ is —1, we have 


OH- 


Rearranging this equation gives BE/PE = DP/DA. Since we also have 
¿PDA = ZBEP, we have APDA ~ ABEP by SAS Similarity. Therefore, 
we have ZEPB = ZDAP. Since LDAP + ¿DPA = 90° and ZEPB = DAP, 
we have ZEPB + ZDPA = 90°. So, ZAPB = 90°, which meansk 1 £. 


17.1.9 Solving for y to put the equation in slope-intercept form gives 


ee 
y=-53*7 5 


Therefore, the slope of the graph of the equation is —A/B. 


Exercises for Section 17.2 


17.2.1 We divide both sides of the equation by 3 to make the coefficients of x? and y? equal to 1. This 
gives us 

xX? -4x +y? +2y=5. 
We add 4 and 1 to both sides to complete the squares on the left side. This gives us 

xX -4x+4+y’+2y+1=5+4+1, 

which means 

(x — 2)? + (y + 1)? = 10. 
The graph of this equation is a circle with center | (2,-1) {and radius v10\, 


17.2.2 The distance between the center and the point given on the circle is 


VI-5 - (-2)P + (9-7)? = V13, 


183 


GHAPTER 17. ANALYTIC GEOMETRY 


so the radius of the circle is V13. Therefore, our equation is | (x + 2} + (y-7) = 13] 


17.2.3 The longest chords of a circle have Jength equal to the diameter of the circle, so we must find 
the diameter of the circle. We add 1 and 9 to both sides to complete the squares on the left, and we get 


(x +1)? 4 (y-3)? = 16. 
Therefore, the radius is V16 = 4, so the diameter is 2-4 = [8] 


17.24 The points at which the graphs intersect are the points (x, y) that satisfy both equations. Solving 
2x — y = 7 for y gives y = 2x — 7. Substituting this into the other equation gives 


32 — 10x + (2x — 7)? + 4(2x - 7) = —4. 
Simplifying the left side of this equation gives us 
x? — 10x + (2x - 7)? + 4(2x — 7) = x? - 10x + 4x? — 28x + 49 + 8x — 28 
= 5x? — 30x + 21, 


so our equation is 5x* — 30x + 21 = —4. Simplifying this equation gives x? — 6x + 5 = 0, so we have 
(x — 1)(x — 5) = 0. Therefore, we have x = 1 or x = 5. When x = 1, we have y = 2x —7 = —5, and when 


; = 5, we have y = 2x - 7 = 3, so the two graphs intersect at | (1, —5) and (5, 3) |. 


Exercises for Section 17.3 


17.3.1 We can use the Pythagorean Theorem to show that a triangle is a right triangle. Using the 
distance formula, we find that AB = V13, BC = V65, and AC = V52. So, we have AB? + AC? = BC?, 
which means that AABC is a right triangle with hypotenuse BC. 


17.3.2 The graphs of y = x and y = —x are perpendicular, so the triangle is a right triangle. The graphs 
of y = x and y = -x at (0,0), and they meet the line y = 6 at (6,6) and (—6,6), respectively. This means 
that the vertices of the triangle are (0,0), (6,6), and (—6, 6), so the triangle is 45-45-90 triangle with legs 
of length 6 V2. Therefore, its area is (6 V2)?/2 = [36]. 


17.3.3 Completing the squares in both equations gives us the two equations 
(x43 +(y-4=25 and = (x7)? +(y +5)? =9, 


The graph of the first is a circle with center (—3,4) and radius 5, The graph of the second is a circle with 
center (7,-5) and radius 3 
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Using the distance formula, the distance between the two centers is y 
V100 481 = Vi81. Since (V181)? is larger than (3 +5), we see that the 
distance between the centers 1s larger than the sum of the radii of the two \ 
circles, This means the circles do not intersect. The pair of points such that % 
one point is on each arcle and the two points are as close as possible consists 
of the two points where the segment connecting the circle’s centers hits the x 
two circles. The segment connecting the two centers has length 181. The 
portion of this segment inside one or the other of the circles has length 


3+5 = 8, so the remaining portion of this segment has length | V181 — 8|. 


17.3.4 Let B be the ongin and A be (8, 0), so that AB = 8. We can find a pointCby Y 
building a 30-60-90 right triangle as shown in the diagram at right. From 30-60-90 
triangle BCX, we find CX = 6 and BX = 6 V3, so point C is (6 V3, 6). Therefore, we 
can use the distance formula to find 


AC = \/(6V3-8) + (6-0) 
= 108-96 V3 + 64 +36 
V208 - 96 V3 


[avise] 


17.3.5 Because the circle is tangent to both axes, its center must be on a line that bisects the angle 
between the axes. Because the circle passes through a point for which x and y are both positive, this line 
must be the graph of y = x. Therefore, the center is (a, a) for some positive value of a. Because the circle 
is tangent to both axes, the radius of the circle must be a. So the equation of the circle is 


I 


(x- a)? + (y-ay =. 
Since the circle passes through (9,2), we must have 
(9-a) + (2-a? =a? 


Expanding the left side gives a? — 18a + 81 + a? — 4a + 4 = a2, so we have a2 — 22a +85 = 0. Factoring the 
left side gives (a - 5)(a — 17) = 0, so we must havea = 5 ora = 17. Therefore, the two possible radii are 


Exercises for Section 17.4 


17.4.1 


(a) The line connecting the first two vertices is horizontal while the line through each of the last two 
vertices is vertical. Therefore, these four vertices represent a quadrilateral in which the opposite 
sides are on perpendicular lines, not parallel lines. So, these vertices cannot be used as the vertices 
of a general parallelogram. 
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(b) All four sides of the quadrilateral formed by connecting these points in the order given have 
length Va? +. So, these points can be used to represent a rhombus to prove facts about rhombi, 
but they cannot be used to prove facts about a parallelogram, because not every parallelogram 
is a rhombus. For example, these points cannot be the vertices of a parallelogram with adjacent 
sides of different lengths. 


Here, we have two horizontal sides, and these opposite sides both have length Ja]. So, the 
quadrilateral formed by connecting these points in the given order is indeed a parallelogram. 
However, the two non-horizontal sides each have slope 1, so every parallelogram represented 
by these points as vertices must have a 45° angle. But not every parallelogram has a 45 angle 
(for example, rectangles only have 90° angles), so we cannot use these points as vertices ofa 
parallelogram to prove a fact for all parallelograms. 


(c 


(d) Finally, we have one that works. Two sides are horizontal with length |al, so the quadrilateral isa 
parallelogram. There are no restrictions on the slope or length of the other sides, except that the 
other two sides have the same slope and the same length. So, these points can be used to represent 
the vertices of a parallelogram to prove a fact about all parallelograms. 


17.4.2 


(a) Let the parallelogram be ABCD, where A = (0, 0), B = (2b,0), C = (2c,2e), and D = (2c — 2b, 2e), 
where b > 0. Note that AB || CD (both are horizontal) and AB = CD = 2b. The diagonals are AC 
and BD. If the two diagonals have the same midpoint, they must bisect each other. The midpoint 
of AC is (c,e) and the midpoint of BD is ((2b + 2c — 2b)/2, 2e/2) = (c,e). Since AC and BD have the 
same midpoint, they bisect each other. 


Let ABCD be a quadrilateral with AC and BD as its diagonals. Let A = (0,0), B = (2b, 0), C = (2c, 2e) 
and D = (2d,2f). Since diagonals AC and BD bisect each other, they must have the same midpoint. 
The midpoint of AC is (c, e) and the midpoint of BD is (b +d, f). Since these midpoints must be the 
same, we must have c = b+d and e = f. So, C = (2c, 2e) = (2b + 2d,2f) and D = (2d,2f). Therefore 
AB || CD (both are horizontal) and AB = CD = 2b, so ABCD is a parallelogram. 


(b 


r 


17.4.3 The diagonals of any rhombus must be perpendicular. We take advantage of this by letting the 
intersection of the diagonals be the origin. Because the diagonals are perpendicular, we can choose the 
axes such that the diagonals lie along the axes. Suppose the diagonals are AC and BD. We let A = (a, 0). 
The origin is the midpoint of AC, because the diagonals of a rhombus bisect each other. So, point C 
is (-a,0). Similarly, we let B = (0, b), so point D is (0,—b) because the origin is the midpoint of BD. 
Therefore, the distance formula gives us 


AB = BC = CD = DA = Va? + b?, 
so ABCD is a rhombus, 


17.4.4 Any ordered pair that satishes two equations must also satisfy the equation that results from 
adding those two equations, The point (x, y) that is the intersection of AD and BE must satisfy the 
equations for both lines, Since the sum of these two equations gives us the equation whose graph is 
CF, we know that the point where AB and BE intersect also satisfies the equation whose graph is EÈ 
Therefore, the point where AD and BE intersect is on CF , as well. 
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17.51 Applying the formula we derived in the text, the desired distance is 
14(3) = 3(4) + 7] _ 
VP +(-37 5 


17.5.2 Let (a,10) be any point on the graph of y = 10. We rewrite the equation of the line as x+3y-9 = 0 
so we can apply our formula for the distance between a point and a line. The distance from (a,10) to 
this line is 


la+30-9) +21] 
Vi242 vio 


Since this distance is 5, we must have ma =5,or 


ja + 21| = 5 V10. 


Therefore, eithera +21 = 5 VIO ora +21 = -5 VIO. So, we must havea = -21 +5 VIO ora = -21 - 5 VIO. 
This means the two desired points are [i-z +5 V10, 10) and (-21 - 5 V10, 10) | 


17.5.3 Horizontal lines. A horizontal line on the Cartesian plane is the graph of an equation y = k, for 
some constant k. The point (xo, yo) is k — yo below (if k > yo) or ya — k above (if yo > k) the graph of y = k. 
Either way, we can write this distance as |yo — k|. Rearranging the equation y = k gives y -k = 0. The 
formula for the distance between the graph of this equation and the point (x9, yo) gives us 


Diri 5-H _, -k| 
V+ ee 
Therefore, the formula does give the correct distance. 


Vertical lines, A vertical line on the Cartesian plane is the graph of an equation x = h, for some 
constant h. The point (xo, yo) is h — xo to the left (if h > xg) or xo — hi to the right (if xp 2 h) of the graph of 
x = h. Either way, we can write this distance as |x - h|. Rearranging the equation x = h gives x - h = 0. 
The formula for this distance between the graph of this equation and the point (xo, yo) gives us 


[1 -x0 +0 yo -h| 
VP +0 


Therefore, the formula does give the correct distance, 


= lxo = hl. 


17.5.4 These two lines both have slope 3/4, so they are parallel, We can find the distance between these 
parallel lines by finding a point on one line, then using our formula for the distance between a point 
and line. The point (0, =2) is on the graph of the equation 3x = 4y + 8. Rearranging 3x = 4y + 17 gives 
3x - 4y — 17 = 0, so the distance between (0, -2) and the graph of this equation is 


BO)— 4(-2)—17) _ 
V32 +4 
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17.5.8 The graph of (x - 3)? + (y + 2)? = 100 is a circle with center (3,-2) and radius VIOO = 10. We 
compute how far the center is from the line 2x — 3y = 48 to see at how many points the line and circle 
intersect. We rewrite the equation 2x — 3y = 48 as 2x — 3y — 48 = 0 to use our formula for the distance 
between a point and a line. The distance between (3, —2) and this line is 


[2(3) - 3(-2)-48| _ 36 


J2+(3% vB 


We can compare this to 10 by noting that (36/ V13)? = 1296/13 < 100, so 36/V13 < 10. Because the center 
is less than 10 from the line, there is a point on the line that is inside the circle. Therefore, the line must 
intersect the arcle at [2] points. 


Exercises for Section 17.6 


17.6.1 
(a) Let the desired point be X. The midpoint of X and (5, 6) is (0,0), so X must be | (—5, —6) |. 
(b) The translation that maps (2, -3) to (0,6) moves each point left 2 units and up 9 units. So, it maps 


(5,6) to (5-2,6 +9) = [(3,15)} 


(c) The point (5,6) is 8 units to the right of x = —3, so its image is & units to the left of x = —3. The 
y-coordinate of the image is the same as that of (5, 6), so the image is (-3 — 8, 6) = | (11, 6) |. 


(d) Let C be the center of rotation (—3, 2), let A be (5, 6), and let X be the image x y 
of A upon a 90° counterclockwise rotation about C. Pont A is on the line 
y = 6, which is a horizontal line 4 units above C. The image of this line 
under the rotation is the vertical line 4 units to the left of C, which is x = -7. 
So, the image of A is on the line x = -7. Similarly, A is on x = 5, which 
is a vertical line 8 units to the right of C. The image of this line under the 
rotation is a horizontal line 8 above C, which is y = 10. So, the image of A 
is on the line y = 10. Therefore, the mage of A under the rotation is | (7, 10) |. 


When we graph x = y and (5,6), it looks like (6,5) is the image of (5, 6) upon reflection over the 
graph of x = y. To see that this is the case, we note that the graph of x = y has slope 1 and the 
segment connecting (5,6) and (6,5) has slope -1. So, this segment is perpendicular to the graph 
of x = y. Moreover, the midpoint of the segment is (5.5,5.5), which is on the graph of x = y. So, 
the graph of x = y is the perpendicular bisector of the segment connecting (5,6) and (6,5), which 
means that the image of (5,6) upon reflection over x = y is [65] 


(e 


188 


Section 17.6 
ee ———eEEEe eee 


(f) We wish to find the point (a,b) such that the graph of 2x + 3y = —5 is the y 
perpendicular bisector of the segment with endpoints (a,b) and (5,6). The 
line has slope =2/3, so the slope of the segment connecting (a,b) and (5,6) (5,6) 
is 3/2. Therefore, these two points are on the line y- 6 = (3/2)(x - 5). 
Rearranging this equation gives 3x - 2y — 3 = 0. 5 
To find (a,b), we first find the point at which the lines 2x + 3y = -5 and x 
3x — 2y - 3 = Q intersect, since this point is the midpoint of the segment with 
endpoints (a, b) and (5,6). Multiplying the first equation by 2 and the second 
by 3 gives 4x+6y = —10and 9x—6y—9 = 0. Adding these gives 13x—9 = —10, 
from which we find x = —1/13. Substituting this into either equation gives (4; p) 
y = -21/13. So, the midpoint of (a,b) and (5,6) is (-1/13, -21/13), which 


gives us 
(= 228) - (= =) 
227 yB B 
Solving for a and b, we have (a, b) = | (67/13, -120/13) 


17.6.2 The diagonals of a rectangle bisect each other and have the same length. So, we can draw a circle 
centered at the intersection point of the diagonals of a rectangle that passes through all four vertices of 
the rectangle (and has both diagonals as diameters). The midpoint of the given diagonal is the origin, 
and the length of the diagonal is y(—4 - 4)? + (-3 - 3)? = 10. So, the center of the circle that passes 
through all four points of the rectangle is (0,0) and its radius is 5, no matter what the other two vertices of 
the rectangle are. This circle is the graph of the equation x? + y? = 25. 


Now, we must find pairs of lattice points (points with integer coordinates) that are both on this circle 
and have the origin as their midpoint. So, we seek points (a,b) such that a? + b? = 25 and a and b are 
both integers. Lf a = 0, we have b = +5. If we let a = +1 or a = +2, then bis not an integer. If a = +3, then 
b= +4. If a = =4, then b = +3, and if a = +5, then b = 0. So, the only integer solutions are (a,b) = (+5,0), 
(0, +5), (+3, +4), and (+4, +3). Going through these, we find [5] pairs that could be the other two vertices: 
(5,0) and (-5,0), (3, 4) and (-3, -4), (3, -4) and (—3, 4), (0,5) and (0, -5), (4, -3) and (—4,3). 


17.6.3 


(a) Let W be the origin and X be (6,0). The circle centered at W is the graph of x? + y? = 36 and the 
circle centered at X is the graph of (x — 6)? + y? = 36, The intersection of these two circles with 
y > Ois point A. Solving the first equation for y? gives us y? = 36 — x*. Substituting this in the 
second equation gives (x — 6)’ + 36 — x? = 36. Expanding the left side and simplifying the result 
gives us ~12x + 36 = 0, so x = 3, (This is not surprising: we expect the x-coordinate of A to be 3.) 
From y? = 36 ~x*, we find y = +3 V3. We take the positive value of y so that A is above the x-axis. 
So, point A is (3,3 V3). 

Similarly, the circle centered at Z is the graph of x° + (y — 6)? = 36, The intersection of this circle 
with the graph of x? + y? = 36 (with x positive) gives us D. Solving this system (which is the same 
as the earlier system, but with x and y reversed) gives us (3 V3, 3) as the coordinates of D. The 
distance formula then gives us 


AD? = (3V3 - 3)? + (3 - 3 V3)? = 2(3 V3 - 3)? = 2(36 ~ 18 V3) = |72 -36 V3} 
which is the area of ABCD. 
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(b) Since WA and AX are radii of circles with radius 6, we have WA = AX = 


WX = 6. Therefore, 


AWAN 1s equilateral, and A is 3 V3 from WX. Similarly, C is 3 V3 from ZY. The perpendicular 
bisector of ZY 1s also the perpendicular bisector of WX, so this line contains both A and C. The 
distance between ZY and WX is 6, the distance from C to ZY is 3 V3, and the distance from A to 
WX is 3 V3, so the distance from A to C is 3 V3 + 3 V3 - 6 = 6 V3 — 6 (since 3 V3 + 3 V3 gives us the 
distance from ZY to WX plus AC). Since AC is the diagonal of square ABCD, the area of ABCD is 


AC?/2 = (6 V3 - 6)?/2 = 


17.6.4 Let the points where the x-axis intersects the two lines be A and B, so AB = 5. Let the vertical line 
through A hit the other line at C. Since the y-axis intersects the two lines at points that are 12 apart and 
the hnes are parallel, every vertical line must hit the lines at points that are 12 apart. Therefore, AC = 12. 
Pe AB is honzontal and AC is vertical, we know that ABC is a right triangle with hypotenuse 

= V5? + 12? = 13. The altitude from A to BC is the desired distance between the lines. The area of 
me is (5)(12)/2 = 30. Letting the desired altitude be h, we must therefore have 13h/2 = 30, which 


gives us h = [60713] 


17.6.5 Because A and B are on the line, the altitude from C to the line is an altitude of the triangle. 
Because the triangle is equilateral, the length of this altitude is V3/2 times the length of each side of the 
triangle. We rearrange the equation as 2x- y +7 = 0 to find the length of the altitude (that is, the distance 


from (3, —2) to the line), This length is 
12(3) - (-2) +71 =% zA. 


VPO 


So, we must have AB(V3/2) = 3 V5, from which we find 


aB=345: 2 = ÉÉ [evi] 


17.6.6 Let A be the midpoint of YZ, B be the midpoint of XZ, and G be the 
centroid of AXYZ, Let AG = x, so GX = 2x and let BG = y, so GY = 2y. From 
right triangle XYG, we have (2x)? + (2y)? = 64. Therefore, we have x? + y? = 16. 
From right triangle BGX, we have BX = VBG? + GX? = \/y’+4x?, so XZ = 
2BX = 2,/y* + 4x*. Similarly, right triangle AGY gives us AY = \/x? + 4y?, so 
ZY = 2,/x? + 4y. Now, we apply the Pythagorean Theorem to AXYZ to find 
64 + 4(y? +43?) = 4(x? + 4y°). Rearranging this gives us y? — x? = 64/12 = 16/3. 
Adding this to x? + y? = 16 gives us y? = 32/3, so x? = 16/3. Finally, we have 


ZY = 2 (+ ay = 2V8 = [8-V3] 
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17.6.7 We might Jet 3x + 4y = k, solve this equation for x in terms of y, then 
substitute the result into the given equation, then... That looks like a Jot of 
work. Before we start plowing through all that algebra, we look for a less 
painful approach. 


We recognize that the graph of the given equation is a circle. We rearrange 
the equation and complete the square to give (x-7)? + (y-3)? = 64. The graph 
of this equation is a circle with center (7,3) and radius 8. All points on the 
circumference of this circle satisfy the given equation. So, we want to find the 
largest value of 3x + 4y where (x, y) is a point on this circle. 


The graphs of the equations 3x + 4y = k for different values of k forma family of parallel lines. As k 
increases, the resulting lines are farther and farther to the right. So, the largest possible k corresponds to 
the rightmost line that intersects the circle. This rightmost line must be tangent to the circle (otherwise, 
there would be a line to the right of it that still intersects the circle). Because the radius of the circle is 8, 
this tangent line must be 8 away from the center. Therefore, we seek the value of k such that the distance 
between (7,3) and 3x + 4y — k = 0 is 8. So, we must have 


[B-7+4-3-k) (3-H _ 
Vee 8 
Multiplying by 5 gives us |33 -k| = 40, so we must have 33- k = 40 or 33-k = —40. The former equation 
gives k = -7, and the latter gives k = 73. These correspond to the two lines of the form 3x + 4y = k that 
are tangent to the circle. The one on the left (where k = -7) gives us our minimum value of 3x + 4y and 
the one on the right (where k = gives us our maximum value. 


8. 


2 


re x = 64. Let AC be parallel to the y-axis (so BD is parallel to the x-axis). We let A = (2,02), so 
aj + a5 = 64 (because A is on the circle) and C = (a, —m) (because AC is vertical). Let B = (b, b2), so 
b; +b = 64 and D = (-b;, by). Then P = (a, b2). Therefore, we have 


17.6.8 Let the ongin be the center of the circle, so that the equation whose graph is the circle is 


PA? + PB? + PC? + pp? = (a2 — b2)? + (by — a1)? + (b2 + a)? + (m + b1)? 
= 3 ~ 2agby + b3 + bè — 2mb) + a? + b3 + Dapby + a? +a? + 2mb) + b? 
= ah + 2a} + 2b? + 263 
= 2a} + a3) + 2(b? + b2) 


= 2(64) + 2(64) = [256] 


Review Problems 


17.27 The graph of 5x - 2y + 7 = 0 is a line with slope -5/(-2) = 5/2. Any line perpendicular to this 
line must have slope ~1/(5/2) = -2/5. A point-slope form of the line through (—5, 2) with slope -2/5 is 
y- 2 = (-2/5)(x + 5). Multiplying both sides by 5 gives 5y - 10 = -2x —- 10. Rearranging this equation 
BES 2x +5y | We could also have solved this problem by noting that because the graph of the 
desired equation is a line with slope -2/5, the equation has the form 2x + 5y = k, for some constant k 
(such a line has slope -(2)/(5) = ~2/5). Then, letting (x, y) = (-5,2), we find that k = 0. 
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19.28 The side with endpoints (3, 4) and (8, 4) is a horizontal segment with length 5. This side is ori the 
line y = 4, which is 10 units from (—6, -6), so the area of the triangle is (5)(10)/2 = 


17.29 


(a) The midpoint of BC is (72, 155) = (-4,-2). The line through (-2,4) and (-4,-2) has slope 


(-2 = 4)/(-4 - (-2)) = 3. So, a point-slope form of an equation whose graph contains the median 
from A to the midpoint of BC is y-4=3(x+2)} You might also have found other forms of 
this equation. For example, expanding the right side and rearranging gives the standard form 
3x-y=-10. 

(b) Because the midpoint of BC is (-4,-2), the distance formula gives the length of the median from 
Aas y/(-4- (2)? + (-2- 4 = V40 =|2 V10 

(c) The length of the altitude from A to BC is the distance from A to bè. So, we find the equation 


whose graph is BC. The slope of this line is (-5 — 1)/(-1 - (-7)) = -1, so a point-slope form of 
this equation is y - 1 = —1(x + 7). Rearranging this equation gives us x + y + 6 = 0. The distance 


between (—2, 4) and this line is |-2 + 4 + 6|/V12 + 1? = 8/2 = [ava] 


(d) The distance formula gives us BC = \/(-7 - (-1)} + (1 — (-5)}? = V72 = 6 V2. We have already 
found that the altitude from A to BC has length 4 V2, so the area of AABC is (6 V2)(4 V2)/2 = [24] 

17.30 The slope of (2a —3)x + (3a - 1)y = 3 is -(2a — 3)/(3a—1). The segment with endpoints (2, —4) and 
(—1,2) has slope (2 — (—4))/(-1 - 2) = -2. So, we must have —(2a — 3)/(3a — 1) = -2. Multiplying both 
sides by 3a — 1 gives -2a + 3 = —6a + 2. Solving this equation gives a = 


17.31 Completing the square inboth x and y gives us.x?—6x+9+y?+4y+4.=-34+9+4, Y 
so our equation is (x — 3) + (y +2)? = 10. The graph of this equation is a circle with 
center (3,2) and radius VIO. The area of this circle therefore is To graph the 
circle, we try to find some lattice points (points with integer coordinates) that are on 
the circle. We note that 3? + 1? = 10, so we see that points that are 3 away from the 
center in one dimension and 1 away from the center in the other are on the circle. 
Some of these points are (6, -3), (0, -3), (4, -5), (4, 1). Others can be seen on the graph at right. 


17.32 Because PQ is the diameter of the circle, the midpoint of PQ is the center of the circle. This 
midpoint is (=Ë, 53) = (3,1). The distance between this point and P is y/(-2- 3)? + (5-1)? = VAT, so 


the radius of the circle is V41. Therefore, our desired equation is | (x — 3)? + (y- 1} =4) | 


17.33 


(a) The circle has radius VIO and center (1, -2). Let the center be point Z. The distance formula gives 
us XZ = 3 10, so X is outside the circle. The point on the circle that is closest to the circle is the 
intersection of XZ with the circle. Let this point be Y. Since XZ = 3 VIO and YZ = VIO, we have 
XY = XZ~ YZ =|2 Vi0}. 

(b) As noted in the previous part, point Y is the intersection of XZ and the circle, The line through 


X and Z has slope 1/3, so a point-slope form of the equation of the line is y-1= (1/3)(x- 10) 
Rearranging this equation gives us x -3y = 7. Solving for x gives x = 7 + 3y. Substituting this into 
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the equation of our circle gives us (3y + 6)? + (y +2)? = 10. We notice that y + 2 is a factor of 3y + 6, 
and we have (3)°(y + 2)? + (y+ 2)? = 10, so 10(y + 2)? = 10. Therefore, we have (y+ 2) = 1, which 
means y = —1 or y = ~3, We want the intersection point of the arcle and XZ that is between X 
and Z, so we take y = -1. This gives us x = 7 + 3y = 4, so the point on the circle closest to X is 


(4,-1) | (Note that we also could have found Y by noting that that XY = (2/3)XZ.) 


17.34 We rewrite the equation as 5x - 12y - 8 = 0. The distance between (a,3) and this line is 
5a = 12-3 - 8|/ Vs +(-12)? = |5a — 44|/13. Since this must equal 7, we have |5a — 44|/13 = 7, so 
|5a — 44| = 91. Therefore, we must have 5a - 44 = 91 or 5a — 44 = —91. The first gives a = and the 
second gives A = These are our two possible values of a. 


17.35 Solution 1: Find B and C. Let B be (xg, yp). Since A is (-3,5) and the midpoint of AB is (4,2), 
we have — wis) = (4,2). Solving for xg and yg gives us (xp, yB) = (11,1). Similarly, if we let C be 
(xc, yc), we must have (253, 435) = (3,1). This gives us (xc, yc) = (9, -3). So, the distance between B 


and Cis (11-9)? + (-1- (-3))? = 


Solution 2: The Midline Theorem. By the Midline Theorem, the length of BC is twice the length of the 
segment with the midpoints of AB and AC as endpoints. The segment connecting these midpoints has 


length \/(4-3)? + (2-1) = V2, so BC = [2v3] 


17.36 Solution 1: Algebra. Let A be (x, y). Because AO = 5, point A is on the circle with center O and 
radius 5. So, we must have a? + y? = 25. Similarly, because AB = 12, point A is on the circle with center B 
and radius 12. This means we must have x? + (y— 13)? = 144. Subtracting x? + y? = 25 from this equation 
eliminates x° and leaves (y- 13)? — y? = 144-25. Simplifying both sides gives -26y + 169 = 119. Solving 
for y, we find that y = 25/13. From e+ y = 25, we then find that x = y25- x? = 60/13. So, A is 
(60/13, 25/13) 


Solution 2: Geometry. We notice that OB = 13, so AAOB is a 5-12-13 right triangle. Let B 
X be the foot of the altitude from A to OB, as shown at right. Then, because O is the 
origin and OB is on the y-axis, the x-coordinate of A is AX and the y-coordinate is OX. 
Because AAXO ~ ABAO, we have AX/AO = AB/BO, which gives us AX = 60/13. This 
similarity also gives us XO/AO = AO/BO, so XO = 25/13. Therefore, the coordinates of A 


17.37 O 


(a) The point (5, -2) is 2 units below the x-axis, so its reflection is 2 units above the x-axis, at (5, 2) |. 
(Note that the x-axis is the perpendicular bisector of the segment with endpoints (5, -2) and (5, 2).) 

(b) The point (5, —2) is 8 units to the right of the graph of x = -3, so its image upon reflection over 
x = -3 is 8 units to the left of x = -3, at | (-11, -2) |. 


(c) Suppose the image is point P, with coordinates (a, b), and let (5, -2) be point Q. Because P is the 
image of Q upon reflection over the graph of 2x — y = —1, the graph of this line is the perpendicular 
bisector of PQ. The slope of this line is -2/(-1) = 2, so the slope of PQ is -1/2, So, we must have 
(b+2)/(a—5) = -1/2. Multiplying both sides of this by 2(a—5) gives us 2h+4 = -a+5, ora+2b = 1. 
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Because the graph of 2x = y = =1 bisects PQ, it must pass through the midpoint of PO. The 
midpoint of PQ is (44, t52), This point must be on the graph of 2x ~ y = -1, so we must have 


a+5\ b-2 
ite | en ew St | 
Wa 
Simphfying this equation gives us 2a ~ b = -14, Adding twice this equation to a + 2b = 1 from 
above gives us 5a = —27, which gives us a = -27/5. Substituting this in either equation gives 


b = 16/5. So, the desired image is | (-27/5, 16/5) 


17.38 Subshtuting x? + y? = 36 into x? + 2x + y? = 30 gives us 2x + 36 = 30, so x = —3. Substituting 
x = -3 into x? + y? = 36 gives y? = 27, so y = +3 V3. Therefore, the common chord of the two graphs 


has endpoints (-3, 3 V3) and (-3, -3 V3). This segment has length [6v5] 


17.39 We choose base BC to be along the x-axis such that the origin is the midpoint of BC. We let B be 
(b, 0), where b > 0, so that C is (—b,0). We let A be (c,a), where a + 0 so that A, B, and C are not collinear. 
Since we must have AB = AC, we must have 


V(c- b? + (@- 0)? = (c+ b)? + (a- 0). 


Therefore, we must have (c — b)? = (c + b)?, so c? — 2be + b? = œ + 2be + b*. Simplifying this gives us 
4bc = 0. Since b + 0, we must have c = 0. So, our vertices are A = (0,4), B = (b,0), and C = (-b, 0). (Our 
work above shows that any isosceles triangle can be so described. Note that this work does not assume 
the result we are trying to prove!) 


The midpoint of BC is the origin, so the median from A to BC is the segment with endpoints (0, a) 
and (0,0). Because BC is horizontal, the altitude from A to BC must be vertical. Therefore, the foot of the 
altitude from A to BC must be the origin. So, the altitude and the median from A to BC are the same. 


17.40 Let point A be (—4,5) and point B be (-3,7). Let C be another vertex of the G.. ¥ 
square such that ZABC = 90°. To get from A to B, we go up 2 units and right 1 unit. Bee 
Because AB 1 BC and AB = BC, to get from B to C we must go either down 1 unit D IS 
and right 2 units or up 1 unit and left 2 units. This ensures that BC = AB and that ~?-A 

the slope of BC is the negative of the reciprocal of the slope of AB. This tells us that 
our two possible points for C are (-1,6) and (-5,8). These are marked C and C2, 
respectively, in the diagram. 


Suppose D is the final vertex of the square. Because A is 2 below and 1 to the left of B, we know that 
D must be 2 below and 1 to left of C, since we must have CD = AB, CD || AB, and D on the same side of 
BC as A. So, if C is (-1,6), then D is (—2,4). If C is (5,8), then D is (-6,6). Therefore, the possible Points 


that could be vertices of the square are | (-1, 6); (-5, 8); (-2, 4); (-6, 6) |. 


17.41 Let point P be (a,b) and Q be (b,a). The slope of PQ is —1, so PQ is perpendicular to the graph 
of y = x, Furthermore, the midpoint of PQ is (4, ab), which is on the graph of y = x. So, the graph 
of y = x is the perpendicular bisector of PQ, which means that P and Q are images of each other upon 
reflection over the graph of y = x. 


17.42 We first note that XY = 4, and that XY is a horizontal segment. If AXYP is equilateral, then the 
altitude from P to XY has length XY V3/2 = 2V3. So, point P must be 2 V3 above or below the line 
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v = 3, Moreover, because the altitude from P to XY must also be the median from P to XY, point P must 
be 243 directly above or below the midpoint of XY, which is (4,3). So, the two possible points P are 


(4,3 + 2 V3) and (4,3 - 2 V3) | 


17.43 Let the parallelogram be ABCD, where A = (0,0), B = (b,0), C = (c,d), and D = (c — b, d). Note 
that AB || CD and AB = CD, so ABCD is indeed a parallelogram. The squares of the lengths of the sides 
are: 


AB = b, 
BC = (c-b) +2, 
cp? = È, 


DA? = (c-b +d’. 
So, the sum of the squares of the lengths of the sides is 
(b? + (c- b)? + d?) = 20 + 2 - 2bc + b? + d?) = 4b? - Abc + 2c? + 20. 
The squares of the lengths of the diagonals are: 


AC? = C+, 
BD? (c— 2b)? + d?. 


1 


The sum of these is 
Ê +d? +e -— 4be + 4b? +d? = 4b? — Abe + 2c? + 2d, 


which equals the sum of the squares of the lengths of the sides, as desired. 


17.44 Solution 1: The Long Way. We first find the center of the circle by finding the intersection of 
the perpendicular bisectors of two of the sides of the triangle formed by connecting the three given 
points. The slope of the side with endpoints (-1,5) and (5,9) is (9 - 5)/(5 — (-1)) = 2/3, so the slope of 
the perpendicular bisector of this side is -3/2. The midpoint of this side is (2, 7), so the perpendicular 
bisector is the graph of y — 7 = (-3/2)(x — 2). 

The slope of the side with endpoints (4, 4) and (5, 9) is 5, so the slope of the perpendicular bisector of 
this side is -1/5. The midpoint of this side is (9/2, 13/2), so the perpendicular bisector of this side is the 
graph of y— 13/2 = (-1/5)(x - 9/2). 

Solving each of the two equations of our perpendicular bisectors for y gives us 

eS ee 2) 3 

y= ria 2)+7= s(x a) tz 

We therefore have an equation for x. Multiplying this equation by 10 to get rid of the fractions gives us 
=15(x - 2) + 70 = -2x + 9 + 65. 


Simplifying this equation gives us 13x = 26, sox = 2. Substituting this in our equation for y above gives us 
y =7,so the circle has center (2,7). The distance between this and (-1,5) is \/(-1 - 2)? + (6-7)? = Vi3, 


so the equation whose graph is the circle described in the problem is | (x — 2)? + (y-7) = 13), 
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We can check our answer by noting that each of the three points does indeed satisfy this equation 


Solution 2: The Short Way. We could have avoided all that algebra in the first solution by checking 
if the triangle is special in any way, We note that the slope of the line through (—1,5) and (4,4) is 
(5 — 4)/(-1 - 4) = -1/5 and the slope of the line through (4,4) and (5,9) is (9 — 4)/(5 — 4) = 5. These 
two lines are perpendicular, so our tnangle is a right triangle. The circumcenter of the triangle then 
is the nudpoint of the hypotenuse, which is (=+, 532) = (2,7). The distance from the center to (5,9) 
is \/(5— 2)? + (9-7)? = V13, so the equation whose graph is the circle described in the problem 1s 


(x-2? +(y-7 =13 


17.45 Since we are working with midpoints, we let A = (0,0), B = (2b,0), and C = (2c, 2d). Therefore, 
D = (b+ c,d), E = (c,d), and F = (b,0). 

(a) Asshownin the text, the x-coordinate of the centroid of a triangle is the average of the x-coordinates 
of the vertices of the triangle, and the y-coordinate of the centroid of a triangle is the average of 
the y-coordinates of the vertices of the triangle. So, the centroid of AABC is (2432, 2!) and the 
centroid of ADEF is (%42, 2), Therefore, AABC and ADEF have the same centroid. 

Firsi, we find the coordinates of G), G2, and G3 by averaging the coordinates of the appropriate 
tnangles. We have 


(b 


> 


So, the centroid of AG;G2G3 is 
bec, dac y biie 2404 ad „(bek Sy. (eee a 
3 sa 9 Sp 3 °° 
We found in the previous part that this point is also the centroid of AABC, so AG;G2G3 and AABC 
have the same centroid. 


17.46 Let points P and Q be the feet of the altitudes from X and Y to the x-axis, as Y 
shown. Because YQ || XP || AO, we have ABYQ ~ aBXP ~ ABAO. We have BY: BX: A’ 
BA = 1 : 2: 3, so our similarity gives us BQ : BP : BO = YQ: XP: AO=1:2:3. 
Therefore, XP = (2/3)AO = 6 and BP = (2/3)BO = 8/3, so OP = BO - BP = 4/3, and the 
coordinates of X are (4/3,6). So, the slope of OX is 6/(4/3) = Challenge: See if 
you can find a genera] formula for the coordinates of the point T on the segment with 
endpoints A = (4,42) and B = (b), b2) such that AT/BT = k, for any positive constant k. 


17.47 Because ZPQR = 30° and ¿PRQ = 60°, we have ZRPQ = 90°. Because Q P 

and R are on the x-axis and the y-coordinate of P is 2, we know that the altitude 

from P to the x-axis has length 2. Let this altitude be PX in the diagram, as shown. 

From 30-60-90 triangle PRX, we have PR = 2PX/V3 = 4/V3. From 30-60-90 Ê xR 


triangle PXQ, we have PQ = 2PX = 4. So, we have [PRQ] = (PR)(PQ)/2 = 8/-V3 = 
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First, we note that XY = 10. 


(a) The distance formula gives XZ = \/(c — 4)? + 36 and YZ = \/(c + 2)? + 4. If XZ = XY, then we have 


\ (c— 4) + 36 = 10. Squaning both sides gives (c - 4)? + 36 = 100, so we must have (c ~ 4)? = 64. 
Therefore, c—4 = 8 orc—4 = ~8, which gives c = 12 and ¢ = -4 as solutions. (Notice that this case 
corresponds to Z being on the circle with center X and radius XY.) 


lf YZ = XY, we have \/(c +2)? +4 = 10. Squaring and rearranging gives (c + 2)’ = 96, so 


c+2=4VOorc+2=-4 V6. This gives c = -2 + 4 V6 andc = -2 — 4 V6 as solutions. This case 
corresponds to Z being on the circle with center Y and radius XY. 


lf XZ = YZ, then Zis on the perpendicular bisector of XY. Since XY has slope —4/3 and midpoint 
(1,1), the line through (c, 3) and (1,1) must have slope 3/4. Therefore, we have (3—1)/(c-1) = 3/4, 
so 3(¢ — 1) = 8, from which we find c = 11/3. 


Combining all three cases, we have 5 possible values of c: 


-2 — 4 V6,-4,11/3,-2+ 4 V6, 12. 


(b) We could use the distance formula and the Pythagorean Theorem, but instead we offer a simpler 
solution using slope. 
Case 1: XY 1 XZ. The slope of XY is —4/3, so the slope of XZ must be 3/4. Therefore, we must 
have (3 ~ (-3))/(c — 4) = 3/4, Cross-multiplying gives 3c — 12 = 24, from which we find c = 12. 
Case 2: XY 1 YZ. In this case, the slope of YZ must be 3/4, which gives us (3 — 5)/(c- (-2)) = 3/4. 
Cross-multiplying gives 3c + 6 = —8, from which we find c = -14/3. 
Case 3: XZ 1 YZ. The slope of XZ is 6/(c - 4) and the slope of YZ is -2/(c + 2). So, we must have 
6 -2 
(a aa 
Multiplying both sides by (c- 4)(c + 2) gives -12 = -(c—4)(c +2) = -2 +2c +8. Rearranging gives 
č — 2c - 20 = 0. The quadratic formula then gives c = 1 + V21. 
Combining all three cases gives 4 values of c such that AXYZ is a right triangle: 
1- V21, -14/3,1 + V21, 12 
Challenge Problems 


17.49 The x-intercept of the line is (18, 0) and the y-intercept is (0, —6). The circle passes through (0, 0), 
(18, 0), and (0,—6). The triangle formed by connecting these three points has a right angle at the origin, 
so the circumcenter of the triangle is the midpoint of the hypotenuse, which is (9, —3). The distance from 
this point to the origin is V81 + 9 = 3 VIO, so our circle has center (9,-3) and radius 3 Y10. Therefore, an 


equation whose graph is this circle is | (x - 9)? + (y + 3)? = 90|, 
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17.50 


(a) The graph of 3x- y = 0 is a line through the origin with slope 3. Its image upon a 90° rotation 
about the origin is a line through the origin perpendicular to the original line. This image line 
therefore has slope ~1/3. Since this line passes through the origin, it is the graph of 


(b) The graph of 3x — y = 6 passes through (2,0) and (0, —6). Because (2,0) is on the x-axis, its image 
upon 90° rotaton about the origin is on the y-axis. Because the rotation is clockwise, the image of 
2,0) is (0,-2). Similarly, the image of (0,-6) is (-6,0). So, the image of the graph of 3x - y = 6 

is the line that passes through (0, -2) and (-6,0). This line has slope -2/6 = -1/3 (note that this 
means the image line 1s perpendicular to the original line, as expected). A point-slope form of the 
equation of the image line is therefore y + 2 = (-1/3)(x - 0). The standard form of this equation is 


17.51 The graph of each equation is a circle. We complete the square in both variables in both equations 
to give us the equations 


(2-6 +(y-3=49 and = (x- 2) + (y- 6) =k +40. 


The graph of the first as a circle with center (6, 3) and radius 7, and the graph of the second is the graph of 
a arcle with center (2,6) and radius Vk + 40. The distance between the centers is y/(6 - 2) + (3-6) =5. 
Therefore, the center of the second circle is inside the first circle. If the radius of the second circle is less 
than 7- 5 = 2, then the second circle is not large enough to intersect the first circle. So, we must have 
Vi+40 2 2, which gives us k 2 -36. On the other hand, if the second circle has radius greater than 
5+7 = 12, then the first circle is completely inside the second, so they do not intersect. So, for the two 
circles to intersect, we must also have Vk + 40 < 12. Squaring this gives us k + 40 < 144, so k < 104, 
Combining our restrictions on k gives -36 < k < 104, so b — a = 104 — (-36) = 


17.52 The x-axis, the y-axis, and the graph of x+y = 2 intersect to form  ™ y m2 
a triangle, AABC shown at right. The points that are equidistant from the 
axes form the line that contains the angle bisector of ZACB (line £1), and x 
the line through C perpendicular to £) (line £2), which bisects exterior s 

angles of AABC at vertex C. Similarly, the points equidistant from the `~ 
x-axis and the graph of x+y = 2 are lines m, which bisects ZABC, and m, 
which bisects the exterior angles of AABC at B. Furthermore, the points 
equidistant from the y-axis and the graph of x + y = 2 are lines n), which 3 
bisects ZBAC, and nz, which bisects the exterior angles of AABC at A. l ANd `> m 


The lines (;, m), and n) meet at the incenter of AABC, Our diagram 
Suggests that ¢;, mz, and m are concurrent. Indeed, since ^ consists of 
points equidistant from the axes and mz consists of points equidistant from the x-axis and the graph 
of x+ y = 2, the intersection of ¢; and m is equidistant from the y-axis, the x-axis, and the graph of 
x+y = 2. Therefore, the intersection of l} and m must be on m or na, which together consist of all 
points equidistant from the y-axis and the graph of x + y = 2. Our diagram shows that this intersection 
point 1s on np. Similarly, 2, mz, and ny are concurrent, as are lz, m, and n2. So, there are |4 | points that 
are equidistant from the four given lines. (The three points outside AABC are the excenters of AABC 
Just as the incenter is the center of the incircle, each excenter is the center of a circle that is tangent to the 
three lines that contain the sides of AABC.) 
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17.53 Let the radius of the circle be r and the center of the circle be the origin, so that the circle is the 
graph of the equation x? + y? = 7? Next, we let the x-axis contain PQ, so that we can let P = (1,0), 
Q = (-7,0), and X = (a,0). Since AB is a chord of the circle parallel to PQ, if we let A = (b,c) with b # 0, 
then f° + = 7°, so that (=b,¢) is also on the circle. Since the chord connecting (b, c) to (=b,c) is parallel 
to PO (both have slope 0), point B is (—b,c). So, we have 


XA? +XB? = (a=b)? + (0-0)? + (a+b)? + (0-c)? 
= @-2mb4 P44 +b He 
= 207 +b +) 
= 2a? +r). 


We also have 


(a-r?+0+(@+7)? +0 
a —2art+ 1? +a? + 2ar+7 
2(a? + 1°). 


XP? + XQ? 


Therefore, we have the desired XA? + XB? = XP? + XQ?. 


17.54 
(a) Point A is 3 units to the right of U, so its image A’ upon 90° clockwise rotation about U will be 3 
units below U, at (—4, 0). Since A’ is 6 units to the left and 1 unit above V, its image A” upon 90° 
clockwise rotation about V is 6 units above and 1 unit to the right of V, at | (3, 5) 


Figure 17.1: Diagram for Part (a) Figure 17.2: Diagram for Part (b) 


(b) Point B is 11 units to the right and 5 units below U, so its image B’ upon 90° clockwise rotation 
about U is 11 units below and 5 units to the left of U, at (-9, -8). Since B’ is 11 units to the left and 
7 units below V, its image B” is 11 units above and 7 units to the left of V, at| (-5, 10) 


(0 The point | (1,4) | is the midpoint of both AA” and BB”. This point is marked M in both our 
diagrams above, 

(d) Point Cis a ~(-4) = a + 4 units to the right and b — 3 units above point U, so its image C’ is a + 4 
units below and b — 3 units to the right of U, at (-4 + b — 3,3 — (a + 4)) = (b-7,-a- 1), Similarly, 
C'isb-7-2 = b- 9 units to the right of V and -a -1 -(-1) = -n units above it, so its image C” 
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is b= 9 units below and <2 units to the right of V, al (2 -= a, -1 - (b - 9)) = (2- a,8 - b) So, the 
midpoint of C = (a,b) and its image after the two rotations, C” = (2 -a,8 - b), is always (1,4). In 
other words, the two rotations together are a 180° rotation about the point (1,4). We can use this 
to quickly find the result of the two rotations for any (a,b) by noting that (1,4) is the midpoint of 
the segment with endpoints (a, b) and (2 - 4,8 - b). 

Notice also that AUMV is a 45-45-90 triangle with ZUMV = 90°, Is this a coincidence? 


17.55 Squares are pretty easy to handle with coordinates, and the center of a square is simply the 
midpoint of the diagonals, so we set up the problem on the Cartesian plane. We let D be the origin, and 
define the axes so that A = (0,1), B = (1,1), and C = (1,0). Since P is on CD, we have P = (t,0), where 
0< 1 < 1. Since A ìs 1 above and t to the left of P, point Z is 1 to the left and t below A, at (-1,1-1). Since 
P is 1 below and to the right of A, point Y is 1 below and t to the right of Z, at (t — 1, -t). Similarly, we 
determine that X is (2,1) and W is (t+ 1,f- 1). 


2(-1,1-1) 


Wt +Lf-1) 
Y(t-1,-1) 


The center of each square is the midpoint of its diagonals. So, we have O = (3,3), O1 = ($ +1,4) 
and O; = ($ - 413 - $). Then the midpoint of PO is = 


and the midpoint of O}O; is 


$+1+5-} f4)-4 a(t A 
2 ar OAA A 


The diagonals of OO, PO; bisect each other, so quadrilateral OO, PQ) is a parallelogram. 


17.56 The graph of (x ~ 3)’ + (y - 3} = 6 is a circle with center (3,3) and radius V6. If (x, y) satisfies the 
given equation, then the point (x, y) is on the circle, Furthermore, if y/x = k, then the point (x, y) is on the 
graph of the equation y = kx, which is a line through the origin with slope k. So, we seek the point on 
the circle such that the line through the point and the origin has the largest possible slope. The desired 
line then is the line through the origin that is tangent to the circle, Any line with larger slope will not 
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intersect the circle, since we must rotate the tangent line counterclockwise about the origin (away from 
the circle) to produce a line with larger slope, Any other line that intersects the circle is the result of 
rotating the tangent line about the origin towards the center of the circle, reducing the slope of the line. 


Since the point we seek is the only point that satisfies both y = kx and (x ~ 3) + (y - 3)? = 6 for the 
desired value of k, we seek the value of k such that this system of equations has exactly one solution. 
Substituting y = kx in the second equation gives 


(x - 3) + (kx - 3)? = 6. 
Expanding the left side and rearranging gives 
R +1)x2 + (-6 - 6k)x +12 = 0. 


This quadratic equation in x has only one solution if its discriminant equals 0. The discriminant of this 
equation is n 
(-6 — 6k)? - 4(? + 1)(12) = -12k? + 72k - 12 = -12(K - 6k + 1). 
The quadratic formula gives the two roots of this quadratic as 


_6+vV36-4 
a 


k =3+2V2. 


The two values of k are the slopes of the two tangents from the origin to the circle. We want the larger 


sope, [+205] 


17.57 Let the center of the circle be the origin, so that tl the circle is the graph of x? + y =r. We choose 
the axes so that AA: is parallel to the y-axis and B;By is parallel to the x-axis. This ensures that the 
chords are perpendicular. Let A; = (m,m), so that aj + a3 = 7° and Ap = (a), —m). Let By = (bi, b2), so 
be + b3 = r° and By = (—by, b2). Then, we have P = (m, b2), so OP? = a + b3. Using the distance formula, 
we now have 
(AyAz)? + (By Bz)? = 403 + 4b? 

= 4(7 - a) + 4(7 - b) 

=8r - A(aj +b) 

= 87? - 40P?. 


Because point P is fixed, so is 8r? - 4OP*, Therefore, the quantity (4442)? + (B1B2)? is the same for all 
pairs of perpendicular chords that meet at P. 
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CHAPTER 1 8 


SEE to Trigonometry 


Exercises for Section 18.1 


18.1.1 Our triangle is at right. The Pythagorean Theorem gives us A 

BC = VAC? - AB? = V256- 144 = Vi12 = 4 V7. 2 ` 
So, we have sinA = BC/AC = cosA = AB/AC = and tanA = t c 
BC/AB = [vza] 4v7 


18.1.2 First, we tackle APQR. We have sin P = QR/PR, so PR = QR/(sin P) = 16/(sin 58°) = We 
also have tan P = QR/PQ, so PQ = QR/(tan P) = 10.0}. 


In AXYZ, we have sinZ = XY/XZ, so XY = XZsmZ = 12sin19° = We also have cosZ = 
YZ/XZ, so YZ = XZ cos Z = 12 cos 19° =|11.3 


18.1.3 Forany value of x between O and 1, there isa right triangle with hypotenuse Ç 


of length 1 and a leg of length x. To construct such a triangle, let AB = 1. Draw INN 


the circle that has AB as diameter. Draw a circle with radius x and center B. Since 


A 
0 < x < 1, these circles must meet at two points. Let either of these points be C, so E. 
that we have BC = x. Then, we have sin A = BC/AB = x and cosB = BC/AB = x. 


So, for any value of x such that 0 < x < 1, there are angles ZA and ZB such that sin A = cos B = x. 


18.1.4 At right is right triangle AABC with 2B = 0. We have cos@ = BC/AB. We B 
also have ZA = 90° — 6, so 


ees div Am BE 
sin(90' 0) =sinA ==. 


Therefore, we have sin(90° ~ 8) = cos @ for any acute angle measure 6. 


A 


We also could have used the relationship sin x = cos(90° -x) that we proved in the text for acute angle 
measures x. Specifically, if @ is acute, then 90° - @ is acute, so we can let x = 90° — 8 in this relationship 
to find 


sin(90° - 0) = cos(90° - (90° - @)) = cos 0. 
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18.1.5 Since 4B = 90°, the hypotenuse of the triangle is AC. So, we have sinA = BC/AC. Since 
RC/4C = sin A = 5/7, we have BC = 5AC/7. From the Pythagorean Theorem, we have 


Veni ae 2 25AC? _ [2a4AC? _ 2AC VO 
AB = VAC? - BC yac = y T a 


AB _ 2ACV6/7_|2V6 
tanC = — = ———— = . 
BC 5AC/7 5 


18.1.6 First, we draw the diagram, which is shown at right. Because Y is on the 
angle bisector of ZXAB, we have ZYAX = ZYAB = 45°. Since Z is on the bisector 
of ZYAB, we have ¿ZAP = 45°/2 = 22.5°. Because ZZAB = 22.5° and this angle 
is inscribed in ZB, we have ZB = 2/ZAB = 45°, So, we have ZZOP = 45°, which 
means that drawing altitude ZP will give us a 45-45-90 triangle ZOP. Because 
OZ = 1 as a radius of the circle, we have ZP = OP = ¥2/2. We also now have 
a right triangle with AZ as hypotenuse. We can use either the Pythagorean 
Theorem or trigonometry to find AZ. With trigonometry, we have sin ZZAP = 
ZP/AZ, so AZ = ZP/(sin ZZAP) = [1.85], (We also could have drawn BZ and 
used right triangle AABZ to find that AZ = AB cos ¿ZAB = 2.cos22.5° = [1.85}) 


Extra challenge: Can you use the set-up of this problem to find an expression equal to sin 22.5°? 


So, we have 


18.1.7 We start with right triangle ABC with ZC = 90°, ZA = 15°, 


B 

and AB = 1. We therefore have ZB = 90° — 15° = 75° and sin 15° = 

sinA = BC/AB = BC, so our problem is to find BC. We don’t know 

much about 15° angles and 75° angles, but we know a lot about ä 
€ X 


isosceles triangles and 60° angles. So, we choose point X on AC such 
that LABX = 15° and ZCBX = 60°. Therefore, AABX is isosceles with AX = BX, and ABCX is a 30-60-90 
triangle. Letting BC = x, we therefore have BX = 2x,so AX = 2x. We also have XC = x V3. So, applying 
the Pythagorean Theorem to AABC gives us 
x? + (x V3 + =n. 
Expanding the left side gives 
x? + 3x? + 4x? V3 + 4x? = 1, 
and simplifying this gives us 8x? + 4x? V3 = 1. So, we have 
= 1 

8+4V3 

Taking the square root of both sides (and noting that x must be positive) gives us 


1 


Ver 


y= 
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While it's OK if you stopped here, we can simplify this expression more! We have v8 +4 V3 = V6+ VÀ 
(read Art of Problem Solving’s Introduchon to Algebra to learn how to discover this), so we have 


Vera VeVi ve-v2 A 


See if you can also find a solution by drawing the angle bisector of the 30° angle of a 30-60-90 triangle, 
then using the Angle Bisector Theorem! 


Exercises for Section 18.2 


18.2.1 


(a) Because 90° < 120° < 180°, the angle 120° is in the second quadrant. 
Since 120° is 60° clockwise from (-1, 0), drawing altitude BP creates 30- 


y 
B 
60-90 right triangle BPO as shown, where ZBOP = 60°. Since BP = V3/2, N 
the y-coordinate of B is ¥3/2. Therefore, sin 120° =| V3/2|, x 


b 


Because 270° < 330° < 360°, the angle 330° is in the fourth quadrant. 
Since 330° is 30° clockwise from (1,0), drawing altitude BP creates 30- 
60-90 triangle BPO as shown, where ZBOP = 30°. Therefore, we have 
BP = 1/2. Since point B is below the x-axis, the y-coordinate of P is 


negative. So, we have sin 330° = -BP = 


(c) Because 90° < 135° < 180°, the angle 135° is in the second quadrant. 
Since 135° is 45° clockwise from (-1,0), drawing altitude BP creates 45- 
45-90 triangle BPO as shown, where ZBOP = 45°. Therefore, we have 
OP = BP = V2/2, Since B is to the left of the y-axis and above the x-axis, 
its coordinates are (- ¥2/2, ¥2/2), which means cos 135° = — 2/2 and 
sin135° = 2/2. Therefore, we have tan 135° = (sin 135°)/(cos 135°) = 
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(d) ‘To find the cosine of —45°, we find the x-coordinate of the point on the 
unit circle that is 45° clockwise from (1,0). This point is in the fourth 
quadrant, as shown at nght. Drawing altitude BP forms 45-45-90 trian- 
gle BOP, from which we find that OP = 2/2. So, the x-coordinate of B 


is ¥2/2, which means that cos(—45°) = v2/2 


y 

(e) Because 180° < 210° < 270°, the angle 210° is in the third quadrant. y 
Since 210° is 30° counterclockwise from (-1,0), drawing altitude BP 
creates 30-60-90 triangle BPO as shown, where ¿BOP = 30°. We seek 
the x-coordinate of B. From ABPO, we find OP = 3/2. Since point 

K| 


B is to the left of the y-axis, its x-coordinate is negative. So, we have 


cos 210° = -OP = 


x 


(f) Since 720° represents two full revolutions about a circle, the point on the unit circle that is 720° 
counterclockwise from (1,0) is still (1,0). Therefore, we have cos720° = 1 and sin720° = 0, so 
tan 720° = (sin720°)/(cos 720°) = [0]. 


18.2.2 For any angle 6, the point (cos 6, sin 8) is on the unit circle. Because this point is on the circle 
with center (0,0) and radius 1, its coordinates satisfy the equation r+ y = 1. So, for any angle 6, we 
have cos? @ + sin? @ = 1. 


18.2.3 If sin @ = 0.31, then the point on the unit circle that is @ degrees counterclockwise from (1,0) has 
y-coordinate 0.31. Therefore, this point must be on the line y = 0.31. The graph of y = 0.31 intersects 
the unit circle at two points, one in the first quadrant and the other in the second. Each corresponds to 
a value of 6 such that 0 < 6 < 360° and sin @ = 0.31. Therefore, there are |2 | such values of 6. 


18.24 Let P be the point on the unit circle that is @ degrees counterclockwise from (1,0). So, the 
coordinates of P are (cos 6, sin 0). To find the point on the unit circle that is 360° + 0 degrees counter- 
clockwise from (1,0), we first go @ degrees counterclockwise, to P, then continue another 360° degrees 
counterclockwise. (If 0 is negative, then our first step is going clockwise.) When we go 360° around a 
circle, we return exactly to our starting point. So, the point that is 360° + @ counterclockwise from (1,0) 
is also point P, Therefore, we can write the coordinates of P as (cos(360° + 0), sin(360° + @)), These must 
be the same as our earlier coordinates for P, so we have cos(360° + 0) = cos @ and sin(360° + @) = sin 8. 
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8.2.5 Let A be (1,0) and B be (~1,0). Let C be (cos G, sin 0) and D be 
(cos(]80° = 0), sin(180° = 0)). Therefore, point C is O counterclockwise 
from A, and D is © clockwise from B, as shown, We draw altitudes 
EX and DY to the a-axis, forming right triangles AOYD and AOXC. 
Because OD = OC = 1, we have AOYD = AOXC by SA Congruence 
for right triangles. This gives us OY = OX. Therefore, C and D are 
the same distance from the y-axis. Since they are on opposite sides 
of the y-axis, their x-coordinates must be opposites. So, we see that 
=cos'@ = cos(180° ~ 6). 


Exercises for Section 18.3 


18.3.1 In both triangles, we have two side lengths and the measure of the angle between the sides. So, 
we can apply the Law of Cosines. 


(a) We have PR? = PQ? + QR? - 2(PQ)(QR) cos Q = 58.83. So, we have PR ~ 
(b) We have UV? = TU? + TV? - 2(TU)(TV) cosT ~ 119.79. Taking the square root of both sides gives 


UV =|10.9} 


18.3.2 For each tnangle, we have a side length and two angle measures. So, we can find the third angle 
measure and use the Law of Sines to find the remaining side lengths. 


(a) First, we find that ZC = 180° — 48° - 71° = 61°. From the Law of Sines, we have 


AB AC BC 
sinC sinB  sinA` 


So, we have 
AB 
BC = a sind = 
and AB 
AC = —— -sinB = 
nC sin B [Z6] 
(b) First, we find that 2X = 180° - 17° — 9° = 154°, From the Law of Sines, we have 


YZ XY XZ 
sinX sinZ sinY’ 
So, we have 
xZ= 2s siny «(168 
“ge PES 
and 
XY 
YZ = — si =| 25.2], 
png 


BOR 
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EY 


18.3.3 = 
(a) We start by drawing altitude AD from A to the extension of BC. From a 
right triangle AACD, we have sin ZACD = AD/AC and cos ¿ACD = 
CD/AC. Therefore, we have AD = ACsin ZACD = bsin ACD and CD = ' 
AC cos ¿ACD = bcos ZACD. However, we wish to write these in terms of om 
ACB, not ZACD. Cc a 
We have ZACD+ZACB = 180°, so ZACD = 180°-ZACB. We showed in the text and Exercises that 
sin @ = sin(180° - 8) and cos 8 = - cos(180° — @) for all angles @ such that 0 < 8 < 180°. Therefore, 
we have sin ZACD = sin ZACB and cos ZACD = - cos ZACB, which means AD = bsin ZACB and 
CD = -bcos ZACB. Finally, we have BD = DC + BC = a — bcos ZACB. 


B 


(b) Applying the Pythagorean Theorem to AADB gives us AB? = AD? + BD?, or 
č = (bsin ACB)’ + (a — bcos ZACBY? 
= b? sin? ZACB + a? — 2ab cos LACB + b? cos? ACB 
= a? + b? (sin? ZACB + cos? ZACB) — 2ab cos ZACB 
= @ + b? — 2ab cos LACB. 


x 


16.3.4 We'll tackle right triangles first. Let AXYZ be a right triangle with 
¿Z = 90°. Then, we have sinZ = sin90° = 1, and we have sinY = XZ/XY, 
so XZ/(sin Y) = XY = XY/1 = XY/(sin Z). Similarly, we have sinX = YZ/XY, so 
YZ/(sin X) = XY = XY/(sinZ). We have therefore proved that if AXYZ is right, 
we have xz xy yz 


sinY sinZ  sinX’ 


N 
< 


Suppose AABC is obtuse with ZC > 90°. We draw altitude AD totheextension A 
of BC, as shown. From right triangle AACD, we have sin ZACD = AD/AC, so 
AD = ACsin ZACD. Since ACD = 180° — ZACB and sin @ = sin(180° - 8), we 
have AD = ACsin ZACD = ACsin(180° - ZACB) = ACsin ZACB. From right 
triangle ADB, we have sin ABD = AD/AB, so AD = AB sin ZABD. Equating our D 
two expressions for AD and noting that ZABC = ZABD, we have AC sin ZACB = 
AB sin ZABC, so AC/(sin ZABC) = AB/(sin ZACB). 


5-----> 
1 
1 

w 


Similarly, we can draw the altitude from B to the extension of AC to show that BC/(sin ZBAC) = 
AB/(sin LACB), so 
AC AB BC 


sin ZABC  sinZACB sin ZBAC’ 


18.3.5 We start with the diagram at right. The surveyor T 
isat S, the base of the mountain is at B, and the top of the 

mountain is T. Point M is the foot of the altitude from 

T to SB, so that MT is the height of the mountain. The 10° 30° 
surveyor measures ZTSB = 10° and we have ZTBM = 5 3 B aa 
30°. We also know that SB is 3 km. Our goal is to find MT. 


E 
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I/we can find BT or ST, we can use right triangle ATBM or right triangle ATSM to find MT. Since 
we know SB, we focus first on ATBS. First, we have ZSBT = 180° - ZTBM = 150°. So, we have 
ETS = 180" = 150° - 10° = 20°, The Law of Sines then gives us 


SB BT 

sin20° sin 10°” 
So, we find BT = (SB/(sin20°))sin 10° ~ 1.52. From 30-60-90 triangle ATBM, we have TM = TB/2 x 
[0.76 km] 
18.3.6 We wish to relate the Law of Sines to the circumradius of AABC, so B 
we draw ABC and its circumcircle. We need to relate the triangle to the 
radius of this circle, so we draw diameter AD from a vertex of the triangle. 
We wish to relate the radius to the sine of the angles of the circle, so we 
connect D to B, forming right triangle ABD. However, this just gives us A 
sin D = AB/AD = AB/2R. We need the sine of one of the angles of the triangle. 
Since 4D and ZC are both inscribed in AB, we have ZD = ZC, so now we have 
sinC = sinD = AB/2R, which means AB/(sinC) = 2R. Combining this with 5 
the Law of Sines gives us the Extended Law of Sines: 


Notice that this proof holds even if AABC is right or obtuse. 


18.3.7 Since we know all three side lengths, we can use the Law of Cosines to find the cosines of the 
angles. From the Law of Cosines, we have 


AB? = AC? + BC? - 2(AC)(BC) cos C. 


Substituting the side lengths we are given yields cos C = (31 - 25 - 36)/(-2 -5 - 6) = 1/2. There is onl 
one point on the unit circle between 0° and 180° counterclockwise from (1,0) that has an x-coordinate a 
1/2, so there is only one possible value of ZC. We know that cos60° = 1/2, so this is the angle measure 
we seek. Therefore, BCA = [60°] 


Review Problems 


18.24 First, we use the Pythagorean Theorem to find that BC = V39. Then, we have sin A = BC/AB = 
[39/8 | cosA = AC/AB = [5/8] and tan A = BC/AC = | V39/5 


18.25 We have sinP = QR/PR, so QR = PRsinP ~ [15.1], We also have P 
cos P = PQ/PR, so PQ = PReosP = [52] 2 


Review Problems 


18.26 We have tan Y = XZ/XY and tan Z = XY/XZ, so 


(tan Y)(tan Z) = (=) ($) =]. 


18.27 We start by noting that sinR = PQ/PR. Because sin P = QR/PR = 1/4, we 
have QR = PR/4. So, the Pythagorean Theorem gives us PQ = \/PR?- QR? = VPR? - PRZ/16 = 


PR -V15/4. So, we have PQ/PR= V15/4 , 


We also might have noted that sin R = cos P and used the fact that sin? P + cos? P = 1 together with 
0 < cosP < 1 to find the answer. 


18.28 


(a) Because 90° < 135° < 180°, the angle 135° is in the second quadrant. 
Since 135° is 45° clockwise from (—1,0), drawing altitude BP creates 45- 


y 
45-90 triangle BPO as shown, where ZBOP = 45°. Therefore, we have p 
OP = BP = V2/2. Since B is to the left of the y-axis and above the x-axis, iN % 
B! 
its coordinates are (~ V2/2, V2/2), which means sin 135° =| V2/2 
(b) Since 630° = 360° + 270°, when we go 630° counterclockwise around 


the unit circle from (1,0), we end up at the same point as if we go 270° 
counterclockwise from (1,0). This point is (0,—1), so sin 630° = [-1], 


(c) Since the angle is negative, we seek the point that is 120° clockwise from 
(1,0). This point is in the third quadrant, as shown at right, and it is 60° 
counterclockwise from (—1, 0). So, drawing altitude BP creates 30-60-90 
triangle BPO as shown, where ZBOP = 60°. We seek the x-coordinate of 
B. From ABPO, we find OP = 1/2. Since point Bis to the left of the y-axis, 
its x-coordinate is negative. So, we have cos(—120°) = -OP =| -1/2 | 


& 


Because 270° < 315° < 360°, the angle 315° is in the fourth quadrant. 
Since 315° is 45° clockwise from (1,0), drawing altitude BP creates 45- 
45-90 triangle BPO as shown. Therefore, we have OP = y2/2, and 


00s315° = OP = [va] x 
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(e) Because 270° < 300° < 360°, the angle 300° is in the fourth quadrant. 
Since 300° is 60° clockwise from (1,0), drawing altitude BP creates 30-60- 
90 triangle BPO as shown, where ZBOP = 60°. Therefore, we have OP = 
1/2and BP = 3/2. Since point B is below the x-axis, the y-coordinate of 
B is negative. So, we have sin 300° = — 43/2 and cos 300° = 1/2, which 


means tan 300° = [- v3] 


(f) Because 90° < 150° < 180°, the angle 150° is in the second quad- 
rant. Since 150° is 30° clockwise from (-1,0), drawing altitude BP 
creates 30-60-90 right triangle BPO as shown, where ZBOP = 30°. So, 
the coordinates of B are (- V3/2,1/2), from which we find tan 150° = 


a/a v5/3 = -1/43 =[- 45/3] 


18.29 
(a) In the diagram at right, the surveyor is at S, the top of the T 
building is T, and the base of the building is B. We have 
tan S = BT/SB, so SB = BT/(tan S) ~ [5715 ft < 500 


(b) In the diagram, the top of the taller mountain is T, the top of T gä 
the smaller mountain is S, and A is directly above S such that ee | 
TA is horizontal. Our map shows T and A as 1 inch apart, 
which corresponds to 1.2 miles. Since there are 1.2(5280) = S 
6336 feet in 1.2 miles, we have TA = 6336 ft. So, we have 
tanT = AS/AT = AS/6336. Therefore, AS = 6336 tan T = 443 ft. So, the smaller mountain is 443 


feet smaller than the taller mountain, which means it is 14000 - 443 = | 13557 feet | tall. 


(c) Inthe diagram, the bee is at B, and the side of the building is 


T 
GT, so GT = 400. We seek BX. We have XT/BX = tan TBX = 
tan4°, so XT = BXtan4°. Similarly, we have XG/BX = 
tan ZGBX = tan2°, so XG = BX tan2°. Because XT + XG = 
400, we have BX tan4° + BX tan 2° = 400. Factoring out BX B qx 
gives BX(tan 4°+tan 2°) = 400, so BX = 400/(tan 4° +tan 2°) = 
(35 fi] c 


18.30 Let 6; be the angle such that 0° < @ < 90° and sin 6, = 0.48. (This angle corresponds to the point 
in the first quadrant where the graph of y = 0.48 intersects the unit circle.) Since sin(180° — x) = sìn x for 
al) acute x, we have sin(180°-@) = sin 0} = 0.48, as well, so 82 = 180°- 6, which means 6; +0; = 


18.31 We can start by drawing altitude AX from A to BC, thus forming 45-45-90 triangle AAXB. This 
altitude then has length AB/V2 = 7/2, from which we have [ABC] = (1/2)(AX)(BC) = (1/2)(7/V2)(8) = 
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28/V2 = |14 V2} 
how we proved that for any triangle 


After doing this, we might remember that this is essentially 
ABC, we have |ABC] = (1/2)(AB)(BC) sin ZABC. Using this formula gives us (1/2)(7)(8)( VŽ/2) = 14 V2, 


as before. 
18.32 If tan@ is negativ 


quadrant I or quadrant IV |. 


e, then sin @ and cos @ have opposite signs. This only occurs when @ is in 


Bins pane eo e 2 
5 sinx cosx _ sin’ x + cos*x 1 
33 We have tanéx +] = —S + .—— A = sec? x, 
18.33 cos?x cos? x cos? x cos? x 


18.34 The shaded region is a parallelogram, so its area equals the product of 
the Jength of a side and the height drawn between that side and the opposite 

cide. We build right triangle AABC as shown, so the height of the parallelogram A 
between its horizontal sides is AB. We have AB = 1 and sina = AB/AC=1/AC. 1 
Therefore, AC = 1/sina. Similarly, we can show that all four sides of the shaded 
region have length 1/ sina, so the parallelogram is a rhombus. The area of this 
rhombus then is (1/ sin a)(AB) = 1/(sina), as desired. 

18.35 At right is the diagram for the problem. From right triangle AOAB, we 
@ = AB/OA. Since OA is a radius of a unit circle, we have OA = 1, so 


pay 


have tan 
tan = AB. 
18.36 
(a) The Law of Cosines gives us 
PQ? = RQ? + RP? — 2(RQ)(RP) cos R = 100 + 256 — 2(10)(16) cos 60° = 196. 


Taking the square root of both sides gives PQ = E! 
(b) The Law of Cosines gives us 
TU? = VT? + VU? - 2(VT)(VU) cos V = 64 + 49 — 2(8)(7) cos 46° = 35.2. 


Taking the square root gives TU = [5.9]. 


18.37 


(a) The Law of Sines gives us 
¥Z XZ XY 


sinX  sinY  sinZ’ 
We also have ZY = 180° — 103° — 31° = 46°. So, we find XZ = (sin 46° i 
- So, = \XY/(sin 31°)) = 
er oriental (XY/(sin31°)) [12.6] and 
(b) The Law of Sines gives us 


We also have ZC = 180° — 88° - 52° = 40°. So, we find AC = (sin 52°)(8/(sin 40°) = and 


BC = (sin 88°)(8/(sin 40°)) = [12.4]. 
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18.38 In the diagram at right, | start at point A, walk north 3 miles, turn 32° at point B, 325 C 
and then walk another 2 miles to point C. We have ZABC = 180° ~ 32° = 148°, AB = 3, and r 
BC = 2, so we can use the Law of Cosines to find that 


AC? = AB? + BC? - 2(AB)(BC) cos ZABC 23.2. 


Taking the square root gives us AC = [4.8 miles | 


18.39 In the text, we used the Pythagorean Theorem to prove the Law of Cosines. In the 

‘proof’ offered in this problem, we then use the Law of Cosines to prove the Pythagorean A 
Theorem. Because we used the Pythagorean Theorem to prove the Law of Cosines, we cannot use the 
Law of Cosines to prove the Pythagorean Theorem. (If we do, then we have essentially used the Law 
of Cosines to prove the Law of Cosines, which is clearly absurd!) We say this proof is guilty of ‘circular 
reasoning,’ and is therefore not a valid proof. 


18.40 


(a) We have three side lengths and we seek the value of the cosine of one of the angles. The Law of 
Cosines has three side lengths and the cosine of an angle, so we try that. We have 


QR? = PQ? + PR? — 2(PQ)(PR) cos P. 
We know all three side lengths, so we can substitute these into our equation to find 
25 = 9 + 36 — 2(3)(6) cos P. 


Solving for cos P, we have cos P =|5/9 


€ 


It's not as clear how to find sin Q. If we knew the sine of one of the other angles, we could use 
the Law of Sines. Since we know cos P, we can find sin P because sin? P + cos? P = 1. Therefore, 
we have sin? P = 1 — cos? P = 56/81. Since ZP is between 0° and 180°, we know that sinP is 
nonnegative. So, taking the square root of sin? P = 56/81 gives us sin P = 2 V14/9. Now, we can 
use the Law of Sines! Specifically, we have 


QR _ PR 
sinP sinQ’ 


Solving for sin Q gives us 


r sin P 2 V14/9 4 V14 
a R= 5 65) 


See if you can find another solution by first using the Law of Cosines as in part (a) to find cos Q. 


Challenge Problems 


18,41 In the text, we showed that [ABC] = Sab sin C. As an Exercise, we proved the Extended Law of 
Sines, which gives us ¢/(sin C) = 2R. Solving this for sin C gives us sin C = c/2R. Substituting this into 
our expression for |ABC] gives the desired [ABC] = abc/4R. 
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Challenge Problems 


18.42 We are interested in OB, and we know both AB and ZO. We can relate OB A 
to AB and <O through the Law of Sines, which gives us 1 
ë 
OB AB l 4 o <0 B 
sinA sinO sin30° 

Therefore, we have OB = 2sin A. We wish to maximize OB, so we must maximize sin A. The largest 
sin A can be occurs when A = 90°, which makes sin A = 1 and OB = BJ This occurs when AAOB is a 
30-60-90 triangle with AO = V3, AB = 1, and OB = 2. 
18.43 The base of the triangle with endpoints (5, 0) and (—5,0) has length 10. Because the area of the 
tangle is 10, the height to this base must be 2. So, the final vertex of the triangle is either 2 units above 
the y-axis or 2 units below the y-axis. Therefore, this vertex is on the line y = 2 or the line y = -2. 


We are told that this last vertex is (5 cos 6,5 sin @) for some value of @. Since the last vertex is on the 
graph of y = 2 or the graph of y = —2, we must have either 5sin @ = 2 or Ssin@ = -2. Therefore, we 
have either sin @ = 2/5 or sin@ = —2/5. There are two points on the unit circle with y-coordinate 2/5 
(the intersections of the graph of y = 2/5 with the unit circle) and two others with y-coordinate -2/5. 


So, there are [4] possible triangles. 


18.44 We must find the area of ABCD and of the shaded region. Because the A 
triangles are 30-60-90 triangles with hypotenuse 2, their legs have lengths AW = 1 | 


and WX = V3. We can now find the area of the inner square and the right By 
triangles, but we don’t yet have the shaded triangles. We do have ZAXB = 
180° - 30° = 150°. Here are two different ways to finish the problem from this 


point: 

Solution 1: Law of Cosines. The shaded triangles are all congruent, from (a 
which we can determine that ABCD is a square. The Law of Cosines gives us AB? = AX? + BX? - 
2(AX)(BX) cos ZAXB = 5 - 4cos150° = 5+ 2-3. Therefore, the area of ABCD is AB? = 5 +23. 
Each right triangle has area (1/2)(1)(-¥3) = 3/2 and the small square has area (v3)? = 3, so the 
unshaded portion of ABCD has area 3 + 4(-¥3/2) =34+2y3. Therefore, the shaded region has area 
(5+2 v3)-(3+2 V3) = 2, which means it is of the area of ABCD. We can write this fraction 


with a rational denominator by multiplying the numerator and denominator by 5-23: 


2 __2 5-2¥8 _}10-443 
5+2¥3 54+2¥3 5-273 | B | 


Solution 2: Find the shaded areas directly. We have [AXB] = }(AX)(XB) sin AXB = 3(2)(1) sin 150°= 1, 
so the four shaded regions together have area 4(}) = 2. Adding the right triangles and the inner square 
to these gives us [ABCD] = 5 + 2 V3, as before. So, the desired fraction is 2/(5 + 2 V3) = (10 - 4-V3)/13, 
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18.45 We start with the diagram at right. We focus first on sin 0, and find that B 
sin@ = AB/OB. Next, we tum to OC and the fact that BC bisects ZOBA. The 

Angle Bisector Theorem gives us OC/OB = AC/AB. Rearranging this gives us 

AC/OC = AB/OB = sin@. Now, all we have to do is express AC in terms of by 

QC or sin @. Fortunately, this is easy. Because the circle has radius 1, we have NI 
AC = 1 - OC, so we have (1 - OC)/OC = sin 8. Multiplying both sides by OC \ 
gives 1 - OC = OCsin@, Adding OC to both sides then dividing by 1 + sin@ A 
gives OC = 1/(1 + sin 6). 


18.46 Substituting sinx = 3 cosx into sin? x+cos? x = 1 gives us 9 cos? x+c0s? x = 
1, from which we find cosx = 41/710. If cosx = 1/10, then sinx = 3cosx = ; 
3/V10. If cosx = -1//10, then sinx = 3cosx = -3/¥10. In both cases, we have (sin x)(cos x) = 


18.47 There are essentially two possible configurations. These are shown at right below. Any other 
possibility is the result of reflecting the shown diagrams over some vertical line. In all these other cases, 
the distance PQ between the x-intercepts is the same as one of the two cases shown, 


For our first case, let the lines intersect at T as shown at right. The 
y-axis is not included because it is not relevant to the problem. We draw 
the altitude from T to the x-axis, which both forms right triangles and 
allows us to use the information that the lines meet at a point with y- 
coordinate 10. Therefore, we have TU = 10. From right triangle ATPU, 
we have TU/PU = tan 40°, so PU = TU/(tan40°) = 11.9. From right 
tnangle ATQU, we have TU/QU = tan50°, so QU = TU/(tan50°) = 8.4. 
So, we have PQ = PU - QU = 3.5. 


For our second case, let the lines again meet at T, and let the foot 
of the altitude from T to the x-axis be U. Once again, we use right 
triangles ATPU and ATQU to find that PU = TU/(tan40°) ~ 11.9 and 
QU = TU/(tan 50°) = 8.4, so PQ = PU + QU = 20.3. 


These two cases give us our two possibilities for the desired distance, 


18.48 Let our triangle be AABC at right, with ZB = 90°. Because sinA = A 


12/13, we have BC/AC = 12/13, so BC = 12AC/13. Therefore, the Pythagorean 
Theorem gives us X 
C 


AB = VAC? - BC? = yac- AE MC, 


We might also have recognized AABC as similar to a 5-12-13 triangle. 


We draw inradii to AB and BC. This forms square IXBY. Because the inradius is 1, we have BX = 1. 
But we also have BX = (AB + BC - AC)/2. Substituting our expressions for AB and BC above gives us 
BX = 2AC/13. So, we have AC = 13BX/2 = [13/2] 


18.49 We cannot use the Law of Sines to prove AA Similarity because our very use of sine assumes that 
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Challenge Problems 


AA Similarity is true, For example, to show that every right triangle with a 23° angle has the same ratio 


leg opposite the 23° angle 
hypotenuse 


we used AA Similarity. In other words, we use AA Similarity to show that sine ‘works’. So, we can’t 
turn around and then use sine to show that AA Similarity works. 


18.50 At first, all we can determine is that ZBAC = 36°/3 = 12°. To 

find any other angles, we have to focus on the other given piece of 

information, that BX = CX. We might guess that this means that \B 

¿BXD = ¿DXC, but we have to prove it. To do so, we focus on what SF, \ 

is special about X: it is on diameter AD, We know that X 1s not the A 

center of the circle because ZBXC + 2BAC. Because ZBXC > 2<BAC, ao, D 
(al 


we know that the center is between A and X. 


We connect B and C to O, the center of the circle, and we have 
ABOX = ACOX by SSS Congruence. Therefore, /BXO = Z£CXO, 
which means ¿BXD = ¿CXD and ¿BXA = CXA. So, we also have 
AAXB = bAXC by SAS Congruence, which means that XAB = <XAC. Therefore, diameter AD bisects 
both BAC and ZBXC. So, we have ¿BXD = ZDXC = (<BXC)/2 = 18°, ¿BXA = ¿CXA = 162°, and 
UBAD = ¿CAD = 6°. So, we have ZABX = ZACX = 180° - 162° - 6° = 12°. 


Turning to the length we wish to find, AX, we apply the Law of Sines to find 


AX _ AB 
sin¿ABX sin ZAXB’ 
so we have 
AB Pes 
AX= sin 162° -sin 12°. 
We're getting close, but we have to deal with AB. We also know we would like a final expression with a 
6 angle in it. We can take care of both by drawing BD. Because AD is a diameter, we have ZABD = 90°, 
socos BAD = AB/AD = AB (because AD = 1). So, we have AB = cos 6°, and 


AX= Cag )(sin 12°) 
sin 162° 
Finally, because sin 162° = sin(180° — 162°) = sin 18°, we have the desired 
AX = (cos 6: sin 12°) 
sin 18° 
16.5) We can write AC in terms of a using the Law of Cosines, which Ç 


paves 9 
AC’ = 25 + 64 — 2(5)(8) cos a = 89 — 80 cos q. 5 
A 


We wish to know the values of a for which AC < 7. If AC < 7, then g B 


AC <49, and we have 89 - 80 cosa < 49, Rearranging this inequality gives us cosa > 1/2. So, AC <7 
if and only if cosa > 1/2. When cosa = 1/2, we have a = 60°, since 0° < a < 180°, 


TEC EO i nga 
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We have cosa > 1/2 when the coordinate of the point on the unit 
dirce corresponding ton is greater than 1/2, We have cos 60° = 1/2, and 
all smaller positive angles a correspond to points on the unit circle to the 
right of the point corresponding to 60° (point B in the diagram at right). 
So, the x-coordinates of these points are larger than 1/2, which means 
cosh > 1/2 ifa < 60°. Similarly, if cosa < 1/2, then we have a > 60°. 
So, because AC < 7 if 0 < a < 60°, and AC 27 for 60° < a < 180°, the 
probability that AC < 7 is 60°/180° = 


48.52 Because BA’ = 1 and A'C = 2, we have BC = BA’ + A'C = 3. Since 
a ABC is equilateral, we have AB = AC = BC = 3, and we have ZB = ZA = ZC = 60°. Furthermore 
because ¢PA'Q is the image of ZA upon reflection over PQ, we have ZPA’Q = ZA = 60°. So, if we have 
AP and AQ, we can use the Law of Cosines on AAPQ or AA’PQ to find PQ, Letting AP = x and AQ = y 
we apply the Law of Cosines to AAPQ to find E 


PQ =X +y - 2xycos 60° = x7 + y? - xy. 
Since A’P = AP = x, BA’ = 1, and BP = AB - AP = 3 — x, applying the Law of Cosines to AA’BP gives us 
X = 1? 4 (3-2)? - 2(1)(3 - x) cos 60° = x? - 5x + 7. 


Solving xX? = x° - 5x + 7 for x gives x = 7/5. Similarly, we have CQ = 3 - y, A’Q = y, and A'C =2 
applying the Law of Cosines to AA’QC gives "ee 


P =4+(3- y}? - 2(2)(3 - y) cos 60° = y? — 4y +7. 


Solving y’ = y? - 4y +7 for y gives us y = 7/4. We can now substitute x = 7/5 and y = 7/4 į 
equation for PQ? to find pc TS 


po? = 22 4 49 _ 49 49-164 49- 25-49-20 _ 49-21 
25 16 20 400 ~ 400° 


Taking the square root gives us PQ = [7.v2i/20} 
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CHAPTER 


fee Solving Strategies in Geometry 


Exercises for Section 19.1 


19.1.1 Let P be the center of the small circle nearest A and Q be the center of 
the other small circle. Since a diagonal of the square is a diameter of OO, the 
square has diagonal length 2, and therefore has side length 2/2 = V2. Since 
OH is half the length of a side of the square, we have GH = OG- OH = 1- y2/2. 
Therefore, GP = GH/2 = 1/2 - ¥2/4, so OP = OG - GP = 1/2 + V2/4. Since 
AOPQ is a 45-45-90 triangle, we have PQ = OP v2= v2/2 + 1/2. From 45-45-90 
triangle SAPH, we have AP = PH V2 = GP V2 = V2/2- 1/2. Similarly, we find 


BQ = AP = V2/2-1/2. Finally, we have AB = PQ - AP - BQ =|3/2 - V2/2 


We also could have noted that AH = PH = GP = 1/2 - ¥2/4, so XA = V2/2- AH = 3-2/4 - 1/2, 


from which 45-45-90 triangle AXAB gives us the answer. 


19.1.2 Because the length of a side of the square is 4, diagonal AD of the square 
has length 4 V2 and the quarter-circle has radius 4. Therefore, AE = AD - 
DE = 4V2- 4. Letting the small circle have radius r and center B, we have 
AE = AB+BE = BCV2+r=rv2+r. Therefore, we have r V2 + r = 4 V2 - 4, so 


_4vV2-4_  4(V2-1)(-¥2- ae- re 
V WAV- [k-s] 


19.1.3 We build a right triangle by connecting A to the center of the circle, D 

drawing the radius to the point of tangency of the circle and the wall on the left, 
and then drawing altitude AX to this radius. Since A is 2 inches from the wall, 
we have DX = CD -CX = 37 -2 = 35. Since DA is a radius of the circle, we have 
DA = 37. Therefore, from right triangle AADX, we have AX = VDA? - DX? = 12. 
Since A is 12 inches from radius CD, and this radius is parallel to the other wall 
and 37 inches from it (since the table is tangent that wall as well), we find that A 


is37-12= [25 inches] from the other wall, 


0 


o 
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18.1.4 Extend AB past B to hit ZY at P. Since WZ || BY, we have <PBY = ¿PWZ and ¿PYE = LPZW,%6 
APWZ = APBY by AA Similarity. Since YB/XY = 1/2 and XY = WZ, we have BY = WZ/2. Therefore, 
our triangle similarity gives us PY = PZ/2, so Y is the midpoint of PZ. Since Y is the midpoint of 
hypotenuse PZ of right triangle APZ, the median to this hypotenuse has length half the hypotenuse. 
Therefore, AY = PZ/2 = PY = YZ. 


Exercises for Section 19.2 


19.2.1 Let ¿C = xand ¿D = y. From isosceles triangles AABD and AABC, we have ZBAD = y and 
LABC = x. From right triangle BEC, we have ZEBC = 90° - x, so ZABD = LABC - ZEBC = x - (90° - x) = 
2x — 90°. Therefore, from AABD, we have ZABD + ADB + ¿DAB = 180°, so (2x - 90°) + y + y = 180°. 
We therefore find 2x + 2y = 270°, sox+ y= 


19.2.2 Let X be the point described in the problem. We draw radii to 
the points of tangency nearest X. We then draw altitudes from X to these 
two radii. Since OABC is a square (because ZOAB = OCB = ¿ABC = 90° 
and OA = OC), we see that OEXD is a rectangle (since ZEOD = 4ODX = 
ZOEX = 90°). Let the radius of the circle be r. Since X is 1 and 2 units from A 
the sides of the square, we have EA = 1 and CD = 2 (because XE || AB 
and XD || BC). Therefore, OE = r - 1 and OD = r - 2. OX is a radius of 

the circle and a diagonal of rectangle OEXD, so the diagonals of rectangle 
OEXD have length r. Therefore, we have (r - 1)? + (r - 2)? =. Expanding B 
and rearranging gives us r? — 6r +5 = 0, so (r — 1)(r - 5) = 0. Therefore, 
r=1orr=5. Since r = 1 is impossible (make sure you see why), we have r = 5. The side length of the 
square is twice the radius of the circle, so the area of the square is 10? = [100 | 


19.2.3 Because AB < AD, when we make our fold, the fold must run from a E 
point on AD toa point on BC. Let these points be F and G, as shown, and let A be at G 
point E after folding. Let AG = x, so EG = xas well, and GD = AD- AG =12-x. A 


D 
We also have ED = AB = 8, because AB after the fold is ED. From right 
triangle GED, we have 8? + x? = (12 - x)?, from which we find x = 10/3. Since 
¿DEG = DCF, ED = DC, and ¿CDF = 90° - LADF = <EDF - ¿ADF = ZEDA, 
we have ADFC = 4DGE by ASA Congruence. Therefore, FC = EG = 10/3, so B c 


BF = BC - FC = 26/3, mo p 


We draw altitude GH from G to BF to build right triangle AGHF. Since AGHB is a rectangle, we have 
BH = AG = 10/3, so HF = BF - BH = 16/3. We also have GH = AB = 8. Therefore, from right triangle 


LGHF, we have GF = VHF? + GH? = ¥a6/3)? ee VEBAL +33 = |8 V13/3 
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1924 Let BE = x. Therefore, AE = 3/2 - x, and right triangle AABE gives us A B 
1+4 = (3/2- 1). Solving, we find that x = 5/12, so AE = 13/12 and EC = 7/12. 

Let G be the foot of the altitude from F to ag of AAEF. Since AF = AF, ¿GAF = 
¿DAF, and ¿D = <FGA, we have 4FGA = AFDA by AAS Congruence. Therefore, 

4G = AD = 1, sò AG < AE, which means G is on AE, as shown. Let FG = y, 

so FD = v from our congruent triangles. Therefore, FC = 1 —y, so nght triangle D 
aEFC gives us EF = VPC +EC = (l= y+(7/12). Since EA = 13/12 and AG = AD = 1, we 
have EG = 1/12, so right triangle AEFG gives us EF = VEG? + GF? = y3? + (1/12). We thus have 
EF = /(- vy)? + (7/12)? = \/y? + (1/12). Solving this equation by first squaring both sides then doing 
some rearranging, we find y = 


“PSs 


Exercises for Section 19.3 


493.1 Because ¿CBE and /CAE are inscribed in the same arc, we have ZCAE = CBE. B E 
Since AD bisects CAB, we have ¿CBE = ZCAE = ZBAE. We also have ZAEB = ¿DEB, FA 
so we have ADBE ~ ABAE by AA Similarity. Therefore, we have BE/DE = AE/BE, 


or BE? = (AE)(DE). 
49.3.2 Since ZCYB = 2ZAYB and ZBZC = 22AZC, triangles AYCZ and AYBZ give us 


(e 


LYCZ + ZYBZ = (180° - ZCYZ - LYZC) + (180° — zBZY - <BYZ) 
= 360° - CYB - ¿BYZ - LYZC - ¿BZC - ¿CZY ~ ¿BYZ 
= 360° - 2LAYB - 2<BYZ — 2LYZC - 2ZAZC 
= 2(180° - ZAYB- ¿BYZ - LYZC - LAZC) 
= 2(180° - ZAYZ - LAZY) 


Since 180° - ZAYZ - LAZY = LYAZ from AAYZ, we have the desired ZYCZ + ZYBZ = 2ZYAZ. 


193.3 We have LZXL = ZL/2 = ¿ZAL = ¿LAY = YL/2 = ZYXL. (We used the fact that AL bisects 
/ZAY.) Combining this with XL = XL and XZ = XY (from ACYX = ABZX, which we proved in the 
text), we have AXZL = AXYL by SAS Congruence. 


Since XZLY is a cyclic quadrilateral, we have ZXZL + ZXYL = 180°. We also have ZXZL = /XYL 
from our triangle congruence. Therefore, XZL = ZXYL = 90°, so AXZL and AXYL are right triangles. 
The hypotenuse of these triangles, XL, is therefore a diameter of the circumaucle of XZLY. This is the 
same circle as the circumcircle of AALM, so XL is a diameter of the circumcircle of AALM. 


19.3.4 Since YOX = LYPZand ZOXY = 90°- ZOYX = LZYX-ZOYX = /ZYP, we have AZYP ~ aYXO 
by AA Similarity. Therefore, we have OY/OX = ZP/YP, or (OY)(YP) = (ZP)(OX). Similarly, we have 
AZWP ~ AWXO, so WP/ZP = OX/OW, or (WP)(OW) = (ZP)(OX). Therefore, we have (OY)(YP) = 
(WP)(OW), Since OY = YP - OP and WP = OW - OP, we have (YP - OP)(YP) = (OW)(OW - OP). 
Therefore, we have YP? - OW? + (OW)(OP) - (YP)(OP) = 0. A little factoring then gives us (YP — 
OW)(YP + OW) + (OP)(OW - YP) = 0, so (YP - OW)(YP + OW - OP) = 0. Clearly YP + OW - OP > 0 
so we must have YP - OW = 0, or YP = OW. 


ae ee 
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CHAPTER 19 PROBLEM SOLVING STRAT OES ec 


19.3.5 


(a) Suppose we complete the circle with diameter AC and continue DB to meet this circle again at E 
Since diameter AC is perpendicular to chord ED, it bisects it, so BD = BE, The power of point B 
then gives (AB)(BC) = (BD)(BE) = (BD). Letting the radius of the semicircle with diameter BC be 
© and the radius of the semicircle with diameter AB be 1, we have BD? = (21)(2s) = 4st. Therefore, 
the area of the circle with BD as diameter is BD?n/4 = stn. The area of the arbelos is the area of 
the semicircle with diameter AC minus the areas of the other two semicircles. The diameter of 
the large semicircle is the sum of the diameters of the two smaller semicircles, so the radius of 
the large semicircle is s + £. Therefore, the area of the arbelos is (s + t)?n/2 - s?n/2- Pn/2 = stn 
Hence, the area of the arbelos equals the area of the circle with BD as a diameter. 

We let AB = 2t and BC = 2s as before, so the radius of the large D 
semicircle is s + 1. Let the center of the circle on the right be X and WwW 
the center of the smallest semicircle (which is the midpoint of BC) 

be P, Let the center of the large semicircle (which is the midpoint 

of AC) be O. Let the feet of the altitudes from X to AC and BD be Y 

and Z, respectively. Let r be the radius of the small circle tangent A O BYP C 
to the semicircle with diameter BC. 


(b 


We find XY in two ways in order to show that r = st /(s + t). First, if we continue OX , it will 
meet the point where OX is tangent to the large semicircle. We call this point W. Therefore, 
OX = OW- XW =s41-?r. Since XZBY is a rectangle, we have BY = ZX = r. We also have 
OB = OC - BC = t - s. Therefore, OY = OB + BY = t -s + r. Right triangle OXY then gives us 

xy = VOX- OY? = Vis +t? — (5 +7)? = YON- 2r) = 26-9), 
where we used the difference of squares factorization to simplify our algebra. We can also use 
right triangle 4XYP to find XY, since XP = r + s and YP = PB - BY = s-r. We find XY = 
V\XP2 — YP? = 2 frs. These two expressions for XY must be equal, so we have 2 yrs = 2 Vi(s—7). 
A little rearranging gives r = st/(s + t). We notice that our expression for r is symmetric in s 
and { (meaning if we switch s and 1, we get the same expression). Therefore, it’s unsurprising 


that following pretty much the same steps, we find that the radius of the other little circle is also 
st/(s + t). Therefore, our two little circles have the same radius. 


Challenge Problems 


19.11 Let X’ be the point where X lands on YZ when the triangle is folded over Y 

YP. Therefore, LYX'P is the image of ZYXP upon reflection over YP, so LYX'P = y 
ZYXP = 90°. We also similarly have ZX’/YP = LXYP. Since PY = PZ, X’P = X'P, 

and ZPX'Y = 2PX'Z = 90°, we have APX'Y = APX’Z by HL Congruence. Therefore, X P Z 
LZ = LX'YP. Since 4Z + LX'YP + LXYP = 180° - ZX = 90°, and ZZ = ZX'YP = /XYP, 


we have ZZ = £X'YP = LXYP = [20°] 


19.12 We have /LPA = ¿MNC = 90° and ZALP = 180° - ¿MLP - ZMLB = 90° — ¿MLB = /LMB = 
180° - ZLMN - NMC = 90° - ¿NMC = ¿NCM, so AALP ~ AMCN by AA Similarity. Therefore 
AP/LP = MN/NC, so (AP)(NC) = (LP)(MN) = PN? = [36]. 
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Challenge Problems 


19.13 By symmetry, the center of the small circle in the middle must be equidis- 
tant from the vertices of the square. Therefore, the center of the small circle is the 
intersection of the chagonals of the square. Letting the radius of each of the large 
circles be R and the radius of the little circle be r, diagonal BD therefore has length 
2R + 2r. The side length of the square is double the radius of an outer circle, or 
2R. We are given that the side length of the square is 4, so R = 2. Therefore, the 
diagonal of the square has length 4 V2. We can equate our expressions for the 


diagonal to find 4 + 2r = 4 V2. Therefore, r = |2 V2 -2| 


79.14 Because our four interior regions have equal area, each has area 1/4 A 
the area of AABC. Specifically, [PQR] = [ABC]/4. Since the two triangles are Y [ 
equilateral, they are similar. The ratio of their sides is the square root of the 
ratio of their areas, so the sides of APQR are half the sides of AABC. Therefore, 
PQ = AB/2 = 10. The outer trapezoids all have the same height because their x [/ 
bases are the same and their areas are the same. I 


We draw altitudes PX and QY to AB from P and Q, respectively. PXYQ is a 
rectangle because PQ || AB. Therefore, we have XY = PQ = 10 and PX = QY. By HL Congruence, we 
have AAQY = ABPX, so BX = AY. Since AY + BX = AB - XY = 10, we have AY = BX = 10/2 = 5. Since 
PB bisects ZABC, we have ZPBC = ¿PBA = (ZABC)/2 = 30°. Therefore, ABXP is a 30-60-90 triangle and 


PB = BX(2/V3) = 


19.15 We draw altitudes from P to the sides of WXYZ as shown. Since PX and X 


-= sv No A 
AD are perpendicular to AB, they are parallel. Since AD 1 CD and PX || AD, we Ne B 


know that PX 1 CD. Since Z is the foot of the perpendicular from P to CD and W y 
P% 1 CD, XPZ is a straight line. Similarly, WPY is a straight line as well. Hence, IN 
AXZD and BXZC are rectangles, so AX = DZ and BX = ZC. We then use the 

Z 


Pythagorean Theorem to find 


AP? = AX? + PX? 


cP = CrP 
BP? = BX? + Px? 
DP? = DZ? +PZ? 


Adding the first two equations and the last two equations and noting AX = DZ and CZ = BX, we have 


AP’ +CP = AX? + PX? + CZ? + PZ? = DZ? + PX? + BX? + PZ? = (BX? + PX?) + (DZ? + P22) = BP? + DP”. 


19.16 Let diagonals WY and XZ meet at P. Since ZM/ZW = ZO/ZY and LMZO= W x 


LWZY, we have 4WZY ~ 4MZO by SAS Similarity. Therefore, ZOM = /ZYW and \e/ 
we have WY || MO. Hence, AZPY ~ AZNO, so ZN/ZP = ZO/ZY = 1/2. Because the M 


diagonals of a parallelogram bisect each other, we have ZP = ZX/2, so ZN = ZX /4, a 
from which we find ZN/NX = [1/3] 
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19.17 We have ZB = 180° = gBAC = zê = 78° and ZADB = 180° ~ ¿BAD ~ ¿B = B 

IRO" = (RAC)/2 = eR = 75°. Therefore, AABD is isosceles with AB = AD, N D 

We draw altitudes BY and DY from B and D to AC as shown. From 30-60- : 

00 triangle AABY, we have BY = AB( y3/2) = 9V3. From 30-60-90 triangle Ss, 
aDNA, we have DX = AD/2 = 9 and XA = 9 V3. From 45-45-90 triangle ADXC, A y —e 


we have CX = DX = 9. Therefore, we have AC = AX + XC = 9 +93, so 


JABC) = (AC\(BY)/2 = | (243 + 81 v52] 


19.18 Since the area outside the square but inside the circle equals the area outside the circle but inside 
the square, the areas of the circle and the square must be the same, Therefore, letting the radius of the 


circle be 7 and the side length of the square be s, we have $? = 77”, so s*/r? = 7, and s/r = 


19.19 Since CN and CE are angle trisectors of ZBCD, we have ¿BCE = ¿ECN = A B 
NCD. Therefore, median CN of AECD is also an angle bisector of AECD. The 

Angle Bisector Theorem then gives us EC/CD = EN/ND = 1, so AECD is isosceles 

with EC = CD, and CN is also an altitude of AECD. Similarly, AABE is isosceles 

with AB = BE and BM 1 AE. Since BME = ¿CNE and ¿MEB = CEN, we have E 
ABEM ~ ACEN by AA Similarity. Therefore, ZECN = ZEBM, so ABC = 34MBE = 

3ECN = cBCD, Since AB || CD, we have ZABC + ¿BCD = 180°, as well. Therefore, 

cABC = <BCD = 90°. Our angle trisectors give us EBC = /ECB, so BE = CE. D 

Isosceles triangles AECD and AABE give us BA = BE = CE = CD. Since AB || CD and c 
AB = CD, ABCD is a parallelogram. Since we also have ZABC = 90°, ABCD is a rectangle. 


19.20 Let the radius of the base of the cone be r, the slant height of the cone be I, and the angle of the 
sector in the given diagram be 8. The lateral surface area of the cone is nrl = n(21/3)i = 2712/3. The area 
of the sector is (71?)(0/360°). When this sector is rolled up, it becomes the lateral surface of the cone. 


Therefore, we have (n1?)(8/360°) = 271/3, so @ = 240°. Hence, each of our little circles is inscribed in a 
240°/4 = 60° sector. 


Shown in our diagram is one such circle with the sector in which it is inscribed. 
Let C be the center of the circle, B be the point where the circle touches a radius of the 
sector, and A be the point where the circle is tangent to the arc of the sector. Since C A p 
is equidistant from the sector radii at the sides of the sector, C is on the angle bisector B 
formed by these radii. Therefore, CPB = 60°/2 = 30°. Letting the radius of the little 
circle be s, we have CP = 2CB = 2s from 30-60-90 triangle CBP, so AP = AC + CP = 3s, and the ratio of 
the radius of the sector to the radius of each circle is 


y.21 We draw altitudes from A and C to n, as shown. Since 
4B = BC, ¿AXB = ZBYC, and ZYCB = 90°- zYBC = ZABC-ZYBC = 
/ARX, we have AABX = ABCY by AAS Congruence. Therefore, 
BY = AX = 7, so BC? = BY? + CY? = 


19.22 Let the chords intersect at N. Since the chords bisect each 
other and have the same length, N is equidistant from X, Y, T, and 
U. Therefore, the circle with center N and radius NX passes through 
all four of these points. Our given OO passes through all four of 
these points as well, For any three noncollinear points in a plane, 
there is exactly one circle that passes through all three points: the 
circumaircle of the triangle formed by connecting the three points. 
Since OO and ON pass through the same four points, the two circles must therefore be the same circle. 
Thus, the point where XY and TU intersect is the center of @O. 


19.23 We draw the altitude from N to AG, and we draw ra- 
dius GP of OP. Since AG is tangent to this circle at G, we have 
PG 1 AG. Therefore, PG || NI, so we have AAIN ~ AAGP 
by AA Similarity. Since AN/AP = 3/5, we have NI/PG = 
AN/AP = 3/5, so NI = (3/5)(PG) = 9. From right triangle 
NIE we have JE = 12 (since NE = 15). Similarly, IF = 12 (or 
we note that NJ 1 EF means ] is the midpoint of EF), so EF = 2E] = 


19.24 By symmetry, the sphere must be tangent to the octahedron at the centers of the faces of the 
octahedron. The centers of the faces of a regular octahedron are the vertices of a cube. A space diagonal 
of the cube is a diameter of the sphere, so our problem now is to find the length of a space diagonal of 
the cube. 


Let ABC and ADE be faces of the octahedron, and let G and H be A 
the centers of these two faces. Let M be the midpoint of BC and N 
be the midpoint of DE. We have MN = 12, because MN connects the 
midpoints of opposite sides of square BCDE. Since G and H are the 
centroids of ABC and ADE, respectively, we have AG/AM = AH/AN = 
2/3. Combining this with ZMAN = ZGAH, we have AMAN ~ AGAH by p 
SAS Similarity. Therefore, we have GH/MN = AG/AM = 2/3, so GH = 
(2/3)(MN) = 8. GH is a face diagonal of our cube, so our cube has side 
length 8/2 = 4 VŽ. Therefore, it has diagonal length (4 V2)( V3) = 4 V6. 
Finally, this means the sphere has radius 2 V6, so the sphere has volume 


(4/3)(n)(2-V6)? = [64n Vo | 
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79.25 Our shaded region equals the area of sector AOC minus [AOM]. Since 
M is the midpoint of OC, |AOM) = [AOC]/2. AAOC is an isosceles triangle 
with OA = OC = 12 and ZOAC = ZOCA = (180° - 120°)/2 = 30°. We can 
find the area either by drawing an altitude from A to 6, or by drawing an 
altitude from O to AC. Let X be the foot of the altitude from A to OC, extended as 
shown. From 30-60-90 triangle AXO, we have AX = AO( V3/2) = 6 V3. Therefore, 
|AOM] = |AOC]/2 = ((AX)(OC)/2)/2 = 18 V3. Sector AOC is 1/3 of a circle with 


radius 12, so it has area (12)?n/3 = 487. Therefore, the shaded region has area |487 — 18 v3 |. 


19.26 Let D be the foot of the altitude from A to BC and E be the foot of 
the altitude from B to AC. Since ¿BEC = ZADC = 90° and ¿DCA = ZBCE, 
we have ADAC ~ AEBC by AA Similarity. Therefore, DC/AC = CE/BC, so 
(DC)\(BC) = (AC)(CE). The dimensions of the rectangle with area Rp are DC 
and BC (since one side of the rectangle is a side of the square with side BC), so 
Ra = (BC)(DC). Similarly, R3 = (AC)(CE), so our (DC)(BC) = (AC)(CE) gives us 
Rp = R3. Ina similar fashion, we have R; = Rg and Ry = Rs. 


When ZACB is a right angle, we have R2 = R3 = 0, Rs = R4 = AC?, Ry = Ry = BC?, and Rs + Ry = AB? 
Therefore, we have AC? + BC? = AB?, and another cool proof of the Pythagorean Theorem! 


19.27 By the Pythagorean Theorem, we have AC? = BA? + BC?, CF? = BC? + BF’, and FA? = BF? + BAL, 
so 

AC? + CF? - FA? = (BA? + BC?) + (BC? + BF?) - (BF? + BA?) = 2BC? > 0. 
Therefore, AC? + CF? > FA?, so ZACF is acute. 


19.28 


(a) Let X be the midpoint of AD and Y be the midpoint of BC. We have DX/DA = DM/DB and 
4ADB = <XDM, so ADAB ~ ADXM. Therefore, [DXM = ¿DAB, so XM || AB. The line through 
X that is parallel to AB contains the median of trapezoid ABCD, so M must be on the median. 
Similarly, we can show that N is on the median. Since M and N are both on the median of the 
trapezoid, and the median of a trapezoid is parallel to its bases, we have MN || AB || CD. 


(b) Let the diagonals meet at E. Because MN || AB || CD, we have AABE ~ ANME ~ aCDE. Therefore, 
NE/AE = MN/AB = 3/4, so EN = (AE)(3/4). Since N is the midpoint of AC, we have NC = NA= 
AE + EN = 7AE/4. Therefore, EN/EC = EN/(EN + NC) = (3AE/4)/(10AE/4) = 3/10. From similar 
triangles AEMN and AEDC, we thus have MN/DC = EN/EC = 3/10, so DC = MN(10/3) = 


19.29 Let AB be the chord in the given diagram of which M is the midpoint. Since M is the midpoint 
of AB, we have OM 1 AB because OM is part of a radius that bisects chord AB. Therefore, ZOMP = 90°, 
Similarly, ZONP = 90°. Therefore, the midpoint of OP is the circumcenter of both AONP and AMOP. 
OP is a diameter of this circle, and MN is a chord of the circle. No chord of a circle can be 
the circle’s diameter, so MN < OP, The only way we can have MN = OP is if MN is a dia 
circle with diameter OP. If this is the case, then ZMPN is inscribed in a semicircle and is th 
Hence, we have MN = OP if and only if our initial chords are perpendicular. 


longer than 
meter of the 
erefore right. 
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Challenge Problems 


19.30 Let x = [SPC] and y = [RPC]. Triangles SPC and BPC have bases A _ 
SP and BP respectively, and the same altitude, so 

ISPC) __*_ SP 

IBPC) y+7 BP’ 
Similarly, triangles SPA and BPA also have bases SP and BP, respectively, 
and the same altitude, so 


Therefore, x/(y + 7) = 5/6, so 6x = 5y + 35. 


By the same argument, 


Therefore, 6y = 7x + 35. 


Solving this system of equations, we get x = 385 and y = 455. Therefore, the total area of triangle 
ABC is 5 +6 +7 +385 + 455 = 


1931 ¿ACB = AB/2 = 6/2. Since f bisects ACB, we have ZACM = ¿BCM = 6/4. Because P is on 
the perpendicular bisector of AC, it is equidistant from A and C, so AP = PC. Therefore, APC is 
isosceles with ZPAC = ¿PCA = ZMCA. Since ZAPM is an exterior angle of AAPC, we have ZAPM = 
(PCA + ¿PAC = 22PCA = 0/2, as desired. 


19.32 By symmetry, the sphere touches each edge length at the midpoint of the edge. From here, we 
can either grind out a solution with lots of cross-sections, or very cleverly choose just one cross-section. 
We'll show the long way first. 


Solution 1: In the text, we showed that a regular tetrahedron with side length D 
6has volume 18 V2. We can follow exactly the same steps to show that a regular 
tetrahedron with side length 12 has volume 144 v2. (We could also note that since c 
a regular tetrahedron with side length 12 is similar to one with side length 6, its 


volume is (12/6)? = 8 times that of the smaller tetrahedron.) Let O be the center A 
of ABCD. By symmetry, O is the center both of the sphere inscribed in ABCD 

and the center of Z. We can find the radius of the inscribed sphere by noting 

that the volume of ABCD equals r[ABC]/3 + r[ABD]/3 + r[ACD]/3 + r[BCD]/3 (see B 


Problem 15.49). Since the faces of ABCD are all congruent, the volume of ABCD equals (4/3)r| ABC]. 
Since [ABC] = 122 3/4 = 36 V3 and the volume of the tetrahedron is 144 V2, we find that the radius of 
the sphere inscribed in the tetrahedron is 
Vol 2 
olume _ (144-V2)(3/4) _ de 


(4/3)|ABC] (36-3) 


This inscribed sphere is tangent to face ABC at the center, G, of the face. The distance from G to 
the midpoint, M, of AB is 1/3 the length of median CM. From 30-60-90 triangle CMA, we have 


CM = AM V3 = 6 V3, so GM = 2 V3, Finally, right triangle OMG gives us OM = VOG? + GM? =|3 V2} 
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Solution 2° Let W, X, Y, and Z be the midpoints of AB, AC, CD, and BD, 
respectively. Since AW/AB = AX/AC and LWAX = BAC, we have AWAX ~ 
amg so LAWX = ZABC and WX || BC. _ Similarly, YZ || BC. We also have 
= WX = BC/2 = 6. Since WX || BC |] YZ and WX = YZ, we know WXYZ 

isa ‘a parallelogram. Since by symmetry, we must have ZWX = ¿WXY and 
WX = XY because the tetrahedron is regular, we conclude that WXYZ is a 
square, Moreover, by symmetry, a diagonal of this square is a diameter of the 
sphere. Hence, the diameter of the sphere is WX V2 = 6 V2, so the radius is 


3V2 


A 19.33 Let D, E, and F be the feet of the perpendiculars from P to sides BC, CA, 

and AB, respectively. We must prove that PD + PE + PF is a constant. The area of 

F E triangle PBC is }BC- PD = 3PD. Similarly, the area of triangle PCA is }CA - PE = 3PE, 

and the area of triangle PAB is AB: PF = 3PF. The sum of their areas is the total 

B C area of the triangle, which is 62 ¥3/4 = 9 V3. Therefore, 3PD + 3PE + 3PF = 9 V3, so 
PD + PE + PF = 3 V3 for any point P inside AABC. 


19.34 Draw MC. Triangles MUC and NUC have bases MU and NU, respectively, and equal heights to 
these bases, so [MUC]/[NUC] = MU/NU = s/6. Therefore, [MUC] = [NUC](s/6), so 


[NCM] = [MUC] + [NUC] = INUC} + [NUC] = Nuc). 


Also, triangles HCM and NCM have bases HC and NC, respectively, and equal heights to these bases, 
so [HCM], / [NCM] = HC/NC = s/20. We thus have 


= Sinem = $ $É $ + 6s 
[FCM] = INM = = INUC] = 


[NUC]. 


Therefore, 


s? + 26s 
a 120 
Since [MUCH] = [NUC], we have s? + 26s = 120, or $? + 26s — 120 = (s +30)(s — 4) = 0. Since s is positive, 
sla] 


65 uc] = 


[MUCH] = [MUC] + [HCM] = Fwuc È + [NUC]. 


19.35 Let N be the midpoint of 0,09, Since O;P and O20 are 
radii to the points where PQ is tangent to the circles, we have 
O;P 1 PQ and O20 4 PQ. Therefore, we have OP || O20. 
Hence, MN is the median of trapezoid PO,02Q, and therefore 
has length (OP + O2Q)/2. So, we have 2MN = OiP + OQ. 
010; passes through the point of tangency of C) and C}, so 
010; = OP + OQ = 2MN. Hence, MN = 0103/2. MN is also 
a median of 4O,O2M. Since its length is half the length of the 
side to which it is drawn, 4O;O2M must be a right triangle with 
right angle ZO;MO3, 
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19.36 Let A, B, C, and Dhe the centers of the four balls, Since the four balls are 
tangent and each has radius 1, AB = AC = AD = BC = BD = CD = 2. Hence, 
tetrahedron ABCD is regular with side length 2. 


Let Obe the center of the tetrahedron, Extend OA to meet the ball centered at 
À at P. Then the radius of the smallest sphere that encloses all four balls is OP. 


Let M be midpoint of BC, and let G be the centroid of triangle BCD. Then 
AB = 2, BM = 1, and LAMB = 90°, so triangle ABM is a 30-60-90 triangle. 
Therefore, AM = V3. Similarly, DM = V3, 


Since G is the centroid of triangle BCD, G divides median DM such that GM/GD = 1/2. Therefore, 
GM = DM/3 = 43/3. We also have ZAGM = 90°, so by the Pythagorean Theorem, AG = VAM? - GM? = 
VBR- (8/8 = V3- T3 = V873 = 246/3. 

OG is the distance from O to face BCD, so it is the inradius of tetrahedron ABCD. The volume of 
tetrahedron is 


6 
V = ZIBCD\AG) = $ - [BCD] 2- = a Diaen 
As we showed in Problem 15.49, the inradius of the tetrahedron is 


7 3V _ 3(2-V6/9)[BCD] _ v6 
"* [ABC]+ABD] + [ACD] + [BCD] 4(BCD]) 76" 


Hence, 


OP=0A+AP=(AG-06)+.aP = 296 Ñ paa 


Question: What is the radius of the largest ball that is externally tangent to all four? 


19.37 We rotate the heptagon about A such that the image of D Cc 
ison AC. (Our goal is to find a segment that is both clearly equal 
to AD, and clearly equal to AB + AX.) Since D' is the image of 


GR 

D upon this rotation, we have AD’ = AD. Since BC || AD, we B’ Ler S 
have P'E || AD’. Since AD = AE and ¿DAE = /CAD (consider 

the drcumcircle of ABCDEFG; CD = DE, so CAD = LDAE), a D=F 
rotation of an angle of LCAD counterclockwise about A maps E to 

Das shown. Since CD || BE, we have C’D’ || P'E. Since ZADB = A 

LAEB (we can see this from the circumcircle of ABCDEFG) and 
LAEB = /AE'B’, wehave ADB = /AE’B' = ADB’, so B' is on DB 
and X is on B’D. Therefore, we have C’D’ || B'X and B’C’ || XD’, 
so B'C'D'X is a parallelogram, Finally, we have AX + XD’ = AD’, 
XD' = B'C' = AB! = AB, and AD’ = AD, so AB + AX = AD. 
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